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On the Bessel function J,(x) in the transition region

Tlia Krasikov

ABSTRACT

We give an approximation for the value of the Bessel function J,(z) in the transition region
with an explicit sharp error term.

1. Introduction

In this paper we will obtain an approximation with an explicit asymptotically sharp error term
for the Bessel function J, (x) in the transition region, starting from appropriate upper bounds
on |J,(x)] and |J/ (z)|. All basic formulas and asymptotic expressions for special functions we
use without references can be found in [4]. To write down error terms in a compact form we
will use 6,601,605, ..., to denote quantities with the absolute value not exceeding one.

The standard asymptotic expansion for the Bessel function J,(z) in the transition region is

1/3 o0 2/3 o0
Jo(v+vPz) ~ %Ai(—zl/%) > ‘V/’;,Efg + %Ai’(—2l/3z) > (V]’;,ffg
k=0 k=0
where it is assumed that v — oo, z € C. Here Ai(x) is the Airy function and Vj(z), Uk(z) are
some polynomials in z of degree growing with & (see [4, 10.19.8]). One of the shortcomings of
this formula is that it makes little sense for z depending on v. It also gives no insight into how
large the transition region is. Our main result is the following theorem.

THEOREM 1. Let v > 1/2, then for 0 < z < vA/15

4294 + 21

21/3
J,(v+v32) = ——Ai(=2Y32) + 6 -
v

173

(1)

The value of z here is restricted to v*/1% since then the error and the main term become of

the same order. For sufficiently large v the error term in (1) can be about twice as large as
the actual value. More precisely, we prove the following.

THEOREM 2. For z >0, z = 0(,/4/15),

21/3
lilzrisgp ligsgp J (v 4 v32) — mAi(*?”?Z) 27y = % (2)

To prove Theorems 1 and 2 we first shall establish the following results which may be of
independent interest.

THEOREM 3. Let v > 1/2 and x > v + v/3(\/7 — 1)/2%/3, then

z(4(z? — v?)% — 32* — 102202 + )1/

7 |7, ()] <
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THEOREM 4. For z1,22 > 0 and |v]| < 1/2,

Vrrza|J_y(z1)dy(x2) — J_p(x2)J,(21)] < %sinwu. (4)

THEOREM 5. Let v =2"1/3a; = 1.855757 ..., where a; is the least-positive zero of Ai(—zx),
then for v > 1/2,

7
13y _ [
J(v+y?) < " (5)

In the last theorem the point v + /3 is just an approximation to the least-positive zero
Ju1 of J,. More precisely, it is known that the sth-positive zero j,, is given by [5]

—2/3 2
o = v+ 2 3 1/3 4 923 -27% as ,—1/3

o , v>0, (6)

where a; is the sth-positive zero of the Airy function Ai(—z). It is also worth comparing (5)
with the following result [1]

21/3
T 323T(2/3) (v + 02) /3

J(v) >0, (7)

where a = 0.09434980. .. ..

The idea behind the proof of Theorem 1 is rather simple and can be applied to other special
functions satisfying a second-order ordinary differential equation (ODE). Suppose that f(x) is
a solution of

f' (@) f =0,
then an asymptotics of f with an explicit error term in the transition region, that is around a
zero of b(z), can be obtained as follows. Let

bla)=0, d=—_b*(z)] #0,

r=«

then in a vicinity of a we can write

b2 (a+d~13t) = d?3t + 6(b),
where 6(t) is small. The function y(t) = f(a 4+ d~1/3t) satisfies the inhomogeneous Airy-type
ODE

y" (1) + ty(t) = —3(D)d~*y(b).
Suppose now that we know an a priori upper bound on |y(z)|. Then solving it as an
inhomogeneous equation one obtains an explicit error term (see Lemma 6 below). However,
one still has to use some initial or boundary conditions to fix the integration constants. Even

if they are known or can be derived, as in the case of J,, this step may require some quite
involved calculations.

2. Upper bounds

In this section, using so-called Sonin’s function S(z), we prove Theorems 3 and 4, thus
establishing the upper bounds we need in the following.
Let y(z) be a solution of

y' (@) + a(z)y'(z) + b(z)y(z) = 0.
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Then S(x) = y? + 32 /b is just an envelope of y? coinciding with it in all maxima. The sign of
S’ = —(2ab + b')y? /b2, depends only on a and b, what in many cases enables one to find the
global maximum of 2.
In what follows it will be convenient to use the following parameters:
1
2 - ’7 Wy =

2v+ )7
1 —

= 1

Let f(x) be J,(z) or Y, (z), the Bessel functions of the first or the second kind, respectively.
Then f(z) is a solution of

" af + (@ =v?)f =0. (8)
We need the following classical bound [6, Theorem 7.31.2]:

f@)l <y —,  I[<1/2, 2>0. (9)

Note that in [6, Theorem 7.31.2] the result is stated for .J,, only, however the proof is still valid
for Y, as well (see [3]). For v > 1/2 we have the following result [3],

|22 — Y4 T, (2)] < /2/7, x> 0. (10)

The constant 4/2/7 in (9) and (10) is the best possible.
We start with proving Theorem 3. It requires some rather involved calculations which seems
difficult to perform without a symbolic package, we used Mathematica.

Proof of Theorem 3. Set ¥(x) = 4(x? —v?)? — 32* — 102?02 4 v*, under the assumptions of
the theorem we have to prove that |z(z)| < 2/+/7, where

x4 (x
sy = @

22— 2

First note that v (z) > 0 for v > 1/2 and = > v + v'/3(y/7 — 1)/2%/3. Indeed, one can check
that the substitutions

VT - 1 1/s

v v= T ) (1)

r=y+v+

transform v into a polynomial in n and y with non-negative coefficients. The function z satisfies
the differential equation

, o AuPv? 4 3u + 32020 + B2uvt + 2400 N Q(x) 0
2 — z z=
uz(4ud — 3u? — 16ur? — 12v4) x2(22 — v2)29Y2(2) 7

2

where v = 22 — 12, and

Q(z) = ub(16u® — 36u? + 45u — 9) — 4u’v?(42u? — 155u + 45)
—u*v*(124u® — 2064u + 963) + 24u*v°(102u — 107)
+ 48u?18(20u — 73) — 576v'° (4u — v?).

Consider the corresponding Sonin function
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and its derivative

Z‘3$2—l/24 xr X
o) = P

Qe =
where
P(x) = 48u” + 9u® + 4u*?(16u® 4 338u? 4 9) + 2u3v* (40u® + 3136u? + 1348u — 105)
+ 8u?1%(1204u? + 1432u — 129) + 16ur®(294u® + 1172u — 87)
+ 60810 (24u — 1) + 460812

Substitution (11) transforms P and @ into polynomials in y and n with non-negative
coefficients. Hence, S(x) is increasing and 2%(z) < S(x) < S(00). Finally, using the asymptotics

S (@) ~ \/Z cos(z —wy),  Jy(x) ~ —\/Z sin(z — wy ),

we obtain 22(z) < lim, 0o S(z) = 4/7, and the result follows. O
Proof of Theorem 4. The function
F = F(x1,22) = Voraa(J_p(z1) T (x2) — J_,(22) ], (21))

satisfies the differential equations

2
F
g? +b(x))F=0, i=1,2, (12)

where b(x) = 1+ p/x? > 0. We consider the majorant of F? given by Sonin’s function

2
2 < _ 2 (OF/0x»)
F (£E17£L'2) \S(xl,xg) F + b(JZQ) .
By (12) we have
98 ((0/0w2)blxa) \ (OF \*
(’)332 o b2($2) 61‘2 '
Since 5
R e 3
D3 b(x2) pu/xy <0

for |v] < 1/2, the Sonin function increases in z. By using the asymptotics

Ju(z) = \/Zcos (x - W) +o(z™1/?),
gy (x) = —\/Zsin (x - W) +o(z~1/?),

taking the limit and applying (9) we obtain
2
F2(21,29) < S(21,22) < liin S(x1,22) = ﬂ(Jf(attl) —2J,(x1)J_, (1) cos v + J2 (1))
To—00 ™
2 sin? v 4sin? v

(T2 (1) + V(1)) < ——

m s

This completes the proof. O

3. Approximation in the transition region

Our estimates in the transition region are based on the following observation.
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LEMMA 6. Let

y' (@) + ¢ry(z) = u(z), q€R, (13)
then for x > 0, provided that the integral exists,
y(o) = V(e 1y3(6) + eadys(6a)) + eqflx*”‘*J [u(®)[t~1/* dt, (14)
0

where £, = 2qz/%/3.

Proof. Let y; and y» be two linearly independent solutions of the corresponding homogeneous
equation y” (z) + ¢>xy(x) = 0, and let

 p(Oala) — i (2)alt)
Ut = ) — i Ol

Then the general solution of (13) is
) = (o) + canao) + | Ul tyult) d,

and choosing y1(x) = v J_1/3(6), y2(x) = /2Ty 3(&,), we find

m@%@—%@m@=%§-

Applying (4) we obtain

U(z,t) = 2”\/?“—1/3(&”1/3(59:) —J173(8x)J1y3(&)) = Og 1t g4

Hence,

and the result follows. O

To prove Theorem 1 we have to find the constants of integration ¢1, co in (14). To that end we
shall prove first Theorem 5. Then we will know the value of J,(z) at two points: z = v +v1/3
and © = v, where the last is given by (7).

Proof of Theorem 5. By (6) we have
. 372
o1 = v+ w3 4 921770,/71/37 (15)
yielding the following Tailor expansion
2 2
Jo(v+ 71/1/3) = —ngiufl/:sj; v+ ”yul/S + G%ﬂyfl/g .
10 10
Setting
237 a3 2/3
6:’)/—’—0171/_/, EZ(SV_/,
10
by (3) and v > (V/7 — 1)/2%/3 we can write

2¢
! 1/3 ah
Tyl 8 ) < Z2o(e,0),
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2
bl 6) = - i € (4(36% — 3) + 16(35% — 2)e + 4(65% — 7)€ + 4(5° — 3)é® — 3e%)~1/4,
€

Note that ¢(e,d) < ¢(e,y) since § > v and

B 362(1 +€)*

5
T e #°(e,0) < 0.

0
% (b(ea 6) =

Moreover,
3 2
—y—2/3 20 a3
€=V + 10 v < 6,
whereas, as one can check, (9/0¢)@(e,v) < 0 in the interval 0 < e < 7. Thus, ¢(e,d) < ¢(0,7),

yielding
2¢ 23/2~
J' S/3| < 0,7) = -2/3
| U(V+ v | ﬁ¢( ’7) \/E(8’773)1/41/

and the result follows. O

Now we are in a position to prove Theorem 1. We will need the following constants

Gmax = max |Ai(—2)| = 0.53565 ... < 15/28, (16)
2
bunax = max VZ T 3(V2¢)] = 0.768507 ... < 10/13, (= 523/2. (17)

In both cases the maximum is attained at the first local extremum since the functions
Ai(—2'/3z) and \/zJ; /3(v/2¢) are solutions of the same differential equation f”(2)+2zf(2) = 0,
with the decreasing Sonin function S = f? + f2/2z, S’ = —f'2/222.

Proof of Theorem 1. Consider the function
y(z) = Vv + 3820, + v/32),

satisfying the differential equation

82 41207322 — 1

Yy (2) + 22y(2) = 10775 1 2)2 y(2) == u(2). (18)

For z > 0 by (10) we have

_ o/6\/273 1 4 _ 2L/4\/12/3 1 4
y(Z) X ﬁ(4y2/322+8v4/32+1)1/4 X ﬁyl/621/4 )

and
1823 4 1202/322 — 1| 1202/322 41

[u(z)] < 274 [ A4 (123 4 2)3/2 < NG

Now Lemma 6 yields

y(2) = Vz(erd_1/3(V2C) + ca13(V20)) + OR(2)

= c3Ai(—2"32) + cav/2 01 3(V2C) + OR(2), (19)

(120%/322 4+ 5)21/4
10 - 2V/4/m7/6

[R(2)] <
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It is left to find the constants ¢z, cq. We have by (7)

) s 21/3\/;
0) = c3A = —5ao = v = )
y(0) = Al0) = 5ra73) Ve u(v) 32/3T(2/3) (v + 0%) /3
hence,
213 /v a
__2TVY _51/3,1/6(1 _ g2 Y
) OO v 0 3 )
and
: 1/3 1/6 A 1/3 23 1/6 4 1/3 0
csAi(—2"72) = (4v) /P Ai(—2"72) + Gmamax = (dv)/PAi(-2"°2) + T

Now Ai(—2'/3y) = 0 and ¢4 can be found from

2 3/2
y(v) = C4ﬁJ1/3<( 7?2 ) + 01 R(Y) = Vv + /3 T, (v + ' /3).

Combining the above estimate on R with (5) and (17) one obtains

C4\/2

J1/3<(27§3/2>’ <11.1/\/7.

This yields

3.23/4,9/4 24 1 111

_ 1/6 A:(_ol/3 _

giving
(@) ORI o(2)
Vv +vl/3z Vv + /32

21/3 . 1/3 z . 1/3 ¢(V,Z)
:mAl(—Q/ z)—|—0122/3VA1(—2 / z)—|—07.

J(v+v3z) =

By |Ai(—z)| < 7=Y/2271/4 (see [3]) the error term here does not exceed

P (v, 2)
Bim |

Elementary calculations show that the maximum of this function in the region v > 1/2, 0 <
z < v15 is less than (42974 4-21)/7. This completes the proof. O

To prove Theorem 2 we repeat the arguments of Lemma 6 with the approximation to J, (v +
v1/32) given by (1) instead of inequality (4). We need the following standard asymptotics:

J,(z) = \/zcos(z —wy) + O(x73/?), (21)
COS — T x3/2
A=) = ST Lo, =2 22)
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Proof of Theorem 2. By Theorem 1 we have

y(z) = Vv + 13820, (v 4+ v32) = (40)YVOAI(=2Y32) + R, (2),
where R, (2) = O(z%*v~1/2). Writing the error term R, as in the proof of Lemma 6 and
splitting the range of integration into two intervals, we have

Ry (z) = E Uz, u(t) di + L U, Du(t)dt = I, + I,

where u is defined by (18) and

z £)3/2
Ulz,t) = QW\/;(J—l/S(Ct)J1/3(<z) = J_173(C)J13(C)), Ce = 2 ;; :

First, we estimate I;. Using the classical inequality [4, equation (10.14.4)],

|| 1

|J,(z)| < z € R, V>3,

S wT(v+1)
we obtain that U(z,t) = O(1) for 0 < t < z < 1. As well, |y(t)| = O(v'/%) by Theorem 1, and
for the factor at y(z) in the right-hand side of (18) we have

83 + 1202/3¢12 — 1

— 2. -2/3 3. ,—4/3
N LEmE =323 L OB =4/3), (23)

hence I; = O(v=1/2).
Now we estimate 5. By (21) for 1 < ¢t < z, we have

U(Z,t) - Sin(Cz B Ct) + O(t77/4271/4);

\/§t1/421/4
y(t) = (40) YO Ai(—=23) + Ot/ 1/2)
24 B cos(¢ — /4)

- ﬁt1/4

Together with the assumption z = o(v*/1®) and (23) this yields

+ O(t9/4yfl/2 + t77/4yl/6);

I, = AJ t3/% cos ({t - Z) sin(C, — ¢) dt + O(zv™ 12 4 29/2,75/3) (24)
1

where A = 3/(22)Y/*/mv. Tt is left to estimate the last integral. With a little trigonometry
and integrating by parts we have

r t3/2 cos (Q - Z) sin(¢, — () dt

1

1 — 2%/2 7 1(? ) 7
= 5 COS(CZ + 4) + §J'1 t3/2 Sln(gz — QCt + 4) dt

1*25/2 1 1 z 10 1 # 7
= +- ) - — =24 — | dt + —— L =20+ — | dt
g cos (Cz 4) Wi L t cos <C Ct 4> d N L cos (C Ct 4> d

5/2

i cos((z+z>+0(22).
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Finally, we obtain
22 m 7/4 —1/2 9/2. —5/3
Ig:fTAcos CZJrZ +0(z""v + 272700,
and
~ 3cos(¢: +7/4)
5. 21/3\/m

By the assumption z < v4/1® the error term here is of order O(z~'/2). Thus we conclude that

2R, (2) = 27w 4+ 1) = + O(z7 12 4 04y 7T/6),

3
li li /4 DR (2)] = —— .
el VIR = 5 2

This completes the proof. O
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