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1. Introduction. If f is an entire function in the complex plane such that

max [f(z)|= O(e™) (r—),

lzl=r

where 0 =a <1, and all the derivatives of f at 0 are integers, then it is easy to show that f
is a polynomial (see e.g. Straus [10]). The best possible result of this type was proved by
Pélya [9]. The main aim of this paper is to prove two analogous results for harmonic
functions defined in the whole of the Euclidean space R", where n=2 (i.e. entire
harmonic functions).

Before stating the main results, we give some notations. A point of R" is denoted by
X =(x4,...,x,). Throughout the paper a denotes an n-tuple (a4, ..., a,) of non-negative
integers, and we put

la|=a,+...+a, a'=a,!...a,

9 \* a,
po= ()" ()"
9x, X,

We shall use m consistently to denote a non-negative integer. If f is an infinitely
differentiable function in an open subset of R", the norm of the gradient of order m of f is
defined by

and

vfi={m T @]

lal=m

Thus |V,f| =|f| and |V,f] is the usual norm of the gradient (of order 1) of f. Also, it is easy
to show that

|V,,f|={i i (a"‘f/ax,,l...ax,,m)z}”2 1

b,=1 b,.=1
(see Calderén and Zygmund [3]), whence it follows that if h is harmonic in R", then
IV..h[2=2""A"(h?), (2)
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where A™ is the mth iterated Laplacian operator in R". In particular, we note that by (1)
our definition of |V,,.f| agrees with that given by Kuran [6]. We denote the origin of R" by
O. If r is a positive number, the open ball and the sphere of centre O and radius r in R"
are denoted by B(r) and S(r) respectively. If a function g is defined and continuous at
least on S(r), then the mean of g over S(r) is given by the equation

Mg r)= (s, )" j g do,
S(r)

where o is the surface area measure on S(r) and s, is the surface area of S(1).

THEOREM 1. Let h be harmonic in R" and suppose that
Mk, r)=0(e*) (r—>), (3)
where 0= a<1. If D*h(O) is an integer for each n-tuple a, then h is a polynomial. The

result is false with aa=1.

THEOREM 2. Let h be harmonic in R" and suppose that (3) holds for some « such that
0=a<1/V2. If |V,.h(O)| is an integer for all m, then h is a polynomial. The result is false
with a =1/2.

It will become obvious that, in proving Theorem 1, we need only suppose that
D*°h(O) is an integer when a is sufficiently large. Similarly, in Theorem 2 we need only
suppose that |V, h(O)| is an integer for all sufficiently large m. In fact, in Theorem 1, we
require only that there is a positive integer p such that D*h(O) is an integer whenever
a,+...+a,=p and a, =0 or 1, for the identity A'D*h =0, which holds for each a, will
then imply that D°h(O) =0 for any a such that {a|>p.

Theorems 1 and 2 will follow easily from the following lemmas respectively.

LemMa 1. If h is harmonic in R™ and (3) holds for some non-negative number o, then
D°h(0)=O(a|**?a")  (la|->=).
LemMa 2. If h is harmonic in R™ and (3) holds for some non-negative number a, then
V,.h(0)| = O(m>** Hav2)™)  (m—).

The special case of Lemma 1 in which a,=...=a,, =0 (so that D°h is an x,-
derivative) was proved in [1].

2. Preliminary results. In this section we reduce the proofs of Lemmas 1 and 2 to
problems about harmonic polynomials.
The Poisson kernel of B(r) is the function K|, defined in B(r) X S(r) by the equation

KX, Y)=(s:n) (- |XP) IX- Y™, @)
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where
IXl=(x3+...+x)"2,

It is well known that if h is harmonic in an open set containing the closure B(r) of B(r),
then

h(X)=] KX Yh(Y)do(Y) (XeB(r)

(r)

(see e.g. Helms [5, p. 16]). Since K, and all its partial derivatives with respect to x,, ..., X,
are continuous in B(r) X S(r), we have

D°h(0O)= D?K,(O, Y)h(Y) do(Y) (%)
r)

for any a. The main problem thus becomes that of estimating D°K, (O, Y), and this will be
solved by expressing K, (-, Y) as a series of harmonic polynomials and studying the terms
of this series.

The vector space of all homogeneous harmonic polynomials of degree m in R" is
denoted by #,,. (Note that 0e %,,). Brelot and Choquet [2] introduced the norm |||| on
#,,, defined by the equation

172

I = {(s.) Lm H? do}

We shall need the following resulits.

THEOREM A. If Y e R"\{O}, then there exists a unique element I, v (a Brelot-Choquet
axial polynomial) of ¥,, such that I, y is invariant under rotation about the line OY (i.e. for
each orthonormal transformation T of R" for which T(Y)=Y, we have I,y e T=1,.y) and

Im.Y(Y) = lYlm
The polynomial I, v is given in R"\{O} by the equation

L.v(X)=|X|"P.(1), (6

where

t=(xy1+ ... +xy)0X| YD @)
and P,, is the n-dimensional Legendre polynomial of degree m. Further,

I I? = (dim 3,,)" = (N(m, n))™", say. (8)
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Most of this theorem can be found in [2]. The relation (6) is well known (see e.g.
Miiller [8]).

Tueorem B. The Poisson kernel K, is given in B(r) X S(r) by the equation
KX, Y)=(s" )" 1 Nk, m)r L v(X). )
k=0

When X = O this equation is trivial. When X# O, we deduce it from (4), (6) and the
equation

Y N(k, n)u“P () =(1-ud(1+u>-2uty™> (O=u<l,-1=st=1)
k=0

(see e.g. [8, p. 30]) by taking u=|X]|/r and t to be given by (7).
LeEmMa 3. If h is harmonic in an open set containing B(r), then

D*h(0)= (5" Nllal, i | DO k() do().

S(r)

From (4) and (8), we easily obtain

D*h(0) = (s,r"~)" j ) D“{ki Nk, n)r"‘Ik_y(O)}h(Y) do(Y). (10)

Clearly
D°Ly(0)=0  (k#l|a]), D%l y=D"Iy(O).

Hence, to prove the lemma, it is enough to show that the operator D can be taken inside
the summation in (10). Now, for each fixed Y on S(r), the function K (-, Y) is harmonic in
B(r) and therefore real-analytic in B(r). Hence K, (-, Y) is equal to its multiple Taylor
series about O in some neighbourhood of O. Bracketing together terms of equal degree in
this Taylor series, we obtain a series of homogeneous polynomials, convergent to K. (-, Y)
in some neighbourhood of O. Since such a series is unique, it is equal term-by-term to the
right-hand side of (9). Since the Taylor series can be differentiated term-by-term arbitrar-
ily often, so also can the series in (10).

3. Harmonic polynomials. In view of Lemma 1, our interest now turns to the
estimation of the partial derivatives of I,y at O.

Lemma 4. If He ¥, and |a|=m, then

|D*H|=m!(N(m, n))"* |H],
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and in particular
DL, v|=m!

for each Y in R"\{O}.
When m =0 the lemma is trivial. For positive values of m, we appeal to the inequality

N(m-1,n)

‘%’“2 m*N(m,m)|HF  (=1,...,n). (11)

This inequality is implicit in the work of Calder6n and Zygmund [3, Chapter 1]. (To
deduce (11) from their work one needs an explicit formula for N(m, n), for which see e.g.
(8].) Kuran [7, p. 17] gives (11) explicitly together with the cases of equality. Observing
that each of the operators 3/dx; (i=1,...,n) maps %, into ¥,,_, and using (11)
repeatedly, we find that

N(0, n) [D°H|?* < (m!)>N(m, n) | H|*.
Since N(0,n)=1 and D°H=|D°H}|, the main result of the lemma now follows. The
special case where H=1I,,  comes from the main result and (8).
Lemma 5. If He %, then
V.Hl={m'n(n+2)...(n+2m-2)}?|H].
In particular,
VeIlnyl={min(n+2)...(n+2m-2)(N(m, n)) '}

for each Y in R"\{O}.-

When m =0 the lemma is trivial. For positive values of m, we use a result of Kuran

[7; Lemma 2] which states that if Q is a homogeneous polynomial of degree 2m in R",
then

A"Q=2"m!{n(n+2)...(n+2m-2)}(s,)"! I Q do.

S(1)

Applying this equation with Q =H? and using (2), we obtain the main result of the
lemma, from which by using (8) we obtain the particular result for H=1,, .

4. Proof of Lemmas 1 and 2. To prove Lemma 1, we have, by Lemmas 3 and 4, for
each positive number r

ID*h(O)|=(s,)'r ™" "*N(lal, n) L( ) |D*Ia).v h(Y)| do(Y)

=r7®IN(lal, n) |a|'M(h|, r)
= Ar™N(|a], n) |a|le™,
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where A is the constant implied by the O-notation in (3). Now, there is a constant C,
depending only on n, such that

N(m,n)=Cm"2 (m=1).
Hence
|D°h(O)|=ACr " |a|""2|alle>  (la|=1, r>0).
In particular, taking r =|a|/a, we obtain

[D°h(O)|=AC la[*"? [a|!(ae)*!la™  (la|z1),

and the theorem now follows by an application of Stirling’s formula.
To prove Lemma 2, we have, by Lemma 1 and the Cauchy-Schwarz inequality, for
each positive number r

b0~ 5™y Nmmmir ™| T, (a ’)_I(L(,) DL (V) do(¥) |

la|=m

<G Nom mimtr | T (a)” j (DL (Y] do(¥)

lal=m

x Lm IRl do)}

=GN | [ Wk PRI do (1)

S{r)

x Lm Kl do(r)

By Lemma 5, we now have

|V, h(O)|={m!n(n+2)...(n+2m—-2)N(m, n)}**’r"M(|h|, r)
=A{Cm'n(n+2)...(n+2m-2)m" 22y meo,

where A and C are as before. Hence, taking r = m/a, we obtain

V. h(O)=A{Cm!'n(n+2)...(n+2m~-2)m" "3 "*(ae)"m™

=0{(mN 'n(n+2)...(n+2m-2)m" " }2a™) (m—>x),

by Stirling’s formula. When m =1,

(m)'n(n+2)... (n42m—2)=2'"(1+%n,;1) (“i’::;)“‘ (H%n_l)
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and

log {(1 +%nr; 1) (1 +%n—1) e (1 +%n1— 1)}5(%n-—1) i it=(@Gn-1)(logm+1).

m-—1 i=1
Hence
M 'n(n+2)...(n+2m-2)m" '=02"m**%)  (m o),
and the lemma follows.

5. Proofs of Theorems 1 and 2. If h satisfies the hypotheses of Theorem 1, then, by
Lemma 1,

D°h(0)—>0 (la|> ).

Hence there exists a non-negative integer q such that D®h(O)=0 whenever |a|=q. It

follows that the multiple Taylor series of h about O has only finitely many non-zero terms

and hence that h, being equal in R" to the sum of this series (see e.g. [4]), is a polynomial.
If h satisfies the hypotheses of Theorem 2, then by Lemma 2,

V,.h(0)|—0 (m — x),

Hence there exists a non-negative integer q such that |V, h(O) =0 when m=gq. This
implies that D*h(O)=0 when |a]=q and hence that h is a polynomial.
Consideration of the functions h, and h,, defined in R™ by the equations

h(X)=e* cos x,

and
ha(X) = e*/**{cos (x,/v/2) +sin (x,/v2)},

shows that Theorems 1 and 2 fail with a=1 and a = 1/\/5, respectively. The verifications
are left to the reader.
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