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ON ORTHOGONALLY DECOMPOSABLE
ORNERED BANACH SPACES

SADAYUKI YAMAMURO

In a Banach lattice or the hermitian part of a C(*-algebra,
every element a admits a decomposition a = a

a, 20, Na)

+

+ - @ such that

lla,l and N(-a) = fla_|| , where N is the

c;nonical half-norm of the positive cones. In general ordered
Banach spaces, this property is related to the order structure
of the duality map and the metric projectability of the positive
cones, and it turns out to be equivalent to an "orthogonal"

decomposability.

Throughout this note, we shall denote by B a real Banach space
ordered by a closed and proper cone B+ . Then the dual B* is ordered by
the dual cone Bi = {f €B* : (f, x) 2 0 for all x € B+} .

The canonical half-norm N on B , introduced by [2], and in a more

general form by [5], is defined by

N(a) = inf{lla+z| : = ¢ B,} .
Then it is easy to see that a € B_ if and only if N(-a) =0 .
Furthermore, N is continuous, N(a+b) = N(a) + N(b) , N(Ma) = MN(a) for
A20, and N(a) + N(-a) = 0 implies a =0 . It has been proved in [12]
that f € B* is positive, that is, f € B: , if and only if
fla) = |Ifll#(a) for all a € B .
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When B is a Banach lattice or the hermitian part of a (*-algebra,
every element a € B determines a pair (a+, a ) , the positive and
negative parts of a , such that a = a, -a_ - In these two cases we have

Ma) = lla,| and N(-a) = fa_] - )

Generally, an ordered Banach space B 1is said to be N-decomposable
if every element a of B 1is expressed as a =b - ¢ such that b ¢ B, ,
c €B_, N(a) = |Ibli and WN(-a) = |lel]] . When the pair (b, e¢) satisfies
only N(a) = |[bl}] , then B is called N, -decomposable. These two notions

have been considered in [17] and [13].

When B 1is a Hilbert space, B 1is uniquely ~N-decomposable if and
only if the positive cone B+ is self-dual and, in this case, the
N-decomposition a =b - ¢ 1is, in fact, an orthogonal decomposition, that
is, (b, ¢) =0 . The aim of this note is to consider this phenomenon in

general ordered Banach spaces.

We shall start with a study on those properties which correspond to
the self-duality of the positive cone in Hilbert spaces. Naturally, these
properties are expressed in terms of the duality map F of B . The basic
r8le is played here by another map H , which is defined by the canonical
half-norm. A relation between F and H 1is

H(a) = F(b) 0 BY n (b-a)°

if b=2a and Na) = |[p]| , where

(p-a)® = {f ¢ B* : f(b-a) = 0} .

(see (1.7).) The condition which appears in this statment, that for every
a € B there exists b € B such that b =2 a and WN(a) = ||b]] , turns out
to be equivalent to the condition that every element of B can be
metrically projected to B+ . This projectability leads us to a notion of
orthogonality in B , and it will be shown that B is N-decomposable if
and only if it is orthogonally decomposable in this sense. It then becomes

possible to give a simple criterion for the "self-duality" of B, (see

(3.6)).

1. The duality map

Let F be the duality map of B . By definition
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* 2
Pla) = {f € B* : (f, a) = |lal=, lfll = lall}
for every a € B . It has the following properties:
(F1) PF(a) is a nonempty, closed and convex subset of B* ;

(F2) F(-a) = -F(a) ;

1]

(F3) F(Xa) = W(a) for A =0 ;

(F4) for a bounded subset A of B , F(4) is a bounded

subset of B* ;

(F5) F is monotnoe, {(f-g, a-b) = 0 when f € Fla) and
g € F(b) ;

(M) F 1is demicontinuous: if a *a in B and
£, € F(an) » there exists f € F(a) such that

fn(x) + f(x) for all x €B ;

(F7) F is the subdifferential of the function u(x) = ||x||2/2 s
that is, F(a) = 3u(a) for all a € B ;

(F8) if B* 1is strictly convex, F is single-valued and
strictly monotone: (F(a)—F(b), a—b] = 0 implies
Fla) = F(b) ;

(F9) for every a € B and b € B , there exist a; € Fla) and

aq’.f € F(a) such that
(a2, b) = swi(f, b) : f € F(a)} = lallt,(a, D)

and

(af, b) = insl(f, B) : f € F(a)} = JiallT_(a, b) ,
where

1,(a, b) = inf ¢ (Jlast]-[lall)
t>0

T_(a, b) = sup t (lla*tbl-llal) .
<0
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For the proofs of these properties see, for instance [8], p. 119 and

[93.

For the canonical half-norm N of the positive cone B+ , Wwe set

Ala) = {f €B2 : (f, @) = Wa)® and |If] = Wa)} .
Then it has the following properties:
(H1) H(a) is a nonempty, closed and convex subset of B: 3
(H2) H(a) = {0} if and only if a <0 ;
(H3) H(Ma) = M(a) for A 20 ;
(H4) H is bounded;
(H5) H is monotone;

(H6) H is demicontinuous;

(H7) H(a) = 3v(a) for v(z) = Mx)2/2 ;

(H8) if B: is strictly convex, that is, if the relation

If+gll = Ifll + ligl for some f, g € B} implies f = ag
for some o , then H 1is single-valued and strictly

monotone;
(H9) for every a € B and b € B , there exist a; € H(a) and

ag € H(a) such that

(ag, b) = sup{(f, b) : f € H(a)} = N(a)o (a, D)
and

(@}, b) = int{(F, B) : f € #(a)} = N(a)6_(a, B) ,
where

9+(a, b) = inf t—l(N(a+tb)—N(a))
t>0

and

®_(a, b) = sup £~ (Ma+th)-N(a)) .
<0

The property (H2) is an immediate consequence of the equivalent of
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N(a) =0 and a =<0 . The other properties can be proved in the same

manner as in the case of the duality map.

The map H 1is used to study the order properties of the duvality map
F . The following statement is fundamental.

(1.1). For each a € B, the following conditions are equivalent:
(1) F(a) n B} = H(a) ;

(2) Fla) nBX# 8 ;

(3) llall = ¥a) .

Proof. (1) = (2). This is obvious because H{a) # @ .

(2) = (3). For f ¢ Fla) n B},

lal? = fla) < Ifia) = lali(a) .
Hence |lall = ¥(a) .

(3) ® (1). This follows immediately from the definitions of F(a)
and H(a)

The duality map F is said to be positive if F(a) n B_: # ¢ for

every a € B+ .
(1.2). The following conditions are equivalent:
(1) F is positive;
(2) F(a) n Bi = H(a) for every a € B, ;
(3) the norm of B is monotone;
(4) the dual B* is N -decomposable;

(5) for a ¢ B, and f € Fla) , there exists g € Fla) n B:
such that g = f .

Proof. The equivalence of (1), (2) and (3) is an immediate
consequence of (1.1) and the fact that the norm is monotone if and only if
llal| = N(a) for every a € B+ . The equivalence of (3) 'and (4) has been
proved in [17], Theorem 3.8. We shall prove that (4) implies (5). Let
a € B, and f € F(a) . By () there exist g, h € B} such that
f=g-h and N(f) = ligll . Then, since |igll = lIfll ,

https://doi.org/10.1017/50004972700002082 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700002082

362 Sadayuki Yamamuro

0 = h(a) = gla) - fla) = lgllall - llali®
< Iflillall - llali® = o .
Hence g(a) = fla) = Ha"2 and lgl = llall . Thus g € F(a) n BX . It is

obvious that (5) implies (1).

The duality map F 1is said to be tnversely positive if
Fla) n Bi # § implies a € B, . Again, the following statement follows
immediately from (1.1).

(1.3). 7The following conditions are equivalent;

(1) F is inversely positive;

(2) if Na) = Jall , then a ¢ B, .

EXAMPLE 1. Suppose that B is a Hilbert space H with the

positive cone H+ . Then the duality map is positive if and only if

H+ c H: , where H: ={a €H : (a, ) = 0 for every x ¢ H+} , and the

duality map is inversely positive if and only if H+.D H: . When
H, = Hi » the positive cone has been called self-dual (see, for instance,

[4], p. 104). The positive cone of the Banach lattice LZ(Q) on a measure
space § , with the usual order, is obviously self-dual. In the Sobolev

space Hé(Q) , where § 1is a bounded domain with smooth boundary, equipped

with the inner product

{a, b) = ( a'(t)b'(t)dt |
‘o

the cone K = {a € Hé(Q) : a(t) = 0 almost everywhere} is closed and

proper, and Hé(Q) is a vector lattice. In this case F = -A in the
distributional sense and the cone K is not self-dual. However,

[Hé(Q)] = {a € Hé(Q) : a'(t) = 0 almost everywhere} is a self-dual cone.
Let Hn+ be the linear space of all n-square hermitian matrices equipped

with the inner product (a, b) = trace of ba . Then

(Hn)+ = {a € Hn : a is positive semi-definite} is a self-dual cone (see

[71]. p. 70). This is also true for general operator algebras with traces.
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For more general cases, see [4].

Following this example, we shall call the positive cone B+ of an
ordered Banach space B self-dual if the duality map is positive and

inversely positive. Then the following statement is obvious.

(1.4). The following conditions are equivalent:

(1) B, is self-dual;

(2) WN(a) = |lall Zif and only if a ¢ B, .

EXAMPLE 2. The norm of B is said to be of type (N, p) ,
ls=p=e>,if

lalP = #(a)? + #(-a)P i p is finite
and
la]| = max(N(a), N(—a)) if p=wo .

(See [13], §6.) It is obvious that, if the norm is of type (N, p) for
finite p , the positive cone is self-dual. When p = o , the duality map
is positive but not inversely positive. When B 1is the hermitian part of
a C*-algebra with the usual order, it then follows that B+ is not self-
dual but the dual cone B: is self-dual.

EXAMPLE 3. ILet B be the Banach space Cl[O, 1] equipped with the

norm |lajj = sup !a(t)| + sup |a'(t)| . Define the positive cone by
O<t<l O<t=<l
B, = {a ¢ ¢'0, 1] : a(t) = 0 for all t} .
Then N(a) = sup a,(£) . and N(a) = |lal] if and only if a is a
O<t<l

positive number. Thus the duality map is neither positive nor inversely
positive.

As we have shown in (1.2). the positivity of F has a simple
characterization that the norm is monotone. However, a simple
characterization of the inverse positivity of F has to wait until we have
the notion of orthogonally decomposable spaces (see (3.5)). The following

two statements are concerned with this problem in general cases.

(1.5). Suppose that B is reflexive and strictly convex. Then the

following conditions are equivalent:
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(1) F 1is inversely positive;
(2) the dual norm is monotone.

Proof; (1) = (2). Let f ¢ B:_ and F* be the duality map of B* .
Suppose that £ € F*(f) . Since B is reflexive, £ = & for some
a € B , where (&, g) = (g, a) for all g € B* . Then f € F(a) and, by
(1), a € B*'. Furthermore,

2 2
IA™ = llall™ = (f, a) = ¥(f)lall .
Hence ||fll = N(f) . Therefore the dual norm is monotone.
(2) = (1). sSuppose that f € F(a) n B} . Then, by (2), it follows
from (1.2) that there exists & € FX(f) n B}* . However, since B is
reflexive and strictly convex, F* is single-valued. Hence, since

& € F*(f) , wve have £ = & and this implies a € B, .

Therefore, when B 1is reflexive and strictly convex, the positive
cone B+ is self-dual if and only if the norms of B and B* are

monotone.

When B is a Banach lattice, |[la|] = N(a) 1is equivalent to
Ila+|| = {[(lal)f . Therefore, in this case, F is inversely positive if and
only if lla |l = I(|lal)|| implies a, = la] . Generally, the norm of an
ordered Banach space B 1is said to be strictly monotone if |al|l < |Ib||

when O0<a<b and a#b .

(1.6). Suppose that the norm of B* 1is smooth. Then, if the norm of

B 1is monotone, it is strictly monotone.

Proof. Suppose that 0 <a sb and |[la|| = |Ib]] . Since the norm is

monotone, F is positive by (1.2). Hence there exist f € F(a) n Bi and

g € F(b) n B . Then (g, b) = [bJ° and

lal? = (£, @) = (£, B) < IFllB] = IBI° -

Therefore (f, a) = (f, b) = (g, b) . On the other hand, since F* is
single-valued, we have F*(f) = & and F*(g) = b . Therefore

(F7*(g), £

we have a

IFI° end |[F*(g)|| = |Ifll . end hence, F*(g) = F*(f) . Thus
b .

]

It follows from (1.6) that the positive cone of a Banach lattice with
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smooth dual is self-dual.

The following relation between F and H is fundamental in the

subsequent arguments.

(1.7). If bz=a and N(a) = |b|| , then
H(a) = F(b) n B o (b-a)° ,

where (b-a)0 = {f € B* : (f, b-a) = 0} .

Proof. When f € H(a) , we have f € B: and

2 2 2
BN~ = wa)™ = (f, a) = (f, b) = [Ifllpll = ¥a)|pll = BY" .
Hence f € F(b) and (f, b-a) = 0 . Therefore H(a) 1is contained in the

right-hand side. The other inclusion is obvious.

There are cases when F(b) in (1.7) is automatically contained in
B* . When B 1is N-decomposable, every element a 1is expressed as
a=a, -a_ ,wvhere a, €B_, N(a) = Ha+H and N(-a) = Jla || . Therefore

a, satisfies the conditions placed on b in (1.7).

(1.8). Suppose that B is N-decomposable and the dual positive cone
B: 18 self-dual. Then, for every a € B , we have F(a+) c B: and,

therefore, H(a) = Fla,) n (a_)0 .

Proof. Let f ¢ F(a+) . Since B* is also N-decomposable by [73],
Theorem 5.2, we can take an N-decomposition f = f; - f_ of f . Then

0= (f, a+) =(f,»a) - (f, a+) = (f,» a+) - Ha+”2
< 1f, e, = a1 = WP lla,l - lla, P
= Iflllal - a1 =0,
because ||f] = “a+H . Hence we have N(f) = ||fll . Since the dual cone is

self-dual, we have f € B: .

When B 1is the hermitian part of a C*-algebra, then, as was stated
in Example 2, B 1is N-decomposable and B: is self-dual. Therefore the

assumptions in (1.9) are satisfied.

When an ordered Banach space B 1is N-decomposable and aq € B+ , then
a=a-~ 0 is the only ~N-decomposition. Hence the following statement

follows immediately from (1.8). For the case of the hermitian part of a
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C*-algebra, see [3], Example 1.2.5.

(1.9). Suppose that B is N-decomposable and B} is self-dual.
Then F(a) € B} for every a €B_.

2. Projections
For a € B , we set
m(a) = {b € B, : |la-b|| = |la-z|| for all =z € B} ,
which will be called the projection of a on the positive cone B,

Tt is obvious that a € w(a) if a € B, _, m(da) = An(a) for
A= 0, and n[n(a)] = m(a) for every a € B . Furthermore, it is easy to
see that O € m(a) whenever a <0 if and only if the norm of B is
monotone.

(2.1). The following conditions are equivalent:

(1) b € mw(a) ;

(2) |p-all = N(-a) and b ¢ B, ;

(3) b eB, and (f, D) =0 for some f € F(b-a) n B} .

Proof. The equivalence of (1) and (2) is obvious from the definitions

of m and N . The fact that (2) implies (3) follows from (1.7), which
implies H(-a) = F(b-a) n B: n (b)0 . To prove that (3) implies (2), let
f € F(b-a) n B} and (f, b) =0 Then

Ib-al® = (£, b-a) = (£, -a) < lfIN(-a) .
Thus ||b-al| = ¥(-a)

The set T(a) may be empty. B, is said to be projectable if m(a)
is not empty for every a € B .

(2.2). The following conditions are equivalent:

(1) B, 1is projectable;

+
(2) for every a € B there exists b € B such that b 2 a and
bl = #(a) ;

(3) Bl - B, is closed.

Proof. (1) = (2). For a € B, take ¢ € w(-a) . Then, by (2.1),
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b =a + c is the required element.

(2) = (3). Let a € B(N) = {x € B : N(z) =1} . Then, by (2), there
exists b € B such that b= a and b € Bl . Hence a € Bl - B,

However B(N) = Bl - B, . Hence Bl - B, is closed.

(3) ® (1). When WN(-a) =0 , then a € B, and, hence, a € (a)

Waen N(-a) # 0 , N(-a)™'(-a) € B(N) =B, - B, ; that is,

-a = N(-a)b - N(-a)e for some b € B1 and ¢ €B_ .

Since N(-a) = N(-a)N(b) we have |[bl}f =1 . Then, since
N(-a)b = N{-a)e - a , we have N{-a) = ||F{-a)e-all . Therefore, by (2.1),

we have N(-a)e € n(a)
It is obvious that Bl - B+ is closed if Bl is weakly compact.
Hence the dual B: is always projectable.

The following statement, which is an immediate consequence of (2.2),
shows that N+—decomposable spaces are projectable. Therefore all Banach

lattices and the hermitian parts of C*-algebras are projectable.
(2.3). The following conditions are equivalent:
(1) B 1is N,-decomposable;

(2) for every a ¢ B there exists b € B, such that bz a
and b € wla) .

There are spaces which are projectable but not N+—decomposable. For
example, when the norm of B is not monotone, the dual B* is not N+—

decomposable although B: is always projectable.

(2.4). If B 1is projectable and F is inversely positive, then B
18 N+—dbcomposable.

Proof. For a € B , take b € m(a) . Then, since, by (2.1),
¥(b-a) = |b-a]l = ¥(-a) = ¥(b-a) ,

we have N(b-a) = [lb-a|| . Since F is inversely positive, we then have

b >a . Hence it follows from (2.3) that B is N+—decomposable.

It is easy to see that w 1is single-valued if B 1is strictly

convex. The following statement is an immediate consequence of (2.3).
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(2.5). If B 1is N, -decomposable and T is single-valued, then the

N +—decompositions are untque.

Suppose that B is a Hilbert space H considered in Example 2. Then
it is projJectable since the unit ball is weakly compact. Furthermore,
is single-valued because #H is strictly convex. Hence, by (2.1) (3), for
every a € H there exist b € H+ and ¢ € H: such that a =b - ¢ and

(b, ¢) = 0 . Therefore, if H: cH that is, if the duality map is

+ 3
inversely positive, a=b -e¢ , D ¢ H+ and c € H+ with (b, e) =0 .
This fact is generalized in the following form.

(2.6). Suppose that B 1is projectable and F is inversely positive.
Then, for any a € B , there exist b € B_, c¢ € B, and c* ¢ Fle) n B}

such that a=b -c¢ and (b, c¢*) =0 .

Proof. For a € B , let b € m(a) . Then, by (2.1), b =0 and
(b, ¢*) = 0 for some c* € F(e) n Bi , where ¢ =b -a . Since F is

inversely positive, ¢ € B+ .

We conclude this section with a simple remark which follows from (1.5)

and (2.3).

(2.7). When B 1is a Hilbert space H , the following conditions are

equivalent:
(1) H 1is N, -decomposable;
(2) F 1is inversely positive;

(3) ma) 2a forevery a €H .

3. Orthogonal decompositions

When B is ~N-decomposable, every element a can be expressed as
a=>b-c¢ for some b, c € B, such that N(a) = |b]| ana WN(-a) = |ell .
These two positive elements b and ¢ satisfy, therefore, the following
two equations:

N(b-c) = [pll anda N(c-b) = llef| .

Generally, two positive elements b and ¢ will be called N-orthogonal if
they satisfy these two equalities.

Therefore a =b - ¢ 1is an N-decomposition if and only if b and e

are N-orthogonal. When B is the hermitian part of a C(*-algebra and

https://doi.org/10.1017/50004972700002082 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700002082

Ordered Banach Spaces 369

be +¢cb =0 , then b and ¢ are WN-orthogonal because the equality
implies (b-c)+ =b and (c—b)+ = ¢ . However, there are other N-
orthogonal elements which do not satisfy the equality as we shall see in

Example 4. The case of Banach lattices is much simpler.

(3.1). When B %s a Banach lattice and b Aec =0 , then b and e

are N-orthogonal. The converse holds if the dual B* is smooth.

Proof. If b Ac =0 we have (b—c)+ = b and, therefore,
N(b-c) = |b|| . Similarly, N(e-b) = |le]| - Conversely, when b and e
are N-orthogonal, since we always have 0 < (b—c)+ =b , it follows from

”(b-c)+” = [b]l and (1.6) that (b—c)+ = b . Therefore b Aac =0.

Two positive elements b and ¢ are said to be F-orthogonal if
there exist b* € F(b) n B: and e* € Fle) n B: such that
(b*, e) = (b, e*) =0 .

(3.2). For b ¢ B, and c € B, , the following conditions are

equivalent:
(1) b and ¢ are F-orthogonal;
(2) b and ¢ are N-orthogonal;
(3) b € mib-c) and c € w(e-b)

Proof. The equivalence of (2) and (3) is an immediate consequence of
(2.1).

(1) = (2). For the functional b* in the definition of F-

orthogonality,
¥(b-c) = sup{(f, b-e) : £z 0, |Ifll =1}
> Bl B*, b=c) = Ip] -
Hence we have pN(b-¢) = |p|] - Similarly, N(e-b) = |le} -

(3) = (1). This follows immediately from (2.1).

Two positive elements b and ¢ will simply be called orthogonal if
they satisfy one of the three equivalent conditions in (3.2), and we shall
denote this fact by b | ¢ - Since F(A\g) = AF(a) for A>0, b | e
implies b | Ae for A =0 .

When B 1is a Hilbert space and the norm is monotone, b | ¢ is

equivalent to (b, ¢) =0 . When B is a Banach lattice with smooth dual,
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it follows from (3.1) that b | ¢ is equivalent to b A e = 0 . Therefore,
in these two cases, we have that b | ¢ and 0sd<ec¢ imply b | d .

However, this is not always true.

EXAMPLE 4. 1et B = C[-1, 1] be the Banach lattice of continuous
functions on [-1, 1] with the pointwise order, and consider the function

a(t) =t . Then, in addition to the lattice decomposition a = a, -a_,

there are infinitely many orthogonal decompositions in our sense. For
example, a = b - ¢ 1is an orthogonal decomposition when b is the line
connecting the points (-1, 0) and (1, 1) , and ¢ is the line
connecting (-1, 1) and (1, 0) . It is clear that there exists d € B+
such that d<ec¢ but b | d is not satisfied. Note also that

m(a) = {z €C[-1,1] : a, =z = e} , where e(t) = t + 1 . The fact that
a, is the smallest element of m(a) is not accidental, as we shall see in
(3.5).

The following statement is a partial answer to this question.

(3.3). Suppose that the norm of B is monotome. If b | ¢ ., then
b | d when there exists o > O such that ocec =2d =0 and
N(oc-b) = N(d-b) .

Proof. Since b | ae and the norm is monotone,
N(oe-b) = lleellz |ldll = ¥(d-b)
Hence N(d-b) = ||d|| . On the other hand, since
b}l = ¥(b-0e) = N(b-d) = |p]l ,
we have N(b-d) = |lb]] . Therefore b | d .

An ordered Banach space B is called orthogonally decomposable if
every element a 1is expressed as a = b - ¢ such that b J_ ¢ . Then the

following statement is obvious.
(3.4). The following conditions are equivalent:
(1) B <s N-decomposable;
(2) B <s orthogonally decomposable;

(3) ac¢ no(a) - no(—a) for every a € B , where

mola) = {b € nla) : b2 aand ||| = ¥a)} .
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Therefore all Banach lattices and all hermitian parts of C(*-algebras
are orthogonally decomposable. Throughout the remainder of this paper, we
shall always assume that B <is orthogonally decomposable. Hence, when we

set (a+) = no(a) and (a_) = ﬂo(—a) , we have

a € (a+) - (a_) for every a € B .

The following statement can be proved easily. The set (a*) will
sometimes be denoted simply by a, -
(3.5). (1) b ¢ (a+) ifand only if b -a € (a)) .
(2) If a €B, , then (a_) = {o} .

(3) (a,) = {a} forall a €B, .

(4) For be(a+), (b+)=(a+)n{x€B:x2b}.

(5) If ble, be (b—c)+ and ¢ € (b-c) .

(6) If B s a Banach lattice and a = a, -a_ 18 the lattice

decomposition, then a, < b forall b ¢ (a+) .

Since ||| = N(a) for every b € (a+) , we can define the norm ||a+I|
of the set (a+) by this common value; that is, ||a+I] = N(a) . Then we
have a characterization of the self-duality of B+ when B 1is
orthogonally decomposable. Note that the norm of an orthogonally
decomposable space is monotone, and, hence, the duality map is always

positive.
(3.6). The following conditions are equivalent:
(1) B, 18 self-dual;
(2) llall = lla,l implies a € B, :
(3 if bl e and |b]| = |Ib-c|l , then e =0 .

Proof. The equivalence of (1) and (2) follows from |la || = ¥(a) .

When we set a = b - ¢ , conditions (2) and (3) are identical.

REMARK. The self-duality of B+ is determined by B+ and the norm
of B . To produce a self-dual cone from a positive cone which is not, one
usually retains the norm and reforms B+ , as in the case of operator
algebras. We note here that it is always possible to make the original B+
self-dual by changing the norm. More precisely, when B is orthogonally
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decomposable, there is an equivalent norm on B so that B+ is self-dual.

To prove this, one only has to consider the norm |||al|] = (N(a)p+IV(—a)p]l/p
for an arbitrary finite p . Since the original norm is monotone, the two
norms are equivalent. The canonical half-norm of B+ measured by the new
norm coincides with the original ¥ Dbecause of the orthogonal

decomposability. The self-duality of B+ is now obvious.

We now leave the self-duality and consider another problem. Suppose

that B is a Hilbert space H and let K, = {x €¢H : x<a}l . Then K,
is a convex closed subset of H and its indicator function
Ia(x) =0 when x € Ka , = ¥ otherwise,

is a proper lower-semicontinuous convex function. The subdifferential

BIa(c) is of the following form:

BIa(c) = {x € H+ : x| a-c} .

2
It is known [§] that, when H is the space L7() , lattice-ordered in the

usual manner, the resolvent of BIa is single-valued and
-1 _
(1+231 )™H(b) =a A b

for all A >0 . A similar equality holds in IP(Q) , 1 <p <o , with

suitable modifications.

Returning to the case of general orthogonally decomposable spaces, we

set
aAb=a- (ad), (=b- (b-a))
and
avb=aqa+ (a-b)_ [= b+ (b—a)_) .
Then it is easy to see that
a+bée€avb+anbd

Now, for g € B , we define a relation Aa C B XB by

A, = {{le;x) :e<a,x20 and z | a-ec} .
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(3.7). (1+AAa)_l(b) =aAb forevery a,b €B and A >0 .

Proof. By the definition,

1+ M, = {(e, ) : e<a, e =b, b-c | a-c} .
Hence, by (3.4},

(1+Ma}‘1(b) =

I
—_
Q
Q

A
Q
Q
A
o
v
Q

—

Q

\

Q
—

[} It

QN o~
Q

>

o
{
Q
~
g
(s
—

Thus the resolvent (1+AAa)_l is not single-valued in general. The
following statement can be proved easily.

(3.8). The following conditions are equivalent:
(1) (l+AAa)_l is single-valued;

(2) , is single-valued;

(3) B is wniquely orthogonally decomposable.
We note that, when B 1is a Hilbert space, it is uniquely orthogonally
decomposable if and only if B+ is self-dual.

In the sequel we shall asswume that B 1is uniquely orthogonally
decomposable. 'Then, since

aAb—aAc=(a-c)+-(a—b)+,

(l+lAa)—l is a norm-contraction if and only if the single-valued map no
is. When B 1is a Banach lattice or a Hilbert space with self-dual

positive cone, T 1is, and hence “O is, a norm-contraction.

In fact, in the latter case, we have
(n(a)-n(b)., a-b) 2 0 for all a.b €B .

However, in the general case, in order that be an N-contraction, that

0
is,

N(no(a)-no(b)] < Ma-b) for all a4, b €B ,
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B must be a vector lattice as the following statement shows.
(3.9). The following conditions are equivalent:

(1) T i8 an N-contraction;

(2) a<b implies no(a) = my(d)

(3) B 1is a vector lattice with respect to the original order.

Proof, (1) = (2). This follows from the equivalence of N(-a) =0

and a€B+.

(2) = (3). Suppose that a <D and D ¢ B+ . Then

a, = no(a) < no(b) = b . Therefore a, = sup{a, 0} . This shows that B

is a vector lattice.

(3) * (1). When B is a vector lattice,

(a*_-b_'_)+ =(av O-b+) (a—b+) v (-b+) v 0

(a-b) v 0 = (a-b), .

1A

Therefore
N(m (a)-m,(b)} = Nla,-b,) = l(a,-b,) I
= [(a-b) Il = N(a-D) .
because the norm is monotone.
REMARK |. There is a notion of orthogonality in a general Banach

space B due to R.C. James. According to [6], an element a of B is
said to be James-orthogonal to an element b if [la]| = [la+Ab|| for all

A €R . Itis easy to see that this is equivalent to (f, P) = 0 for some
f € F(a) . Hence it is clear that, if q € B, and Db € B, are orthogonal
in our sense, then g 1is James-orthogonal to » and b is James-
orthogonal to g . The converse holds if the assumptions in (1.9) are

satisfied.

REMARK 2. There are several related topics which have not been
discussed in this note. These include the absolute monotonicity of the
norms, the absolute values of elements and the Robinson property in
orthogonally decomposable spaces. It serves to clarify these properties if
we consider an example, which appeared in [7]. Let X Dbe the two-

. 2 .
dimensional space R with the usual coordinatewise order and the norm
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lall = |x+y| if ay =0 , = (.7:2+yz)!'5 otherwise

for a = (xz, y) . Then the dual K* is & with the same order and the

norm

otherwise.

lall = |zl v Iyl if ayzo,= (Pn?)
It is easy to see that K and K* are uniquelv orthogonally decomposable,
both are of type (¥, 2) and both have self-dual positive cones. However,
although the norm of X is absolutely monotone, the norm of K* is not.
Nevertheless, it follows from [713], (7.2), that K and K* have the
Robinson property, that is, for every positive continuous linear operator
A , we have llA]j = sup{lldall : llajl = 1 and a € B+} . Therefore. these
spaces are examples of spaces with the Robinson property whose norms are
not Riesz norms (see [10]). As to the absolute values, we observe that

llall < Ha++a_" in X and |la| > ”a++a_H in X* for the unique orthogonal
decomposition a = a -a_ of an element a which is neither positive nor

negative.

4. Automorphisms

Throughout this section we shall always assume that B 1is an
orthogonally decomposable space. A linear operator S : B+ B is called a
transition map if ||Sb|| = |Ibl] for all b € B, . An automorphism is a
bijective transition mep S : B +» B which preserves the orthogonality,
that is, a = b - ¢ 1is an orthogonal d-composition if and only if
Sa = Sb - Se is an orthogonal decomposition. It is obvious that auto-

morphisms are continuous.

The N-preserving linear operators have been considered in [14]. A

bijection S : B+ B is MN-preserving if WN(Sa) = N(a) for every a € B .

(4.1). The following conditions are equivalent for a bijection
S :B~>B:

(1) s is an automorphism;
(2) 5 is N-preserving;
(3) S*#(Sa) = H(a) for every a €B .

Proof. (1) ® (2). For a € B, let a=>b - ¢ be an orthogonal
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decomposition. Then, by the assumption, Sa = Sb - Sc¢ is also an
orthogonal decomposition. Since S 1is a transition map and b € S+ s
N(Sa) = |isbl = |pll = N(a) .
(2) = (3). Let f € H(Sa) . Then, since f € B} ,
(8*f, z) = (f, Sz) = lIflw(sx) = |fln(x)
for every x € B . Therefore
Is*£ll = lfli = #(Sa) = Na)
On the other hand,
* = _ 2 _ 2
(8*f, a) = (f, Sa) = W(Sa)® = Wa)“ ,
and this also implies ||S*f]l = N(a) . Thus |[|S*f|l = N(a) . The positivity
of S , and of st , follows immediately from (2). Hence S*f € H(a) ,
and we have proved that S*H(Sa) € H(a) . We obtain the inverse inclusion
by replacing S with S-l .
(3) = (1). At first we note that S is positive, because
H(Sa) = {0} (that is, Sa <0 ) if a <0 . Now, for b ¢ B, , let
f € H(Sb) . Then, since S*f € H(b) ,
2 2 2
IBIIZ = m(b)® = (S*f, b) = (f, 5b) = W(SB)® = |IsBI® .

Therefore S 1is a transition map. Next, suppose b J_ ¢ , and choose
b* € H(a) and e¢* € H(-a) such that (b*, ¢) = (b, e*) = 0 , where
a=b-c . Then b*=S5*f and c* = S*3 for some f € H(Sa) and
g € H(-Sa) . It then follows that

N(5a)% = (f, Sa) = (5*f, a) = (b*, a) = (b*, b) = ||p||®
2
= |Isp|l= ,
because S is a transition map. Similarly, N(-Sa) = ||Se|l . Hence

Sb _l_ Sc¢ . Considering S_l instead of S , we have that Sb l Se  implies
ble.

(8.2). If S <is an automorphism of B , then S* is an automorphism
of B*.

Proof. Obviously S* 1is a bijection. Furthermore, since S is a

positive transition map, for every f € B* ,
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N(5*f) = sup{(S*f, =) : = € B, llzll = 1}

sup{(f, y) Ty € B+9 ”7‘/” = l} = N(f)

Hence S* is an automorphism.

We now characterize automorphisms of some important class of
orthogonally decomposable spaces. As we have stated in the remark after
(3.9), the norm of an ordered Banach space B 1is said to have the Robinson

property if
islh = lisll, = supllisall : a € B, llall <1}

for every positive continuous linear operator S : B > B . It is known
that the norms of all Banach lattices and the hermitian parts of C#*-

algebras have the Robinson property.

(4.3). Suppose that the norm of B has the Robinson property and

S : B> B 1is a bijection. Then the following conditions are equivalent:

(1) S <& an automorphism;

(2) 8 and st are positive and isometric, that is,

I8all = {lall for every a € B ;

(3) S and S ' are positive and S*F(Sa) = Fla) for every
a €8 .

Proof. Generally a bijection S of a Banach space B 1is an isometry
if and only if S#*F(Sa) = F(a) for all a € B . Hence (2) and (3) are
equivalent. We shall prove the equivalence of (1) and (2).

(1) = (2). By (4.1), ||S||+ =1 . Hence it follows from the Robinson
property that ||Sa|| < llafl for every a € B . Similarly, we have

IsYall < llal| , that is, |lall < |Sall for every a € B . Therefore S is

an isometry.

(2) ® (1). It follows from the assumption that the dual S* is also
an isometry of B* . Therefore the condition that f € B: and ||fll =1
is equivalent so that S*f € B: and |[|S*fll =1 . Hence, for every
a €B ,

N(Sa)

sup{(f, Sa) : f € BY, |Ifll = 1}
sup{(S*f, a) : S*f € B:, Is*fl] = 1}
N(a) .

[
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Therefore S 1is an automorphism.

Therefore, when B 1is a Banach lattice, S 1is an automorphism if and
only if it is an isometric lattice-isomorphism. When B is the hermitian
part of a unital C(*-algebra acting nondegenerately on a Hilbert space, it
follows from [4], Theorem 3.2.3, that S 1is an automorphism such that
S(1) =1 if and only if it is the restriction on B of a Jordan auto-

morphism of the algebra. 1In general C*-algebras, a Co—group of Jordan

automorphisms is in fact a group of *-automorphisms. (See [4], Corollary
3.2.12.)

(4.4). Let, as before, B be an orthogonally decomposable space.
The following two conditions are equivalent:

(1) G is a generator of a Cy-growp {s, : t €Rl of
automorphisms;

(2) (a) G 1is densely defined,
(b) R(1+aG) = R(1+BG) =B for som o >0 and R >0 ,
(e) (f, Ga) =0 if a € D(G) and f € H(a) .

Proof. It has been proved in [3], Corollary 2.2.5, that, under the
assumption that the norms of B and B* are monotone, the following two

conditions are equivalent:

(BRL) G generates a positive C,-semigroup {St tt 2 0f

satisfying I].S-'tll+ =1;
(BR2)}) ¢ is densely defined, WN-dissipative and R(1+0G) = B
for some o > 0 .

Since the norms of B and B* are monotone wvhen B is orthogonally
decomposable, this theorem is applicable to our case. We recall that &
is N-dissipative if and only if (f, Ga) 2 O whenever a € D(G) and
f € Hla) . This is equivalent to that N{(1+aG)a) = N(a) for all

a € D(G) and o >0 . {See [2], Theorems 2.5 and 3.1, and [3], Theorem
2.1.1.)

(1) = (2). Since each 5, is a transition map, we have I].Stll+ =1 .
Therefore G generates a Co-semigroup {St : t 20} with IIStll+ =1 and

-G generates a Co—semigroup ‘{S-t : t =0} with "S-t"+ =1 . Thus G
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and -G satisfy condition (BRl), and, hence, (BR2). This implies

condition (2).
(2) = (1). 1It follows from the assumption that G and -G satisfy

condition (BR2) and, hence, they generate Co-semigroups {St} and {Tt}

-1 3

satisfying ”St”+ <1 and ”Ttll+ =1 . However, since T, = St . S5,

are bijections and

NLSta)

SuP{ (fs Sta) : f € B_:: "f” = 1}
Is*fll¥(a) = N(a)

1A

for every a € B , because IIS;H+ = ”Stll+ when B is orthogonally

decomposable. Similarly, we have NLS;la] < N(a) for every a € B . Thus

{St} are automorphisms by (4.1).
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