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ABSTRACT

In the three-dimensional restricted three-body problem, the exi-
stence of resonant periodic solutions about L, is shown and expansions
for them are constructed for special values of the mass parameter, by
means of a perturbation method. These solutions form a second family
of periodic orbits bifurcating from the triangular equilibrium point.
This bifurcation is the evolution, as u varies continuously, of a
regular vertical bifurcation point on the corresponding family of
planar periodic solutions emanating from Ly.

1. INTRODUCTION
It is known that for values of the mass parameter less than the

critical value of Routh, the general solution of the linearized equa-
tions of motion around the triangular equilibrium point L, has the form

x(t) = Ajcos ot + A,sino;t + Azcoso,t + A,sino,t,
y(t) = Bycoso,t + B,sino,t + Bycoso,t + B,sino,t , (N
z(t) = Cjcost + Cysint,

where

; 3
01:}:1‘_5@:' , °2=E+T/K:] , A= 1-27p(i-p). (2)

Due to the difference in the values of the two frequencies, long
and short period terms are recognized, corresponding to small (o;) and
large (0,) values of the frequency .

By a suitable choice of the initial conditions three particular
solutions of the linearized equations are obtained in three dimensions.
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V. V. Markellos and Y. Kozai (eds.), Dynamical Trapping and Evolution in the Solar System, 235-247.
© 1983 by D. Reidel Publishing Company.

https://doi.org/10.1017/50252921100097128 Published online by Cambridge University Press


https://doi.org/10.1017/S0252921100097128

236 C. G. ZAGOURAS AND V. V. MARKELLOS

These are:

1. x(t) =0, y(t) =0, =z(t) = Cycost + C,sint, (3)
2. x(t) = Ajcos ot + A,sinag;t,
y(t) = Bjcoso,t + B,sino, t, (4)

z(t) = Cjcost + C,sint,

3. x(t)y = Agcos 0,t + A,sino,t,
y(t) = Bacos 02t + B“51n<32t, (5)

z(t) = Cjcost + C,sint.

The first solution is periodic and is continued to periodic orbits of
finite size for every value of the mass parameter. A small part of this
family has been given by Buck (1920). The second and the third solu-
tions are not periodic unless the period Tx,y of the planar motion is
commensurate to the period T, of the motion along the Oz-axis.

We suppose that

o (W) =&, (7)

with i = 1 for the case of long period and i = 2 for the case of short
period planar periodic solutions.

Relation (7) is valid for "special"” values of the mass parameter
Y. For these values of u the corresponding linearized equations admit
a periodic solution which, as we show in this article, is continued to
a family of periodic solutions of the non-linear equations. This family
which bifurcates from the triangular equilibrium point is not an iso-
lated dynamical phenomenon occuring for these "special" values of u
but it is the "arrival" at L4, as Y varies continuously, of a vertical
bifurcation point on either the family of planar-short-period, or the
planar-long-period solutions.
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2. SECOND ORDER EXPANSIONS FOR THE RESONANT THREE DIMENSIONAL
PERIODIC SOLUTIONS

The Equations of the three-dimensional motion of the third par-
ticle, when expanded to second order terms with respect to x,y and z,
take the form

r

x -2 +0t)y'

1
—_
—
+
Q
—
N

3 3/3 21 x2_3/§X
4 2 Y T g P g ¥

16 B
o . 2[3/3 9 33 , 33
vy o+ 2(1 +a)x = (1+0) [}75— px 7 16 8 pXY (8a)
_93 2, 33

16 4 !

z" =~ (1 + a)z[; - é»pxz _ 373 z!,

| 2 2
where
t=(1+ a7, a = ale-+a262, (8b)

and p = 1-2y.
The solution of Equations (8a) is expressed as

x(1) = x, (Ve + x, (e’ + ...,

y(t) =y, (De + y, (e + ..., (9)

2
z,{t)e + z,(1)e” + ...,

z(T)

where x; (1), Yi(r), z; (1), 1=1,2,..., are functions of t to be deter-
mined and € is a small orbital parameter.

Expressions (9) are now substituted into Equations (8a), and the
coefficients of the same powers of e are equated.

The coefficients of the first power of & are solutions of the
"linearized" Equations:
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no_agr 23, 33
X1 TN T A 2 "Yao
" . 3/3 9
yl + 2X1 = T Qxl + — yl ’ (10)
z, = - z,.
We consider as a particular solution of Equations (10) the solution (4)
or (5), i.e.,
xl(T) = Ajcosoir + Aj+151nciT ’
= + i
yl(T) Bjcosoir Bj+1s1n0ir , (11)
Zl(T) = C,cos T + Czsin'r,

which is assumed periodic because of condition

hold. From condition (6), or (7),
meter u are determined.

The coefficients of the second power of

"special" values of the mass

(6) which we assume to

para-

€ are solutions of the

Equations
” .3 3V3 _ , .3 3V3
Xp = 2¥p7 4 Xpm T PYp T 204Yy 5 ogXpt 5 g0y,
21, 3/3 33 . 2
+1—6-px1——8—x1y1—1—601+4pzlr
" . 3V3 9 .33 9
Yy 2T T PX,m g Y, T T 2ax) F o eogx) oAy, (12)
3V3 , 33 93 2 . 3/3
T 16 *1 T g PXYa T g Y1t T %a
" _ L3 L33
z, + z2,= =20,z 5 X124 5 Y2,

By substitution of expressions (11) into the second members of Equations
(12) we obtain the following system of Equations

2 3 3/3
(D"~ Z)XZ - (2D + = Py,

2

= Klsin g.1T + K,cos 0.7 +Kycos
i i

20,T
1

. . L2
+ K,sin oir‘+K551n20ir-+K651n T A& £,(1) ,

3/3
(2D - 2 PIX,
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s 2 : 2
+ A,sin o,T + A sin 20i1 + Asin® T 4 g, (1), (13)

(D%+ 1)z2 = E;sin (o, + 1)T—Elsin (o, -1)T +
i i

+ Eycos(o, + 1)1 - Eycos (o, - 1)t & h,(t) ,

where we have abbreviated:

3 3v3
K = al(_?‘B'oi i) A]+1 * Tij+l) ’
3 3v3
K, = o¢1(213j+l ol+ EA] + =5 PB Y
- M2 3B, 33 0
16 " 75 8 373 16 7 73
Kk, = ZLoaz -3, g 33.p
16 j+1 8 j+1 j+1 16 j+1
k. = 2Loana _33 33 R
5 16 j g+l 16 j+1 3 16 37 3+1 16 jg+1
3 2
Kg = Z pcl ’
3V3 9
Ay = al(ZAjol = pAJ+1 t 3 Bj+1 '
33 9
Ry = o (28,00, * 75 PR TS B (14)
_ 33 2 . 33 93
Aa“ (16 AJ+ 5 ijBj+ T Bj) ,
3/3 2 33 93 _2
A, =- T Aj+1 - ij+1Bj+1+ 16 Bj+1) '
_ 33 33 3v3 9v3
hs = = Qg PABI Y 16 PR5Bst T 25Pye1 T 16 ByPyar) -
3V/3 2
he = =7 C1 v
B = 2 A+ V3B
1 = 4cl(o 3 j) '
B, = 3¢ (pA, + /3B, )
2 4 “1'P %54 j+1’ o

A periodic solution of Equations (14) is given by:
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r
5 .,
cos 20,71 + — sin20.T
i o} i

o
L= |
F

%, (1)

7 .
cos 2T + — sin 2T ,

0

+
®|’—.|
o

o>
>

A
5
cos 20,1 + — sin20.T (15)
i d i

[
F-4

+

yz('r) 8- 12

> (=]
o

A,
cos 2T + — sin 2T ,

C)

|

]—31 }31
zz('r) = sin(o, + 1)1 - — sin (o, = 1)T
i i
-g, -20 . -0, + 20,
i i i i

E E

2 2
+ —s——— cos (0, + 1)1 -—5——— cos (o, - V)1,
-g° - 20, t -0 + 20, 1
i i i i

where, supressing the secular terms, we have forced a;= 0,= 0 (in (8b))
and, therefore, t=T1. The quantities 8 and ® are given by

27 4 2 27
8 = 12 +Tu(1—u), <I>—16oi—4oi+4 p(l-uw. (16)

We have also abbreviated:

I‘1=—2 (K, +K, +K)+——3‘/_p(!\ +h, +A)
) 3
3/3
r, = —(20§ + %) (Ky= K,) + 4A 0, + 5 ° (Ayg- A
9 3/3
Iy = -(4o, + -Z)Ks— 2(A,- A,“)oi te P Ag
25 3V3
Te =g K =75 Phev
r, = Ag
(17)
3 3V/3
A, = - 3 (Ag+ A+ A) + 5 p(Ky+ K+ Ko)
3V/3
A, = —(ZOi + %) (Ay= A,) - 4Rgo, + =g= 0 (K3= K,)
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2 3 3v3
A, = -(40i + Z)A5 + 2(K4- Ku)oi P Kg o
19 3V3
b =g he ~ 7§ PKe v
A, = 2Kg .

It has been verified numerically that for values of the small pa-
rameter € in the interval (O, 0.0é], the periodic functions (15) re-
present periodic solutions of the problem to an accuracy of at least
six significant figures. Furthermore, these solutions can be "cor-
rected" and "continued" by numerical methods. In this way the existence
of these resonant periodic orbits which had been questioned by the
classical workers (Buck, 1920), has been demonstrated.

3. SOLUTION OF A HILL EQUATION FOR VERTICAL STABILITY ALONG THE
FAMILIES OF PLANAR PERIODIC ORBITS

An important question arising here is whether the family of peri-
odic solutions constructed in the previous paragraph exists only for
the resonant value of u.

As we shall see the answer is that it also exists for other values
of u. However, for these other values it does not bifurcate from L.
Rather, it bifurcates from a vertical-bifurcation point on the planar
family of (short - or long - period) periodic orbits. Hereafter we use
the term "family of planar periodic solutions™ to indicate either the
short - period family or the long - period family of planar periodic
solutions, the two cases been formally identical.

First we consider the family of planar periodic solutions and we
derive second order expansions for them. The derivation of these
expansions is similar to the above derivation of the resonant three -
dimensional orbits and the resulting expressions differ from expres-
sions (11), (15) only in the absence of the n-periodic terms.

The second order expansions for the planar orbits are:

x(t) = (A.coso,t + A, sino.t)e
J i J+1 1
+ (G + G,cos 2oit + Gysin ZGit)€2 ’ (18a)
y(t) = (Bjcoscit + Bj+131noit)e
. 2
+ (H1 + Hzcos 20it + HssanGit)s R (18b)
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where

G =r,/8-12, G, =T,/¢, G, =T,/9,

(19)

H, = 4,/0-12, H, = A,/9, H, = A;/9,

with i=1, j=1 for the long period solutions and i = 2, j = 3 for the
short period ones.

Along each family of planar solutions we can determine the para-
meter sv which characterizes every periodic solution as vertically
stable or unstable. If the periodic solution is vertically stable,

sl < 1,

and if there are integers p and g such-that

s = cos 21 E-, (20)
v d

then this planar periodic orbit is vertically self - resonant and a
bifurcation point of a three - dimensional family.

In the present case where we know the analytical expression of the
family of planar solutions we can in fact calculate s, analytically as
a function of the orbital parameter €. Indeed, the value of s results
from two linearly independent solutions of the Hill equation

¥+ Q(t)v =0,

with

(see, e.g. Markellos, 1977) . Using the second order expansions (18) for
X and y we obtain for the periodic function @ the expression

o(t,e) =1 + (chos oit + Q3sin oit)e
2
+ (Ql+ Q,cos ZOit + Q,cos 20it)€ (21)
with:
3 3V3 3,2, .2 33 .2, _2
Q,=-3 (1-2m6- = H) +7¢ (Aj+Aj+1)+16 (Bj+Bj+1)
15/3
==2r2 - 2
g (-0 (AB A B, (22)
3 3V/3
= -2 (1- - 2= (23
Q, 5 (1 2U)Aj 5 Bj ’ )
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3 3V3
Qy = - 5 (1 —2u)Aj+1— 5 Bj+l , (24)
3 3V/3 3 2 2 33 2 2
o, = - £y (1-2u)G,- - H,t e (Aj- Aj+1) *Te (Bj- Bj+1)
15/3
= (Aij - Aj+1Bj+1) , (25)
3 3V/3 3 33
Q. = - 5 (1 - 2u)G3— == H + 3 AjAj+l 5 Bij+1
15/3
—=r= + A .
8 ( jj+1 j+1Bj) (26)
We seek solutions v(t) of the Equation
vV +Q(t,e)v =0 , (27)
in the form
V(t) = v (t) + v (e + v,(t)e? . (28)

By substitution into Equation (27), neglecting terms of order higher
than the second in € and solving the resulting differential equations,
we obtain as the general solution of Equation (27) the expression

, 2
v(t) = (ulcost + u251nt) (l+e+e’) + [(wlcos(l +oi)t
+ w,sin(l +0.)t+w3cos(1—0.)t+w,+sin(1 —0.)1:_1 (e+€2)
i i i

+[:w5t cost + wet sint + w_cos (20i +1)t+w

7

sin(20, + 1)t
8 i

+ wgcos(2oi— Dt + Wy sin(2oi - 1)1';152 ' (29)

where we have abbreviated:

ul u2
W = - —— w =
1 g, (o, +2) ! 2 g,(0,+2) '
1 1 1 1
1.13 uh
w = e e——— w =
3 o, (g, ~2) ! 4 o.(c,-2) '
1 1 1 1
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ug Ug
We =<5 P Me T T g (30)
U, Ug
7.7 T 45 (o, + 1) ’ Y& T T 45 (o, +1) '
1 1 1 1
Yy ~ Y10
Yo T T 45, (0. - 1) ’ Y507 T 40, (o, - 1) '
1 1 1
and
1 1
u, (M, u,) = - b Qu; 5 Q.u, o
1 1
u, (‘Jl' UZ) = - 'é' Q3U1 - E QQUZ v
1 1
ua(ul, UZ) = = 5 Q2u1 - '2— Q3U2 ’
.1 1
u“(ulr 112) = 5 Q3ul - 2 Qzuz ’
Q9 234,
'Ll5 (Ull Uz) = = Qlul + 20 (0 +2) 20,1(0.1+2)
. Q,4, Q,u, (31)
20, (0, -2) 20,(0,-2) !
Q4 Q,u,
Ug (Mg s M) = = Qu, - 20. (0. +2) 20, (0, + 2)
1 1 1
. 2,1, 2,4,
20, (0, - 2) 20, (0, -2) '
1 1 1 1
1 1 Y Quy Qiu,
u, (s Myl = - 5 Q5 U0 26. (0. +2) 20, (0, +2) '
1 1 1 1
1 1 Q34 Q4
Ug (M s Hy) =T 5 QTS H Qs * 25 (0. +2) 20, (0, +2) '
1 1 1 1
_ 1 1 + Qzus + 2,4,
Ug(Myr W) = -5 WQ, — 5 W% Y3 oy Y 0. (0. -2y !
1 1 1 1
1 Q3u, Q,u,
uy oy s 1) 5 Ry Ty M 20, (0, -2) 20,(0,-2) :
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4. PARAMETER OF VERTICAL STABILITY AS FUNCTION OF ¢

If v¥(t) and v**(t) are two linearly independent solutions of
Equation (27), with

v* (0) v** (0) 1 0
= ’ (32)
v*(0) v**(0) 0 1
then
2s,V = v¥*(t) + v**(t) , (33)

where T is the period of the planar periodic orbit.

From Equations (29) and (33) we finally obtain, for the vertical
stability parameter, the expression

_ 2
s, = s, () + s, (We + s, (We” , (34)
with
27
so(u) = cos Pl (35)
i
Q
3 A
sl(u) =55 sin = , (36)
1 27 .21
Sy (u) = 5'[§1COS 5 + Q,sin e ’ (37)
i i
where
2T
o "7
i

is the period of the planar periodic orbit.

The quantities Q; and @, involved in Equation (37) are given by
the following expressions:
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0 0l + ¢’
Q. =4 4 0 2 3 | 21
! 2(0?2 - 4) 12(02-4)| Oy
1

2 2 2 2. 2
2OQ3+ 4Q2 - (SQ2 + 13Q3)0i

* 2 2 2 !
40, (0, - 4)
1 1
-20, - oi + 5 ol
Q= Q ~ 2 Qs
o,(g, - 4} 2(o, - 4)
1 1 1
-26° + 100° - 30, - 18 o> + o
p—2 2 2 oo+ ——1 | (3
2 2 2 2%3 2 -
Zoi(oi—4) 4 (0. - 4)

Equating the expression for s, to the bifurcation value (20) we
obtain the relation

2
so(u) + sl(u)e + sz(u)e = cos2n§ ’ (39)

connecting the mass parameter p with the orbital parameter & for any
given resonance p/q.

Thus, given a value of u say u* near the resonant value u S, We
can determine the value € for which the "vertical bifurcation" occurs.
In other words, we find how the resonant family has evolved in
going from Hp/q to p*, i.e. from a branching at the equilib-
rium point to a branching at a vertical self-resonant orbit of the
planar family.

We have therefore demonstrated how this "peculiar" resonant family
of periodic orbits exists not only at the resonant value of p but also
at the neighboring values. It has a natural evolution as a tree -
dimensional branch of the family of planar orbits. This is true for
the short period family as wellas for the long period family of
planar periodic orbits.

Numerical results and further details of the evolution of these
families of three - dimensional periodic orbits will be published
elsewhere.
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