PROPAGATION OF A BOUNDARY OF FUSION

by STEWART PATERSON
(Received 20th December, 1949)

1. General Theory. We consider a volume of material, divided into two regions 1 and 2.
each of density p, by a moving surface 8. On § a change of phase occurs, at a definite tempera-
ture (which we may take to be zero) and with absorption or liberation of a latent heat L per
unit mass. If 0, k,, K, are the temperature, thermal conductivity and diffusivity of phase 1,
and 0,, k,, K, corresponding quantities for phase 2, the surface S is the isothermal

0,2, 4,2, 8) =0=0,(%, ¥, 2, ) cevvrvrcicrenrnirnirininiinininninnn, (1)
and the boundary condition on this surface is
_ _ 0 _ (02):
k, | grad 9, | kZ]gradBZ]—-j;LpIgmdell—:tLplgmdozl. ............... (2

Subscript letters denote partial differentiation.
The condition for a simple solution is thus seen at once to be that 0;, 0, separately satisfy
grad?f
0
For example, in the one-dimensional cases of linear, axially symmetrical or spherically sym-
metrical flow, we require

=const, when 6=0. ...cccccvviviriiiiiiiienininiiiienine 3)

0,%/0,=const. when 0=0, .....cocevieninrrnrnninnnns erereraeas (4)

where 7 is the appropriate space co-ordinate.
In addition, 6;, 6, must, of course, satisfy

(01): =K V20,5 (0); =KV, ceuveniivriiecrinrinninenn, (8)
which for the above one-dimensional cases become
n(8,), n(6,),
0, =K, [(01),, +%] . (0),=K, [(02),, +—(rL)] ..................... (6)
where n=0, 1, 2 in the three cases, respectively.

2. Particular solutions. We consider solutions of the form

F=0(L), reereerreiniiiiieiniiririiiiis s irnanes (7)
where ’ L= () (E). veenereeeiereeiee st eeeererne s een e (8)

It has been shown elsewhere that the only such solutions are :
0=4 erf* (#_,*_B:%D, ....................................... (9)

Linoar case 2VE(t+E)
inear

0 =eA K[ Bed” + CemAT] + D, tovvenrireeriierrenernnesnnrereessennsenes (10)
BmAr +B. oottt (11)

T @

*erf(z)=1 —erfc (w)s% Sz ¥ du; Bi(x)= S_z % du/fu.
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-2
— y ¥
Axially 1 9=AE: <4K(t +B)> 5 TR (12)
SYMMOHICAl) g _ o 4B, (A7) + OV o(AN)] 4D, seoveeververeveesesserseeeess (13)
0 SAIN T B, cireeiceeieeeeiiirereeeeeeeaer e e e e eer— e e e eeaanaaes (14)
VE({+B) 4K Nkd
( B) L A—
[ ‘+ 5 erfc* (2,,/K i+B >]+C ...... (15)
Spherically AIK
symmetricals g == [BeA' FCE AT E D, evieeeeeeeeeeeeeeeeeeeeeee e (16)
case
9 =4 - SRR TUORUR (17)
L r

Of these we must discard the trivial solutions (11), (14) and (17) ; and also (12) and (16), which
cannot be made to satisfy (4). (4) is, however, satisfied by (9), (12) and (15), and also by (10),
if either B or C is zero.

Solution (10), which was mentioned by Stefan (1), defines a boundary of fusion moving
with constant speed. It is of restricted interest, For example, consider the solution

6, =B[e—A<r~AK1t> “1], P AR, e, (18)

B g(aR i)

0, =C'[eXs _1], 0<r<AKyg.

This describes the behaviour of a semi-infinite solid, whose initial temperature is
6,=B(e47 - 1),

and whose surface temperature at r =0 is

K 2
8,=Cek™" _1).

However, B and € must, by (2), satisfy
ByClKy —kiBIE =Lp. woovviniiviiiiiiiiiiniinininninianininns (19)

(9), (12) and (15) define boundaries of fusion whose position varies linearly with the square
root of the time, measured from an appropriate zero. Solutions based on (9) are, in fact, well-
known, and correspond to problems of some importance (2). (12) and (15) also yield solutions
of practical interest, which do not appear to have been studied.

3. Propagation of a Boundary of Fusion from a line source of heat. Let @ units of heat be
generated per unit time, per unit length of the line » =0, in an infinite fusible solid, whose
initial temperature is — @, referred to the melting point as zero. A cylindrical boundary of
fusion, =R (¢) say, then advances into the solid. Let suffices 1, 2 refer to the solid and liquid
phases respectively. We assume a solution :

0= —AEi( -1 4K $) =B, .cooriiiiiiiieiiiiiniiininiiianes (20)
Oy= —CEi( =72 4K ) =D, cererrerririinnennrnecneenerneennens (21)
whereupon
R =aVl, ceoeeeeeeiciiniieeieeee e (22)
where « is a constant to be determined. '
Then
AEi(—a?[4K ) +B =0, .iciereriiennineirieieeeeeeeiaernennnn, (23)
CEI(—o?[4K) + D =0. ceeirieiiniiiiiriirnvieiiiieennenennenes (24)

* See footnote, p. 42.
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When t=0, R=0, and 6, = —B. Hence

B=0. ccirrviiiiiiiiiiiiiiiiiniinii s (25)
Also,
00, _ 24 _aug.. 99_ 20 _aupy
a—r——Ter LA ar— re' 2%.  ciesesssceissesssecrnsicanss (26)
Thus
08
r—I—:O —2mkyr —a~r—2:l =4nk,C,
so that
_ @
C= Ty T (27)
Again, by (2), (22) and (26),
2
kyCe—2*/1Ks — |, Ae=o*/4K: =Lf;°‘ ) eereeeeeeearet e ereeeneerens (28)

where L, p are the latent heat and density of the material. (23), (24), (25), (27) and (28) deter-
mine 4, B, C, D and «. Eliminating 4, B, C, D, we have, for «:

Q@ . ky@e==*4E: Lpa?
47 T UEi(-a?4K)) 4

e ————— (29)

The left side of (29) decreases monotonically from @/4m when « =0to — o when «=c . Hence
the equation has always one, and only one, real positive root, a« and the solution is :

9, =-Q— [Ei(~o24K,) - Bi( —r2/4Kt)], 0<r<awt. .cccoocorennn. (30)

Ei( —r2/4K1t] -
1—-——@[1 Ti(—AK,) |’ r> av/i.

As an example, consider an ice-water system, for which

Water : k,=0-00144 Cal/cm. sec.” K. K,=0-00144 cm.%/sec.

Ice: k; =0-0053 Cal/em. sec.” K. K, =0-0155 cm.?[sec.
and Lp (ice) =73-6 Cal/cm.?

Suppose that —@ = —2, and @ =238 Cal/cm. sec., which represents Qpproximately the heat

supplied by a very thin wire, of resistance 10£2/cm., carrying a current of 1 amp. Then (29)

yields '
o= 0-06637 om. /sect.

and 4 =1-681°, B=2°, C=131-7°, D =43-73°.

The corresponding temperature profiles are shown in Table 1., on page 45.

In practice, since 6, rises indefinitely, a boundary of vaporisation must follow the bound-
ary of fusion. The theory could be extended to cover this if the effect of pressure on the boiling
point and latent heat were ignored. Although this is not legitimate in the case described, the
solution will be included for its general interest. If suffix 3 refers to the vapour state, we
assume in addition to (20), (21):

Oy= —FEi(— 124K gt) — G eoveereerererereereerereseesensenens (31)

https://doi.org/10.1017/52040618500032937 Published online by Cambridge University Press


https://doi.org/10.1017/S2040618500032937

PROPAGATION OF A BOUNDARY OF FUSION 45

Table I

Nt 0, 8,
(cm./sect.) ©C.) °C)
0-024 196-6

03394 117-6
04158 75-56
04799 48-78
05367 30-00
05879 16-12
06351 551
06637 0 0
09248 ~0-8196
1128 -1-2362
1302 ~1-4780
1456 -1-6312
1783 -1-8319
2059 -1-9178
2302 -1-9581
2523 ~1.9781
2724 ~1-9883
2905 -1-9936

Then the boundaries of vaporisation and fusion are r = a;5/%, ¥ = ap3v/%, say, whereupon (23) and

(24) apply, and also :
CEi(—033/4K,) +D= =V, coeiiirrriirreriinnierannennnnnn, (32)

~ FEiI(—033/4K3) + G = ~V, coririririiiiiniiiiiniiinneine, (33)
where V is the boiling point, referred to the melting point as zero. (25) holds as before, while
F and k, must be substituted for C and k, in (27). (28) is replaced by two similar equations,
involving L, and L,;. We have thus eight relations to determine 4, B, C, D, F, G, o5, otp3.

Elimination of the six coefficients leads to the following simultaneous equations for «;s, o3 :

2
%23

.

\ :
—*23 4K,
Q g _ ey Ve _Lwp 083 crreerereriieininnn (34)
47 . oy . o} 4
Ei| -2 )-Ei - 2%
4K, 4K,
—a2 —a?
*12 *12
kyVe 4Ky k,0e ¢K, Lyop (35)

B ) g ) mi( - R
-4K,) 4K, 4K,

These could be solved cyclically in a numerical case. This has not been carried out for the
system ice-water-steam, in view of the physically unreal assumptions.

4. Propagation from a point source. Let @ units of heat be generated per unit time at the
origin, the conditions being otherwise as before. A spherical boundary =R (¢) proceeds out-
ward. We assume the solution : ’

VKt N .7
6,=A4 [—1 e 4Kt~ erfe ——— | =B, tieiiiieiiineiiraenens 36
! r 2 2K ¢ (36)
VKt NS r
0y =C0 | ——E ¢r*/4Eat _ T~ orfe —::‘ ~D. e 37
2 r 2 VK 67
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Then ~
RE)=aT  eeeeeireeirereeeee e e ereccreree e e e sanae e (38)
say, and o B
4 [ﬂ{—l e-teks VT g ~ﬁ:] S (39)
o 2 K,
c [i& eetaBy VT g —“_—} R (40)
x 2 2VK,
Also, as before,
B=0, ittt (41)
while -
36,  AVE{ g, 9 ONKi e,
‘a—r——Ter 13 W————rz—e N (42)
Thus
L | —duky? i”ﬁ] =4dnlke,N Kt . C,
r—0 or
so that Q =gv/t, say, g constant, and
C =q/AmlaN K. cvveeeieriiininiieenirieeieeeeneeenee e (43)
From (2), (39), (40), (42), (43), we obtain the following equation for « :
4 p-ariag, b6 Lo . (44)
& l—gc\/1 e**14E1 erfe ( % ) 2
2 VK, 2J K,

The left side again decreases monotonically from ¢/4w to —w as « increases from 0 to oo,
Hence (44) has always one and only one real positive root. We have therefore derived a solu-
tion for propagation from a point source whose strength increases as v/2.

The solution may be readily extended to cover the case in which two (or more) surfaces of
phase-change arise. The analysis is similar to that indicated above for the cylindrical system.

Appendiz. Proof that the functions in (29) and (44) decrease monotonically for «>0.
Consider f(x) =e*Ei ( ~ ),

[ —— el — 3
L [Bi(—x) +e=[x] =e%g (x) say.
Then
dg s
de= ¢ 22 <0.

But when = + w0, g=0. Hence g>0, and so df/dz>0. It follows at once that the function
on the left of (29) decreases monotonically. Its value is @/47 at 0 and — o at oo.

Again, let
J@) Eg_lc — N 7e®® erfe (x),
dfjdx = —ze” [2«/; erfe () 22 e + 1 e—“’”]
z 23
= —ze®’g(x), say.
Then

dgldx = —3e~="[2*<0.
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But
g()=0.

Hence ¢>0 and so df/dx<<0. It follows at once that the function on the left of (44) decreases
monotonically, Its value is g/4r at 0 and —w at .
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