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DUAL SPACE DERIVATIONS AND Hz(L, F) OF
MODULAR LIE ALGEBRAS

ROLF FARNSTEINER

0. Introduction. It is well-known that the classical vanishing results of
the cohomology theory of Lie algebras depend on the characteristic of the
underlying base field. The theorems of Cartan and Zassenhaus, for
instance, entail that non-modular simple Lie algebras do not admit
non-trivial central extensions. In contrast, early results by Block [3] prove
that this conclusion loses its validity if the underlying base field has
positive characteristic.

Central extensions of a given Lie algebra L, or equivalently its second
cohomology group H2(L, F), can be conveniently described by means of
derivations ¢:L — L* If

is Z-graded, then the L-module Der (L, L*) of dual space derivations
inherits the gradation from L. The derivations of degree /| = —s — 1,
which are not effected by elements of L*, were described in [6] by means
of P-associative forms. The present paper is concerned with the case in
which [ = —s.

According to general cohomology theory, every derivation ¢:L — L* is
a restriction of a module homomorphism ¢: U (L)" — L*. We employ this
connection in Section 2 in order to find several conditions for a given
derivation ¢:L — L* to be inner on a subalgebra K C L. Theorem 2.1 may
be used to study central extensions of simple Lie algebras with
nondegenerate trace form by investigating the action of Casimir elements.
In Sections 3 and 4 Theorem 2.3 is applied in order to determine
the second cohomology groups of the graded Cartan type Lie algebras
W(n; m) and K(n; m).

1. Subsidiary results. Throughout this section

is assumed to be a finite dimensional graded Lie algebra over an
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algebraically closed field F. We shall be collecting basic facts pertaining to
derivations ¢:L — V, where

I
V- @ ¥
J==q -
is a finite dimensional graded L-module.
Let H C L, be a nilpotent subalgebra with weight space decomposi-
tions

L= aEEDA L, and V= B@A Vip)»

respectively. As H is contained in L, we can find subsets 4; € A, A, € A
such that

L = aEGBAI L O Ly V= B@,\, Vi Ke
Hence L obtains the structure of a Z X Map(H, F)-graded Lie algebra
while V becomes a Z X Map(H, F)-graded L-module, where Map(H, F)
denotes the group of mappings from H into F.

Let Derp(L, V) denote the space of derivations from L into V' and let
Inng(L, V') be the subspace of inner derivations, i.e., derivations of the
form ¢(x) = x - v for some v € V. It is well-known that Derp(L, V)
inherits the Z X Map(H, F)-gradation from L and V. The homogeneous
derivations of degree (iy, «) are given by the property

o(L; N L(a)) C I{+i0 N V('a+a0)'

THEOREM 1.1. Let L, H and V be as above and suppose that ¢:L — V' is a
derivation of degree j. Then there exists a homogeneous derivation 1 of degree
J from L into V satisfying W(H) € V, and v € V, such that

o(x) =n(x) + x-v Vx € L.
Observe that the derivation 7 has the property
ML) € Vo Va € A.

We shall refer to this fact by saying that n respects the root space
decomposition.
For every L-module V we put

vi.—fvev;L-v=0}

Let U(L) denote the universal enveloping algebra of L and con-
sider U(L)", the two-sided ideal generated by L. It is a result
of general cohomology theory that for every derivation ¢:L — V
there exists a homomorphism 1,b:U(L)+ — V of U(L)-modules such that
Y(x) = e(x) Vx € L (cf. [4] p. 282, [8] ).
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LEMMA 1.2. Assume that char(F) = p > 0. Let :L = V be a deriva-
tion and suppose that e € L such that (ad e) =0,¢" -V = 0. Then

e ge) € VL.
Proof. Let ¢ be as indicated above. Then we obtain
e gle) = 7! de) = W)

Let z be an element of L. As ¢/ lies in the center C(U(L)+) of U(L)*
have

2 ) = ze’) = W) = € Yz) = 0.
Consequently, e’ ge) € VE

In the special situation where }” = L* the condition (ad e)p, = 0 implies
7 . L* = 0. In addition,

(L = {f e L* f(IL, L]) = O}

The L-module L* inherits the Z X Map(H, F)-gradation from L by
virtue of

(L*)oy = {(f e L* f(Lj N Lg) = 0for(j,B) # —(, )}
Thus we have
(L*)(i.a) = (L*);, N (L*)(a)

as well as
,
L* = @ (L*)

ProrosiTION 1.3. Let

'B@A (L*)(B)

be the weight space decomposition relative to H. Then the following
statements hold:

() A = —Aand (L*)p = (L_g)* VB € A

QDA =-A,—s=i=r

||/\ [

Definition. The gradation (L;)_,=;=, is said to be standard if
Ly =[L_.L) —r=i=—L
LEMMA 1.4. Suppose that L = U(L") - L,, where
-1

If L has a standard gradation then L is generated by L_, © L

s*
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Proof. Let G denote the subalgebra of L which is generated by L_, ® L,.
Since the gradation of L is standard L~ is contained in G. Hence G is an
U(L")-submodule of L containing L,. Consequently,

L=UL) L cUL) GCG.
Definition. A derivation ¢:L — L* is said to be skew if

o(x)(y) = —e(y)(x) Vx,y € L.

We consider the subalgebra

as well as

M:= MUL):=[L", L]
Note that M is a graded subalgebra of L on which H operates. Hence for
k = 1 there is ¢, C A, such that

L, = M, + a(e@% Ly N Ly

LEMMA 1.5. Suppose that

(@ L=UL")" L

(b) L, is an irreducible Ly-module.

Let @:I. — L* be a homogeneous skew derivation of degree | where
—2s = 1= —s — L. If — A is not contained in ¢_, then ¢ = 0.

Proof. As ¢ annihilates L; it is homogeneous of degree (/, 0) as well as a
homomorphism of Lj,-modules. Since (L ) = 0 it suffices by virtue of (a)
to show that ¢ vanishes on L. The assumptions concerning ¢ entail that ¢
annihilates M_ . Since

o(L_ 1) C (L%
and L, is an irreducible Lj,-module we either have
(L) = LYy or o(L_1p) = 0.

The former alternative yields —A; < ¢_ ), a contradiction. Hence the
latter case applies. As ¢ is skew, we obtain ¢(L;) = 0, as desired.

Remark. Let deg:L — L denote the degree derivation of L, i.e.,
deg(x) = ix Vx € L.

If deg = ad & for some element 4 of H, then —A, is not contained in
¢_(s+1y for I = 0 mod(p).

We finally give two results which will enable us to construct certain
outer derivations.
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LEMMA 1.6. Suppose that L = U(L ) - L, and let :L — L* be a
homogeneous linear map of degree | > 2r — s. Assume furthermore that L.~
is generated by some subset A. If

o([x,y]) =x-9(y) —y-ox) Vxed Vyel
then ¢ is a derivation.
Proof. 1t is well-known that
N:i={xe€ L o([x,y]) =x-9(y) —y-elx) Vye L}

1s a subalgebra of L. Since 4 is by assumption contained in N, we see that
L C N.Thus Nisa U(L )-submodule of L. As L = U(L ) - L, we shall
conclude the proof by verifying the inclusion L, C N.

Let x be an element of L. Then

[x,y] € > L,

IZs—r

for every element y of L. Since / > 2r — s, ¢ annihilates [x, y]. By the same
token we have ¢(x) = 0. Let y € L, then

x - @(y) € (L¥)gy

Since s + j + / > r we obtain x - ¢(y) = 0. Consequently, x lies in N, as
desired.

LEMMA 1.7. Suppose that L = U(L ) - L, and let ¢:L — L* be a skew
homomorphism of L™ -modules of degree —s. If

o([x,y]) =x-9(y) —y ox) Vx &L Vyel,
then o is a derivation.

Proof. Let N be defined as in the proof of the preceding lemma. Since
L C ker ¢ and ¢ is L™ -linear, L is contained in N. As in (1.6) it will
therefore be sufficient to show that L, C N.

Letx € L. If y € L then

o([x. y]) = =y olx) = x-o(y) =y olx)
Suppose that y € L. for i > 0. Then
[x, 9] =0 and x-¢(y) — y - elx) € (L%,
For z € L_, we obtain observing that z € L :
(@) )z) = (- e(x) )z2) = —(y)([x.2]) + @(x)([y.2])
= o([x,z])(y) + elx)([y.2])
= —(z 9(x))(y) + lx)([y. 2])
= ¢(x)([z.0]) + o(x)([y. 2]) = 0.
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By virtue of our assumption concerning ¢, we obtain the desired
inclusion.

2. The canonical map CI)ltHl(L, L* — H](K, L*). Throughout this
section K is assumed to be a subalgebra of the finite dimensional Lie
algebra L. Let S:U(L) — U(L) denote the antipode map of U(L), i.e., the
antthomomorphism of U(L) satisfying

S(x) = —x Vx € L.

Observe that the U(L)-module structure of L* induced by the representa-
tion L — gl(L*) is given by

u- f)x)= f(Swu)-x) Vue UWL) Vx € L.
In the sequel we shall study the canonical map

®,:H'(L, L*) —> H'(K, L*)
which is induced by the restriction map

Derp(L, L*) — Derg(K, L*).

THEOREM 2.1. Let V C L be a subspace such that L = U(K)Jr -V and
assume that there is an element

G < CU(L)*(U(K)+)’

the centralizer of U(K')Jr in U(L)+, which acts on V as the identity via the
adjoint representation. Then

®:H'(L, L*) —> H\(K, L¥)
is trivial.
Proof. Let @:L — L* be a derivation and let
Y:UL)" — L*

be the homomorphism of U(L)-modules which extends ¢. We first prove:
If

i
i=1

*  Duv=0, uecUKT, veV
then
21 WS () () = 0.

Since ¢, commutes with every element of U(L) " we obtain
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2 S @) = 2 US W) e

i=1

= 2 (S(co) - W(Su;)))v)

i=1

= § WS (co)S (1) )¥)

= 2 (S() - ¥(S(c)))m)

i=1

xp(S(cO))(ﬁ y - v,.) _o.

i=1
Now we define f € L* by means of
m m
f(E ui'vi) = D USW))) w, e UK veV m=1,
i=1 i=1

The assumptions of the theorem ensure in conjunction with (*) that fis a
well-defined linear mapping. Let a be an element of K. Then

q>(a)(§ u; v,»)

i=1

2 USw)a)y) = 21 WS(S(@)u) )

i=1
= f(lé S(a)u; - Vi) =(a- f)(él u; - Vi)-
Hence ¢(a) = a - fand @, = 0.

COROLLARY 2.2. Let L be simple and suppose that F is algebrai-
cally closed. If the center cuL)™h operates non-trivially on L, then
H\(L, L*) = 0.

Proof. By virtue of Schur’s Lemma there exists a homomorphism
NC(UL)YY) > F
such that
c-x=MNc)x Vx e L Vee C(UL)™M.

As L is simple, we find an element v such that
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L =UWL)" - Fn

By assumption there is ¢, € C (U(L)+) such that A(c;) = 1. Hence (2.1)
applies and we obtain the asserted result.

THEOREM 2.3. Let V C L be a subspace such that
L=UK'" vrev.
Suppose there is a basis {e|, ..., e,} of K and a subset J C Ny such that
(a) anng; gy +(L) = ( {eb; be&J}),
where
e = e?‘ 'egz...ez" b=(,...,b,) and
anny o, +(L) := {u € UK)"; u- L = 0}.
(b) There is a basis {v,...,v,} of V such that
aelJ 1=2j=m)

GO

is a basis of L over F.
Then the following statements hold:
(1) Every derivation ¢:L — L* satisfying

ker(ad ¢;) C kerg(e;)) 1 =i =n

defines an element of ker ®,.
(2) Suppose there is p € N such that

J={beNib=np).
Then
ker(ad ¢;) C ¢(e¢;) if and only if ' - ¢(e;) = 0.

(3) If char(F) = p > 0, =pk" —1 1=i=nand L =[L, L] then
the canonical mapping

®,:H'(L, L*) —> H'(K, L*)
is trivial.

Proof. (1) In analogy with the proof of (2.1) we consider for a given
derivation ¢:L — L* a module homomorphism ¢:U(L)* — L* such that
Y, = ¢. Assume that

ker(ad ¢;) C kerg(e;)) 1 =i = n.
We shall first prove that
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To that end let b not be contained in J. Since ¢’ & U(K)" then there

exists j € {1,...,n} such that

eb _ €1€bm(f
j
where
€ = (ag)lgz‘éw

Let x be an element of L. Then

y:=¢e""9 x € ker(ad e)

and we obtain

US(E) )x) = =S Ne)(x) = —(S(e"79) - Uey) )x)

= —¥e)(») = —ale)(y) = 0.

The assertion now follows from condition (a).

We proceed by verifying the validity of (*) of the proof of (2.1).

According to the PBW-Theorem every element u of
expressed in the form

U= a(a)é’.
aENg
Put
= > ala)’
ac)
as well as
= > ala)e’
atJ
Then

u=1u-+u and # € annyg,+(L).

Suppose that

> u-v, =0 u € UK)".
i=1
Then
m
0= 2 u; - v,
i=1

and condition (b) shows that u;, = 0 Vi. Consequently,
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m

2 USW) ) = 2 US@) ) =0

i=1 i=1

on account of the first part of the proof.
We define f € L* by means of

fv)y =0 v eV,

AZ ) = S uswo o e v’

=1 i=1

The above deliberations then warrant that f is well-defined. Let « be an
element of U(K)+. Then we obtain

(@ Hv) = f(Sa) - v) = Wa)y)
as well as

m m

(a f)(él U, - v,-) = f(E S(a)u; - ) = E} US(S(@)u;) ()

i=1 i=1

m m

§ WS (u)a)y,) = § Wa)u, - v)

I

IP(a)(% u; w).

i=1
Hence
a- f=Ya) = ¢a) Va € K.
(2) We shall show that
ker(ade;)) = €l"- L 1 =i = n.

By assumption, e - L is contained in the kernel of ad e,. In order to prove
the converse inclusion, we give L the structure of a filtered U(K)-module.
Recall that

n
UK)y, 1= ({16l = k}) |bl:= 2 b,
i=1
defines the canonical filtration on U(K). We put
Lyy = UK)y, - V.
Then

L = o Ly, and
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Ly =({ vl =k b=p 1=j=m})
We shall prove by induction on k that
ker(ad ;) N L, < & - L.
If x € ker(ad ¢;) N L), then

m

m
X = 2“,",‘ and 0 = Eaje,-v]-.
a0 o .

If p, = 0 then €/ - L = L and there is nothing to be shown. Otherwise (b)
implies that; = 0 1 =/ = m, and x = 0.

Now suppose that & = 1. We recall that
(**)

ele’ = ¢ mod U(K), lal 47— 1)

Let

x=2 2 aajpey,

Jj=10=a=p

be an element of ker(ad ¢;) N L. Then

m

e x = > a(a, jlee! - v,

j=1 0=a=p,lal=k

0

Il

m

EI | afa, jet T - v, mod L.
Jj=1 0=a=plal=k )

Il

It follows from condition (b) that a(a,j) = Oforlal =k 0=a =p — €.
As a result (**) implies that

m

x= 2 > a(a, je' - v,
j=1 0=a=pa;=p.lal=k ‘
m
= > > ala, j)efe "4 - v, mod Ly ).
Jj=1 0=a=pa;=p.lal=k
Hence there is an element y such that
x — ey € Ly,
Since
ade(x —é-y)y=0

the induction hypothesis applies and we see that
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x —éi-yeei-L
The statement just proved readily implies that
ker(ad ¢;) C ker g(e¢;) if and only if ¢! - g(e;) = 0.
(3) By virtue of (1) and (2) it suffices to show that
efr’klﬁl “gle) =0 1 =i=n
for every derivation ¢. As
(ad ¢)”(L) = 0 and e’ - L* = 0,
(1.2) entails that
& ale) € (LM

Since L = [L, L] it follows that (L*)" = 0 and we obtain the desired
result.

We conclude this section by considering the situation in which

is graded and K = L . Note that if L = U(L ") - L, then
L=UL)" -LO®L,
i.e., the general assumption of (2.3) holds.

ProPOSITION 2.4. Suppose that L = U(L") - L, and let ¢:L — L* be a
homogeneous derivation of degree | Then:

(1) If | > r — s and ¢ defines an element of ker ®,, then ¢ is inner.

Q) If | = r — s, ¢ is skew and defines an element of ker ®,, then ¢ is
inner.

Proof. By assumption there is f € (L*), such that
ox)=x-f VYxe L .

We consider the derivation ¢, := ¢ — ad f and observe that ¢, is skew
whenever ¢ is skew. We also note that

(p](Li) = 0, deg @ = L

Hence ker ¢, is a U(L ™ )-submodule of L. If (1) applies then ¢; annihilates
L,. Otherwise ¢|(L,) C (L*), and we obtain ¢(L,) = 0 from the skew-
ness of ¢, in combination with ¢;(L_,) = 0. In either case we see that
L, C ker ¢, thus ¢, = 0.

LEMMA 2.5. Suppose that H C L, is a nilpotent subalgebra and assume
that L = U(L™) - L. Let ¢ be a skew derivation of degree (I, 0) which
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defines an element of ker ®,. Then the following statements hold:
(WIf =s <l =r— s — 1, then ¢ is inner.
) If I = —sand A, N Ay = O, then ¢ is inner.

Proof. Since ¢ defines an element of the kernel of ®, there is f €
(L*)g) N (L*); such that ¢, := ¢ — ad f is a homogeneous skew
derivation of degree (/, 0) which annihilates L . Consequently, ker ¢, is a
U(L )-submodule of L. We note that

oi(Ly) C (L*),4,
where0 =s +/=r — 1.Ifs + 1> 0, then

(X)) = —e(¥)x) =0 Vxe L Vyel_ ..,
re, (L) =0.1f s + /= 0 then

(L) C (L*),,.

Since A, N —A; = @ we obtain ¢,(L,) = 0. In either case we conclude
that

L= UL ) L, C ker g
Hence ¢ is an inner derivation.
3. The cohomology groups HY(W(n; m), F). Let n = 1 be an integer and
consider m := (m,, ..., m,) € N". We put

Ti=(p" —1,....p" =1

where p > 2 denotes the characteristic of the underlying base field F. For
n-tuples a, b € N; we write

a+ b:= (a, + b,‘)l§i§n

anda = bifa;, = b; 1 =i = n. Let A(n) denote the algebra of divided
powers over F. For a € N we define

X=X ),

It is known that
Anym) = ({(X0=a=1})

is a subalgebra of A(n) of dimension np™. Let
a/:A(fz; m) — A(n; m)

denote the derivation of 4 (»n; m) which is defined by
8/()((")) c= 479,

Then
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W(n; m) := > A(n; m)o,
j=1 ‘

is a graded Lie algebra (cf. [9] for details). We put
()
by o= X579,

and observe that H := ({h; 1 = j = n} ) is a Cartan subalgebra of
W(n; m),. Let

W(n; m) = a@A W(n; m),

denote the corresponding root space decomposition. Since
a)
[, X8] = (4 — 8,)x'9,
every element a gives rise to a root by means of

ah;) = q léién:A:{gAfj;()ga_

IA
-

Note that
X, € Wn; my,_.
E J

LEMMA 3.1. Let ¢:W(n; m) — W(n; m)* be a derivation. Then there
exists [ € W(n; m)* such that

o(x) =x-f VYx € Wn, m)_,.

Proof. We put L := W(n; m) as well as K := W(n; m)_,. Then
{0,,...,0,} is a basis of the subalgebra K. Consider V := W(n, m),
with basis {x\"9,, ..., x3,}. The simplicity of L entails

L=UK)" rvev
For a € Ny we put
04 1= 93" ....0m.
Since
3¢ - X(T)aj — X(T*a)aj
we see that
(0 xX";aet 1=j=n})
where J := {a; 0 = a = 7}, is a basis for L over F. Clearly,
3* € anny gy +(L) fora & J.

Suppose that

u= 2 aa)y e ann g+ (L).

0<a
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Then we obtain

0=u-x"9, = > a(a)x""Vy,.
0<a=r
Thus a(a) = 0 fora = rand u € ({90 a & J} ). Consequently, (2.3)
applies and we obtain the asserted result.

THEOREM 3.2. The following statements hold:

(1) If p > 3, then the second cohomology group Hz( W(n; m), F) is trivial
for n > 1 and one dimensional for n = 1.

(2) If p = 3, then the second cohomology group HZ(W(n; m), F) is
trivial for n > 2, two dimensional for n = 2, and m; — 1 dimensional for
n = 1.

Proof. Let ZZ(L, F) denote the space of 2-cocycles of L. It was shown
in [6] that the mapping which associates with [ € ZXL, F) the
skew derivation x — f(x, ) induces an isomorphism between HX(L, F)
and the vector space of skew outer derivations from L into L*. We put
L := W(n; m) and note that

UL ) L, =L.
Let ¢:L — L* be a homogeneous skew derivation of degree /.

@)/ =r —s=1— s Weapply (3.1) and (2.4) consecutively in order
to see that ¢ is inner.

(b) / = — s. Note that

Ay=f— €1 =i

A

n} = —4
as well as
A, ={r—¢;1 =k =n}

Suppose that Ay N A; # @. Then there are , j, k such thate, — € =T €.
If k & {i,j}, then —2 = 0 mod(p), a contradiction. If k = j, then¢;, = 1,

which is also impossible. The case &k = i readily yields n = 2 and
p = 3. Hence if n # 2 or p # 3 then ¢ is inner by virtue of (1.1)
and (2.5).

In order to treat the case n = 2, p = 3 we introduce the linear
mapping

a,:A(n; m) — A(n; m) aT( g ,B(a)x(")) 1= B(1).

It is easily seen that in our particular situation
A0, xP9)) 1= (i + je(xOxP)
defines a nondegenerate L -associative form on L. The linear mappings

DiL— L D(x9) = (i + x99, 1=i=2
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are skew homomorphisms of L -modules of degree — 1. Consequently,
oL = L* g(x)(y) i= AD(x).y) 1=i=2

is a skew homomorphism of L™ -modules of degree —s. A case by case
analysis shows that the condition of (1.7) is satisfied. Hence the ¢; are

skew derivations. Suppose that ¢ respects the root space decomposition.
Then

o(x8))(x'd,) = 0
unless k = j,/ = 3 — j. Since
@ (D)D) = —i8,8,8,3_)
we obtain for
rp = (=) le(x™3)(x%9,)
that ¢ — r;¢; — r,¢, annihilates L. Hence
Note that ¢, ¢, define linearly independent elements of H I(L, L*).
(c) —2s =] = —s — 1. We consider the following identities:

(1 @ty x(“_“f!)&] = %, 0=qg =1

@ %99, x“799] = ~a;(a, — 3Hx%;

3 79, x(”_(“)aj] = q(a; — DX, k # j.
We shall employ the above equations in order to show that
M(L), = L, forq =23 q % —1 mod(p)

L,= ML), + 2 2 FE" g=3,9=—1mod(p).
Jj=1 b;=0mod(p)Vi ’

Let X3, be an element of L, Then g = la] — 1 and formula (1) entails
that x(“)aj € M(L), unless @; = 0 or @; = |a| — 1 or a; = plo— 1
The first alternative implies in conjunction with the assumption ¢ = 3
that n = 2. Then we apply (3) in order to obtain the desired result.
Ifa; = |a| — 1thena = ¢ + ag;, k # jora = ag. In the former case
we see by virtue of (3) that x("{a € M(L), unless a; = 1 mod(p). As
3 = ¢ = a; equation (2) implies that x(”)a c M(L), If a = ag;, then, by
(2), we may assume that a4 =0,3 mod( p) Only the case in which a; = 3
mod(p) p # 3 needs to be considered. Since ¢ = 3 the identity

[x(3‘)8 x( 2)‘)8] = —2x{ fﬂaj

yields the desired result. The remaining case ¢; = p" — 1 can be treated
by applying (2).
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Letn = 2. 1f / = —s — 3 then —(s + /) = 3 and the above shows that
in (1.5) ¢ _(, 4, may be chosen as follows:

(a) bty = @ (s + 1) = 1 mod(p)
(b) S 5ty = {*cj; 1=j=n} (s+ /)= 1mod(p).

Hence —A, is not contained in ¢ _ s+, and ¢ vanishes by virtue of (1.5).
Next we assume that / € {—s — 2, —s — 1}. We may choose

¢2: {3fk _CJ; 1 §],k§n}
Since n = 2 we have —A; C ¢, as well as —A; C A,. Hence (1.5) applies

and ¢ = 0.
Now suppose that n = 1. It was shown in [6] that the bilinear form

AW, m) X W(l;m) > F AXD9, xXP3) = a(x“x"))

is nondegenerate and L™ -associative. By virtue of (3.3) and (3.7) of [6] we
see that the skew derivations of degree 1 = —s — 1 are in one to one
correspondence with those L -module homomorphisms D:L — L of
degree k; —(s + 1) = k = —2 satisfying the following properties:

(@) D(L) L M(L)_ 4,

(b) D is skew with respect to A

)k = —3mod(p), k=1[1+s— 1.
Note that D is uniquely determined by its action on L, Suppose that
= —s — 3. If s + I = 1 mod(p), then we obtain

M(L)_ (41 = L_(5+, and
i
D(Ly) © Lygyy 0 L= 4y = {0}

Hence D = 0. If s + [ = 1 mod(p), then k = 0 mod(p) and (c) entails
that D = 0 unless p = 3. Suppose this to be the case. Then

D(x'"9)
—ax"y k=0mod(p) 1 —p"M=k= -4 a€F
Hence D = a(ad 8)71". Let g = —1 mod(p). It can be easily seen from the

equation
(a+b*1)f(a+b~l)
a a—1

that M(L), = L, unless g = 3" — 1. We now conclude from (a) that
D = 0 unless there is r € {2,..., m, — 1} such that k = —3". One
therefore obtains m; — 2 linearly independent elements of H'(L, L*)
form; = 2.

We finally assume that / € {—s — 2, —s — 1}. If / = —s — 1 then
k = —2 mod(p) and (c¢) forces D to vanish. In the remaining
case k = —3 which implies D = a(ad 3)°, a € F.

(x93, xX"3] = Xttty
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4. The cohomology groups H2(K(2r + 1; m), F). Throughout this
section we shall assume that p > 3. We put n := 2r + 1 and consider the
algebra A (n; m) with Lie product

O T A R L (”b” (" * ll’)* f,,)
_ ”a” ((l + [;— €,,))X(u+b‘e”)
where
2r
llall := lal + a, — 2, {x(“), x(h)} - E o(j)x(“_‘/)x(”—‘/')
J=1
oj)y=1j=r oj)=—-1 j=r+1
Jo=jtr jEr j=j—r jZr+1
Since

<x(("), X(b)> _ IIbe(h),

we see that H : = Fx'*) is an abelian subalgebra of 4(n; m) which operates
on A(n; m) by semisimple endomorphisms. The algebra 4 (n; m) is graded
by means of

3
A(n;m), = X FXY A(n; m) = D A m); s = |l
llall =i =<
We recall the definition of the contact algebra:
A(n;m) n + 3 %= 0 mod(p)
Knym) = 1 > Fx9 pn + 3 = 0 mod(p).

a<t

Hence H is an abelian subalgebra of K(n; m), and
(I A, N A # @if and only if i = j mod(p).
Fori € {1,...,n} we consider the linear mappings
A(n; m) = F
o § X @ — Bir — me,)
a=r

where n’ 1= n. It is known that
A(nym) = UA(n; m) ) - A(n; m),.
Formula (I) readily entails the validity of
(D) (9, XYy = o(HxTD + (g, + DTS 1= =2
(IV) (1, Xy = 2xlT ),
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LeEMMA 4.1. Suppose that n + 3 = 0 mod(p).
() gpdn; m) = A m)* g (X)) = a(x“79xP)

is a skew derivation of degree 1 = p™' — s 1 =i = 2r
(2) Let deg denote the degree derivation of A(n; m). Then

9, A m) = A(n; m)* q,(f)g) = a,(deg(/)g)
is a skew derivation of degree | = 2p"" — s.

Proof. (1) The linear map ¢, is clearly skew and of the indicated degree.
Since A(n; m) is generated by

2r
A(ny my_| = > Fxle)
i=1
and p"" > 4 it suffices by virtue of (1.6) to verify for 1 = j = 2r the
equation

) e (9 XY D) = (9 - (@) P
= (g () ).
Formula (III) implies that the left hand side equals
o(j)a,.(x(”—"_‘f’)x(h)) + (q; +1)ai(x(“*"“./"")x(h))
while the right hand side coincides with
—o(Nag (TR = (b + Dy (TN
+ 8,0, (X', XDy,

U
The proof can now be completed by considering the following cases:

i+
I.l1.a + b — € — € =T — T
12.a+ b+ — ¢ — ¢ =17 Te.
1.3. Neither 1.1 nor 1.2 hold.

2.0 =

2l.a+ b —¢ — € =17 — T

22.a+ b — €, =7 — T,

2.3. Neither 2.1 nor 2.2 hold.

For the sake of brevity, we shall only dwell on the most intricate case

2.2. Then
B D ) = (a + DT = ()

while the right hand side of (*) equals

—(b, + 1)(70__7,':1') + (HbH(a + Il))— 6,;)

i
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(0 ).

By virtue of our present assumptions we also have

L=l = medl = lla + b = el = llall + 1Bl mod(p)
a; + b, = —1 mod(p)
(=D = ==

Hence the last expression coincides with
—(b; + DD+ (= 0PlCfsll + Hlall)
= (D=t = 1+ 1) = (g + D(=D"

as desired.
(2). The mapping ¢, is obviously skew and of degree 2p™ — s. It is
therefore sufficient to check (*) for ¢,. Let

B := {x' € A(n; m); a, = 0).
Then B is a subalgebra of 4(n; m) and
)\(X(a), x(b)) - « (x(a)x(h))

defines an associative form on B. Consequently, (*) holds whenever
a, = b, = 0. In accordance with (III) only the case in which

a+b+cj—cn='r—'r"<n
needs to be investigated. Note that
(a) a; + bj = —2 mod(p)
(®) [l + 116l = 1 mod(p)
(©) a,=1b,=0o0ra,=0,0b, =1.

If the latter alternative of (c) applies then the left hand side of (*) is
readily seen to vanish. For the right hand side we obtain

(") = (e T8 )

—a(* 0 7))

a u|—a "= 2
= =G+ 1 Nl (= D+l = (P 2
i
Since

(pm _,1 - l) _ (_1),(1 4; r) mod(p)
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the last expression coincides with

"./Tl)zo.

(@ + 1) flall (=D — nan(—n'“'*“«—l)“/(

The other alternative can be treated similarly.
If n + 3 = 0 mod(p) then

(A 1 = Fa

It therefore follows from (1.2) and the proof of the ensuing result that
there exist r, € F such that

N (X)) =ra, 1=i=2r and 17- ¢,(1) = ra,.
By applying x'” to the above equations we see that

r=1 1=i=2r and r, = —2

LEMMA 4.2. Let ¢:A(n; m) — A(n; m)* be a derivation. Then the
Jfollowing statements hold:
() If n + 3 = 0 mod(p) then there exists [ € A(n; m)* such that

o(x) =x-f Vx € A(n; m)".

(2) If n + 3 = 0 mod(p) then there are r|,...,r, € F, [ € A(n; m)*
such that

n

o(x) = 2 re(x) + x- f Vx € A(n; m)~.

i=1

Proof. We put L := A(n; m), K := L. The general assumption of
(2.3) is valid for ¥V := Fx'. Lete, := x') 1 =i=2r e, :=1as well

as 7 := (7, ...,7,). We shall show that J := {b; b = 7'} satisfies the
requirements of (2.3).

(a)  anng (L) = ({" b & J}).

Suppose that b & J. Then thereis i € {1,...,n} such that b, = p"". If
i = n then

XD —0 vo=a=r+

as (ad 1)?" = 0 (cf. (IV)). Suppose that i = 2r. It will suffice to show
that

ei-’m" A =0 0=a=r
To that end we introduce the mapping
Dy:A(n; m) = W(n; m)

which is defined by means of
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2r

Di(f) = 2 o())d(f)d, + fd,

Jj=1
where
d=03 +o()x, 1=j=2 d, =2,

It is known that Dy is a homomorphism of Lie algebras. The following
equalities hold within the restricted algebra Derp(A4 (n; m) ) of derivations
of the associative algebra 4 (n; m). Observe that

Dy(e;) = o(i)d, + x'%3,.
Since the two summands commute, we obtain
Dg(e)”" = a(i)d?" + (x93,
Noting that
" =0 = (x9,)""
we conclude
Dy(e!" - Xy = Di((ad )" (x) ) = (ad Dy(e;) )" (Dg(x)))
= (ad Dy(e,)” W D(x')) = 0.

The injectivity of Dy now yields the desired result.
Conversely, suppose that

u= 2 ad)’

0<<bh

is an element of ann, x)+(L). Then the above shows that

vi= > oz(b)e[7 € ann g +(L).
0<b=r

Assume that v # 0 and put
k := min{b,; a(b) # 0}.
Formulas (IIT) and (IV) then entail

0=vy- x(’r+(k“r,,)(,,) — 2 a(b)eb A x(v‘-l-(k**r,,)cn)
0<b=7\b,=k

kD abyyb)Te D
0<b=rb,=k

I

where

b = (by....bay. 0), ¥(b) € {1, —1}.

https://doi.org/10.4153/CJM-1987-055-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1987-055-0

1100 ROLF FARNSTEINER

This shows that a(b) = 0 whenever b, = k, a contradiction. Hence
ue ({b eI}

(b) It follows from (a) that {eh X 0=b = 7'} generates A(n; m).
Since
dimy A(n; m) = p™

condition (b) of (2.3) holds.

() If n + 3 = 0 mod(p) then L = [L, L] and (3) of (2.3) yields the
desired result.

2) If n + 3 = 0 mod(p) then we have

[L, L] = > Fx9.

a<rt
By (1.2) there are ry, ..., r, € F such that
Y- gDy =ra, 1 =i =2r
and
1" - (1) = —2r,a,.

We consider the derivation
LA 1%;-

The remark preceding (5.2) reveals in conjunction with
e - qe) =0 fori#j

that
e g(e) =0 1=i=n

The assertion now follows from a consecutive application of (2) and (1) of
(2.3).

LEmMMA 4.3. Suppose that n + 3 = 0 mod(p) and let
¢:K(n; m) — K(n; m)*

be a skew derivation of degree | = 4 — s. Then there exists a homogeneous
skew derivation

¢:A(n; m) = A(n; m)*
of degree | which extends ¢.
Proof. We consider the linear map

¢:A(n; m) = A(n; m)*
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which is given by

(@) (D)
~¢ (a X X a, b <
(p(X( ))(x(b)) C T {g( o otherwi:e.

As A(n; m) = K(n; m) @ Fx\7, § is a well-defined skew linear mapping
of degree /. We propose to verify

™ Wlxy]) =x-9(y) =y ex).
Only two cases need to be considered:
1) x = x7.

2) x,y € K(n; m).
Let x = x'” and note that

[x7, A(n; m)] © K(n; m)

s — 1

@ K(n; m),.

As | = 4 — s we see that

WX, y]) € §3 (A (n; m)*), = 0.

Since

y-e(x™) =0 and

X0 G(y) e > (A(n; m)*), = 0
iZ4—s+s+1-—-2

the validity of (*) follows.
Next, we assume that x, y € K(n; m). It obviously suffices to verify

#([x yDE) = (x50 = (- #5))),
The left hand side vanishes by definition. Suppose that
x € K(n; m), y € K(n; m),.

Then the right hand side of (*) is easily seen to be contained in
(A(n; m)*), ;. Hence the right hand side of the last equation vanishes
unless i + j + [ = —s — 1. Since this implies that

—s—l=i+j+1lZi+j+4-5Z -5 (,j= —2)
we are done.
Formula (I) implies the validity of the following rules:
() (&t X079y — p(|Ibll — 1 — b,)x?
+ o(i)b, + HxP )
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_ 1
2) @@“&th5=54m—»xmn—z—zmw“

+ o(i)(b; — )b, + l)x(b‘e,—e,+e")
(3)  det b(llbll — 1 — b,) o(i)b, + 1)
%bi(bi — D(lIBIl = 2 = 2b,)  o(i)b, — Db, + 1)

1
= Ea(z')b,.(b,. — 1)b, + 1) |15l

(4) (x(‘“""), x(})~c')> + <X(("+€"), x(h—elf)>
— (b, + b)(lIBll — 1 — b,)x®
(5) (P x0Ty — b (llbll — 1 — b

o) b2 1 2 2 .
© (L = b, = DS = 2 = Zh, ]
(1) (T 0Ty — pp (Il — 2 — 2b,)x®)
+ o(iby(b, + DxPTaTeTe)
+ a(j)b(b, + DxPTeTITN) g
LEMMA 4.4. Suppose that k = 3. Then
M(A(n; m)), = A(n; m), for k = 0, —2 mod(p).

Proof. We put M := M(A(n; m)). Let x®) be an element of A (n; m),.
We first suppose that

If b, = 0 mod(p), then, as ||b|| = 3, PR M, by virtue of (5). Hence we
assume that b, = 0 mod(p). According to (4), we see that XM e M,
unless

b, + b, = 0mod(p) 1 =i=2r

This, however, entails that ||b|| = —2 mod(p).
Next, we assume

1ol — 1 — b, = 0 mod(p).
Since ||b|| = 0 mod(p),

1 2 2
bl — = — Zb, = 0 mod(p).
2H I 3 3w FOmo (p)

If b, = 0mod(p) 1 =i = 2r then

https://doi.org/10.4153/CJM-1987-055-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1987-055-0

MODULAR LIE ALGEBRAS 1103

0=Ibll —1~—b,=b,— 3mod(p).

Thus b, = 8 and ||b|]] = 5. Then P e M, on account of (6). Suppose that
there is iy, = 2r such that

b, = 0 mod(p).

to
Since b, + 1 does not vanish, we obtain according to (3) that X" € M,
unless

b,.o = 1 mod(p).
Forj € {1,...,2r} we consider

c:=b—e/—cl-,+en.

Then either xX'*) = 0 or 0 = ¢ = 7. The first part of the proof then en-
sures that x{) is contained in M,. We now apply (7) in order to see that
X" e M, unless

b, = 0 mod(p) Vj # .

Il

Then

0=l —1—b, =b, — 2 mod(p).
This entails that ||p|| = 5 and the proof may be concluded by applying
(6).

THEOREM 4.5. The second cohomology group HZ(K(n; m), F) is
n + l-dimensional if n + 3 = 0 mod(p), Im| — n-dimensional if
n + 5 = 0 mod(p), and trivial otherwise.

Proof. Suppose first that n + 3 = 0 mod(p). According to [6], the

mapping

oK m) = K m)* g, (D) = ag (x4
is a skew derivation of degree —s — 1. We shall prove that the vector
space V of skew derivations from K(n; m) to K(n; m)* decomposes

n+1

V= @9‘ Fo; © Inng(K(n; m), K(n; m)*),
where the ¢; 1 = i = n are considered elements of

Derp(K(n; m), K(n; m)*).

Let ¢ be an element of V' and suppose that deg ¢ = /.

(a) I = —s. We may assume by virtue of (1.1) that ¢ respects the root
space decomposition. Hence ¢ = 0 or / = 0 mod(p). Asn + 3 = 0
mod(p) we have s = —1 mod(p)and ¢ = Ofor/ = —s, 1 — 5,2 — s,
3 — 5. Hence we assume that / = 4 — 5. According to (4.3) ¢ may be ex-
tended to a skew derivation
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¢:A(n; m) —> A(n; m)*.

Owing to (4.2) there are r|, ..., r, € Fand f € A(n; m)* such that

>'n

n
Wx) = > rg(x) + x- f Vx € A(n; m) .
Put g := flx(..m)- Then

n

¢(x) = X re(x) + x-g Vx & Kn; m) .

i=1
Hence

n

- 2 re; € Inng(K(n; m), K(n; m)*)

i=1

by virtue of (2.4).
(b)/ = —s — 1. As in (a) we may assume that ¢ = 0 or / = 0 mod(p).

Consequently, / = —s — 3 or/ = —s — 1. In the former case we have
—(s + /) =3aswellas —(s + /) = 0, —2 mod( p). Hence (4.4) implies in
combination with (1.5) that ¢ = 0. If / = —s — 1 we consider the bilinear

symmetric form
A:K(n; m) X K(n; m) = F Ax9, X)) = aT(x(“)x(b)).
Note that rad(A) = F1 and put

V:= K(n; m)/Fl, mK(n;, m)—V

canonical projection. Furthermore, let p denote the bilinear form on ¥
which is induced by A. According to (3.3) and (3.7) of [6] there exists a
unique skew homomorphism D:¥V — ¥ of

P:=Kmm ©({xT91=i,=2})
-modules such that
o(x)(y) = p(D(m(x)), 7(y)) Vx,y € K(n; m).

The mapping D is uniquely determined by D(m(x" )). Since
deg D = —2 a direct computation ensures the existence of a € F with

D(m(x"")) = am(x""a7W),
Hence

1 1
D(v)=5a-1-v Vv € V and lp=5a%+l‘

Using the gradation of Derp(K(n; m), K(n; m)*) one readily shows that
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the given sum is direct.
(2) n + 5 = 0 mod(p). This case was treated in [6].
B3)n+ 3 %=0mod(p),n+ 5% 0mod(p).
(a) I Z —s. According to (4.2) there is f € K(n; m)* such that

¢o(x) =x-f V¥Yx € K(n,m)".

As s = 0 mod(p) we may apply (2.4) and (2.5) in order to see that ¢ is
inner.

(b) / = —s — 1. As ¢ respects the root space decomposition we have
¢ = 0 or/ = 0 mod(p). Suppose that / = —s — 3. Then (4.4) and (1.5)
entail the vanishing of ¢ unless s = 0, 2 mod(p). Since

s = |7l = —(n + 3)mod(p),

this is by virtue of our present assumption impossible. If —(s + /) €
{1, 2} (3.3) and (3.7) of [6] provide a skew homomorphism

D:K(n; m) — K(n; m)
of P-modules of degree k € {—3, —4} such that
#(x)(») = AD(x), ).

An elementary computation then reveals that D = 0.

The central extensions of the hamiltonian algebras were obtained in [6].
The treatment of the special algebras requires a modification of the
methods set forth in Section 2.

Acknowledgement. While this paper was being typed the author became
aware of A.S. Dzhumadil’daev’s research announcement (Functional
Analysis and its Applications /8 (1984) ) concerning central extensions of
graded Cartan type Lie algebras. His methods appear to differ significant-
ly from the approach chosen in Section 2. In addition, his results
pertaining to Hz(S(3; m), F) and HZ(W(Z; m), F) p = 3 seem to be
incorrect.

Note added in proof. An extensive generalization of Theorem 2.1 has
meanwhile appeared in the author’s paper On the cohomology of associative
algebras and Lie algebras, Proc. Amer. Math. Soc. 99 (1987), 415-420.
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