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1. In this paper, a problem of B. H. Neumann and Hanna Neumann [7] about the finite
embeddability of an embeddable finite amalgam is discussed. After proving a " reduction
theorem " for a finite amalgam to have a finite embedding, we examine some known
embeddable amalgams (cf. [3]) as regards their embeddability in a finite group. Since the
existence of the generalised free product and the embeddability of an amalgam are synonymous
terms, Theorem 3.1 generalises a result in [4]. A sufficient condition for an amalgam of type S
to have a finite embedding is also given.

In §4, an example is given to answer various questions regarding the range of finite
embeddings of a finite amalgam of three groups.

The definition and properties of amalgams and their generalised free products may be
found in [7], [8], [4] and [6].

2. Let A be an amalgam of groups Gu G2 Gn with amalgamated subgroups HtJ

(i,y = 1, 2 , . . . , n; i ^j) and let A' be their reduced amalgam. This is the amalgam formed
by the groups //f generated by all the Hu (i fixed, j ^ /)• It is known that the generalised free
product of A exists if and only if that of A' exists (cf. [4], [6]). We prove here a similar reduction
theorem.

THEOREM 2.1. A finite amalgam A of the groups Gu G2, •••,Gn amalgamating H,j is
embeddable in a finite group if and only if their reduced amalgam A ' is so embeddable.

Proof. The necessity of the condition is immediate. To prove that this condition is
also sufficient, let H be a finite embedding of the reduced amalgam A'. Then, for any integer
i (/ = 1,2, . . . , n), the groups Gt and H both contain a subgroup Ht generated by all the Htj

(i fixed, j # i), and their amalgam is embeddable in a finite group Kh say, (cf. [9], [8]). Each
such Kt contains the finite group H as a subgroup and their amalgam has a finite embedding,
namely their permutational product [9].

In view of the above theorem, we need examine the finite embeddability of only the
reduced amalgam. Such an embedding of the reduced amalgam will ensure that of the whole
amalgam as well.

We now make a few observations about an amalgam of three finite groups. To my
knowledge little is known as regards the finite embeddings of such amalgams. Because of the
difficulties involved in knowing whether such an amalgam is even embeddable or not, the
problem of finding a finite embedding becomes even more complicated. Some results
concerning the existence of generalised free product of certain special types of amalgams of
three groups were given in [3]. It was observed that in these cases the embedding groups,
namely the generalised free products, were finite. It can also be seen [8, example II. 1] that
an amalgam of three groups A, B,C generated by the subgroups K, L; K,M and L, M with
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B and C as split extensions of K by M and of L by M, respectively, need not be embeddable.
However, if such an amalgam is embeddable, then it has a finite embedding. The proof of
the above remarks is left to the reader.

3. Let A be an " amalgam of type 5 ". This is an amalgam of n groups Gu G2,..., Gn

arranged in such a manner that

GfnGi+1=//i ; G^Gj^H C/#/±l), Gn+1 = Gn, Hn+1=Ht.
In the reduced amalgam, each Gt can be taken as a group generated by /fj_i and Ht. The
existence of the generalised free product of such an amalgam was established in [3]. It is
not known whether such an amalgam has a finite embedding also. For n — 3, some sufficient
conditions for the finite embeddability of this type of amalgams were given in [6]. The
following theorem mentions one such sufficient condition for the embeddability of amalgam
of type S in a finite group.

THEOREM 3.1. Let A be a finite amalgam ofn groups of type S, « > 3 and put m = [$n].
If Gm+1, Gm+2, • • -,Gn have the property that, in each Gh / / ,_i and H, permute elementwise
and further that H^Hj = H is central in Gt, Gpfor all i,j' = 1, 2 , . . . , n, then A is embeddable
in a finite group.

The proof of this follows in a fashion similar to the one given for the existence of the
generalised free product of an amalgam of type S in [3], using the direct product with a single
amalgamation in place of the free product.

Hanna Neumann has shown (cf. [4, p. 623]), that, in the case of the most general type of
an amalgam of n groups, with n > 3, if n — 1 of the groups have the property that their subgroups
Hln (i fixed) commute elementwise, the generahsed free product of this amalgam may not
exist. However, for the particular amalgam of type S mentioned above, which reduces to
that in Theorem 9.1 of [4], for n = 3, such a result and even a slightly more general version of
it is seen to be true.

Another sufficient condition for the finite embeddability of an amalgam of type S is
given in the following theorem.

THEOREM 3.2. Let the finite groups Gt, G2, • -., Gnform a reduced amalgam A of type S.
Let further Hu Hn.1 be normal subgroups ofGt and Gn respectively, and H = G.nGyOV i ± l )
be central in Gt (i = 1,2,..., n). Then A is embeddable in a finite group if, when n = 2m,
/ /m_! and Hm+i are normal in Gm and Gm+1 respectively, and when n = 2m + l, Gm+1 is such
that its subgroups Hm and Hm+1 are permutable elementwise.

Proof. To begin with we note that, for n = 3, the generalised free product of the amalgam
exists and is finite by Theorem 3.1 of [3]. For n > 3, we write, as in Theorem 5.1 of [3], the
groups GuG2,...,Gn in pairs (Gt, G2m.i+l) or (Gh G2m_i+2), respectively, according as
n = 2m or n = 2m +1, leaving Gm+l alone in the second case.

In the first event, H^ is normal in Gx and .//„_ t in Gn, and Gu Gn are generated by Hn, H^
and / / n _ i , Hn respectively. By Lemma P of [6], the permutational product P^ of Gu Gn

amalgamating Hn with transversals H'uH'n_u where H[-H = Hu H'^j^-H = Hn.u is such
that the groups Hx = p(Hj), Hn-X = p(/fn_!) in Px generate their generalised direct product
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(Ht x //„_ j ; H) amalgamating a central subgroup H. Similarly for the amalgam of Gm, Gm+l.
Since H is central in every G t and GjnG2m_ i+1 = H (i = 2 , 3 , . . . , m— 1), the generalised

direct product P( of Gh G2m_i+1 amalgamating # (P( is also their permutational product [9])
exists for every i. Each such Pt is finite and has the following property.

Whenever H, and Hi+l belong to such a permutational product, they generate in it the
group Gi+U and whenever Hh Hj,j =£ i± 1, belong to it, they generate in it their generalised
direct product amalgamating H.

Now P , = gp(#! , H2m.u H2m) and P2 = gp(Hu H2m_2, H2m.y) have a common sub-
group (Hi x H2m_ t ; H). There exists a finite embedding P ( 1 ) of Pj and P 2 amalgamating this
subgroup. P ( 1 ) then contains the groups Gu G2, G2m-i and G2m. Since P 3 = gp(H2, H3,
i/2m_3, i/2m_ 2) contains the group (H2xH2m- 2 ; / f ) which is also a subgroup of P2 and hence
of P ( 1 ) , a finite embedding P ( 2 ) of P ( 1 ) and P3 amalgamating [H2 x H2m.2; H) can be found.
Continuing in this way, we see that there is a finite embedding p(m-2> of p<m-3> and P m _ t

amalgamating (//m_2 x Hm+2; H). In p(m~2>, the groups Hm_ t and Hm+1 commute element-
wise as shown above. Therefore a permutational product p ( m - 1 ) of p ( m - 2 ) and Pm amalga-
mating (Hm-! x / / m + , ; /f) embeds the amalgam of P ( m ~ 2 ) and Pm. P(m~1} obviously contains
the groups GUG2,..., Gn.

When n = 2tn + l, we form the generalised direct products Pt of G/ and G2m_i+2

amalgamating a central subgroup H (/' = 2, 3 , . . . , m) and also the permutational product
Px of G1( Gn amalgamating Hn using transversals Hi , #;,_!, H'yH = H'u H'n.1H = Hn^1.
In P j , the groups Hu Hn_1#generate their generalised direct product amalgamating H. We
now construct, as above, a finite group P ^ " 1 * which is an embedding of the finite amalgam
of p(m-2> and Pm amalgamating (Hm-2xHm+2; H). However, as m > 1, Gm, Gm+2 have
only H in common and Pm is the generalised direct product of these groups. Hence Gm+1 =
(HmxHm+l;H) is a subgroup of Pm and so also of p*"1"1'. Thus in this case again p ^ " 1 '
contains all the G,'s (/ = 1, 2 , . . . , n). That they have their right intersection in p*"1"1* follows
by an argument similar to the one in Theorem 5.1 of [3]. This completes the proof of the
theorem.

This is as far as one could hope to go in the general case. Things look more obscure
when we do not have any restriction on the constituents. The main difficulty lies with the
amalgam of three finite groups. If such an amalgam is embeddable in a finite group, it is
easy to prove that a finite amalgam of type S has a finite embedding.

4. In this section we construct an example to answer the following questions regarding
the range of finite embeddings of a finite amalgam of three groups.

(i) Is there an infinite embedding of three finite groups A, B, C other than the free one?
If so, is there also a finite embedding of A,B,C1

(ii) Let P and P ' be two finite embeddings of the groups A, B and C such that the order
of P is larger than that of P ' . Does there always exist a homomorphism of P onto P ' ?

(iii) Is there always a unique minimal embedding of an amalgam of three finite groups ?

These questions may be answered by interpreting groups described by Coxeter and
Moser as generalised free products.
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Example. Let (/, m,n;p) denote the group generated by S and T having the defining
relations

Sl = Tm = (STf =
When n = 2, so that

we have

ST~1S~1T = SSTT= S2T2.

Hence (/, m,2;p) is also defined by

Sl = Tm = (ST)2 = (S2T2)" = 1.

If / = 5, m = 5, p = 3, then the group (5, 5, 2; 3) has a representation as

S5 = T5 = (ST)2 = (S2T2)3 = 1.

The infiniteness of (5, 5, 2; 3) follows by Coxeter [1, p. 93].
The amalgam we construct is such that its generalised free product shall have as a proper

homomorphic image a group containing a subgroup isomorphic to (5, 5, 2; 3). The three
groups we take are the dihedral groups of orders 4,10 and 10 such that the amalgamated
subgroup of each pair is a cyclic group of order 2. Thus

The free product of A, B, C is

F = gp (a, b,c;a2 = b2 = c2 = (be)5 = (ca)5 = (ab)2 = 1),

which can, following Coxeter and Moser [2], also be considered as a group generated by
reflections " a ", " b ", " c " in the sides of a spherical triangle with angles 7i/5, nj5 and n/2
respectively. F can also be represented as

F= gp(g, ft, c; g5 = h5 = (gh)2 = (gc)2 = (ch)2 = c2 = 1),

where be = g, ca = h, so that 6a = #/;. Since

gc = c(bc)c = cb = (be)-1 = g-1

and

Ac = c(ca)c = ac = (co)"1 = A" *,

the subgroup

5 ^ ) (1)

of F is normal in F. Moreover, since G^ngpCc) = 1, F is a split extension of G^ by a cyclic
group of order 2. Further, (?! is an infinite group by Coxeter [2, p. 54].
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Let AT be the normal closure of (g2h2)3 in Gj. We show that the normal closure N* of
N in F coincides with N. For this we have only to prove that

c-\g2fi2)3c
is an element of N. Now

c-\g2h2fc = (g-2h-2)3 = (h2g2)~3

and, since

g-\g2h2fg2 = g-2g2h2g2h2g2h2g2 = (h2g2)3

belongs to N, therefore c~i(g2h2)3c, being the inverse of (h2g2)3, is also in N; this shows that
N is also normal in F. If we denote the factor group FjN by Fu then

Fi = gpfo', h', c';g'5 = h'5 = (g'h')2 = (g'2h'2)3 = (g'c')2 = (c'h')2 = c'2 = 1),

or, on identification of g', h', c' with g, h, c respectively,

Ft = gp(g, h, c; gs = h5 = (gh)2 = (g2h2)3 = (gc)2 = (ch)2 = c2 = 1).

However the group
G2 = gp(g, h; g5 = hs = (gh)2 = (g2h2)3 = 1) (2)

is a normal subgroup of Fj and, since G2ngp(c) = 1, Ft is a splitting extension of G2 by a
two-cycle. G2, being the same as the group (5, 5, 2; 3), is infinite and so also is, therefore, Fu

In terms of a, b, c, Ft has the presentation

F1 =gp(a,b,c;a2 = b2 = c2 = (be)5 = (ca)5 = (ab)2 = (bed)6 = 1).

Since every element of B and C is of the form

(bcfbr and (cafe''

respectively, (k, k' = 0 ,1 , 2 , . . . , 4; r, r' = 0,1), and since for no nonzero values of k and
k' is the relation (bc)kbT = (ca)k'<?' implied by the additional relation (bed)6 = 1, therefore
there are no additional amalgamations of B and C and similarly none of C and A or of A and
B. The groups A, B,C have, therefore, their precise intersections in Fx and ^ consequently
embeds their amalgam.

However, Ft is different from the free embedding F of the amalgam of A, B, C and
moreover, is infinite. This answers the first part of question (i).

We now show that there is also a finite embedding of the amalgam of A, B, C. Consider
the group

G3 = gpfo', K; g15 = h'\g'h')2 = (g'~'h')3 = 1). (3)

G3 is isomorphic to the smallest nonabelian simple group A5 of even permutations on five
letters (cf. Coxeter [2]). However, a factor group of Gt determined by the normal closure
N' of (g~lh)3 in Gt is also isomorphic to G3. We prove that N' is a normal subgroup of F.

Since g = be, h = ca, and

a~1(g~1fi)a = acbcaa = aebe = h~1g = (g~1h)~1,
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Further, since

we have
b-Kg-lKfb =

= g2(g-1h)-3g-2eN'.
Also

c~ig~ihc = ccbcac = bc.ac = gh~l.

Thus

showing that N' is a normal subgroup of F. Therefore

/7JV' = gp(GJN't c') = gp(G3, c') = F2, say.

Again identifying g', h', c' with g, h, c, respectively, we have

F2 = gp(g, h, c; gs = h5 = (gh)2 = {g-'hf = {gcf = (ch)2 - c2 = 1)

and in terms of a, b, c,

F2 = gp(a, b, c; a2 = b2 = c2 = (be)5 = (ca)5 = {abf = (cbca)3 = 1).

By a reasoning similar to that above, we see that also in F2, A, B, C have their precise
intersections. F2, therefore, embeds the amalgam of A, B, C. The finiteness of F2 follows
from the fact that it is an extension of a finite group G3 by a cyclic group of order 2. This
completes the answer to the first question.

We now show that there exist two finite embeddings with the property that the smaller
embedding is not a homomorphic image of the larger one. We consider the group

G4 = sp(g", h"; g"5 = h"5 = (g"ff')2 = (g"-lh"f = 1), (4)

which is isomorphic to the simple group A6 of even permutations on six letters (Coxeter [8],
p. 79), and is a homomorphic image of Gu where Gt is the same as in (1). The kernel N" of
this homomorphism is the normal closure of (g'^ftf in G1. We show again that JV" is a
normal subgroup of F. It is enough to show that the transforms of (g-1h)4 by a, b, c are in
N". Now
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and therefore, since, as before

a(g-1h)*a = (g-1h)-\ b(g-lh)*b = g2(g-lhy4g-2 and cig^tfc-gig-'hy'g-1

are elements of N", N" is a normal subgroup of F and the factor group

being a split extension of G4 by gp (c), is finite.
In terms of a, b, c, F3 is given by

F3 = gp(a, b, c; a2 = b2 = c2 = (bc)s = (cc)5 = {abf = {cbcaf = 1).

That F3 embeds the amalgam of A, B and C follows as before. However, considering

F3 = gp(G4,c") and F2 = gp (G3, C),

one sees that F2 cannot be homomorphic image of F3, because of the simplicity of G3 and G4.
This answers question (ii).

Moreover F2 and F3 are minimal finite embeddings of A, B, C in the sense that there are
no proper factor groups of F2 and F3 which embed the amalgam of A, B, C. This shows that
the answer to question (iii) is in the negative.

The following problem remains unsolved: If the generalised free product F of a finite
amalgam is finite, can there exist another finite embedding of the amalgam different from F?

Finally, I should like to thank Professor Hanna Neumann for her valuable suggestions
and constructive criticism in the preparation of this paper.
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