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THE MINIMAL FAITHFUL DEGREE OF A

FUNDAMENTAL INVERSE SEMIGROUP

D. EAsDowN

This paper shows that the smallest size of a set for which a
finite fundamental inverse semigroup can be faithfully represented
by partial transformations of that set is the number of join

irreducible elements of its semilattice of idempotents.
1. Introduction

In faithfully representing a given semigroup by partial transformat-
ions of a set, it is natural to ask what is the least size of a set for
which this is possible. This question, among others, was posed by Schein
in [7, Problem 45] .

Here, the problem is solved for finite fundamental inverse semi-
groups. The special case of a semilattice is considered, from which the
general case follows by applying a theorem of Munn, which describes
fundamental inverse semigroups in terms of principal ideal isomorphisms

of semilattices.
2. Preliminaries

Standard terminology and basic results relating to inverse semi-

groups, and semilattices in particular, as given by Howie in [1], will be
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assumed. The following result, due to Munn [3, 4], will be used in
Section 4. Recall that if F is a semilattice, the Munn semigroup TE

consists of all isomorphisms between principal ideals of F .

THEOREM 1 [7, 4.10]. An inverse semigroup S with semilattice of
idempotents E 1is fundamental if and only if it is isomorphic to a full

inverse subsemigroup of TE' .

Hereafter all semigroups will be assumed to be finite. Define the

minimal faithful degree ufS) of a semigroup S to be the least non-

negative integer 7 such that S can be embedded in PTk , the semigroup

of partial transformations of a set X , where X contains n elements.
Note that if T is a subsemigroup of § then u(7) < uf(S) . I1f X

is a set, let id denote the identity mapping on X .

X
The following result follows from more general results about inverse
semigroups (see for example [5, Iv.5.9], [2, 11.8.41,[8] or [4]), though

a proof is included for completeness.
PROPOSITION 2. Let E be a semilattice and ¢ : E - PTX a

faithful representation. Then there is a faithful representation
b E > PTX such that, for all ec E ,

ed = id

v for some Yecx.

Proof. Dpefine ¢ : E - PTX by, for e ¢ E ,

e¢

ed
range(e¢).
It is routine to verify that ¢ is a faithful representation, Moreover,

if x e domain(e$) then =z € fange(e¢) , so, for some y € X , = = yled) ,

which yields z(e$) = [y(ed)1(ed) = [yled)1led) = ylep) = x ,

that is, e¢ = This completes the proof.

iddomain(ea)
If E is a semilattice, the symbols A and Vv will be used to
denote infimum and supremum respectively, when they exist, with respect
to the partial order of E . Thus AE is the least element of E ,
which exists since E 1is finite, which will be denoted by 0 , the zero

of E . Note also that 0 = v . call an element e of £ join
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irreducible if e # 0 and, for f,ge E ,
e=fvg implies e=f or e=g.
Note that by this definition 0 is not join irreducible. Note also

that, since FE 1is finite, any non-zero element of F can be expressed

as the join of a set of join irreducible elements. If e € E , define
e={feE|f<e and f is join irreducible} .
LEMMA 3. If E 4is a semilattice then, for e ¢ E , e = Ve .

Proof. let e e E. If e=0 then e =4 and indeed e = Ve .
If e # 0 then write e as the join of join irreducible elements
el,...,en :
e = v{el,...,en} .
Certainly e is an upper bound for e . Suppose also f 1is an upper

bound for 2., so in particular f is an upper bound for {el""’en} .

Hence e < f , which shows e is the least upper bound for e , which

completes the proof.

LEMMA 4. Let E be the semilattice which is the subsemigroup of
PT_ consisting of all partial transformations of a set X which are

X
identity mappings on their respective domains. Then, in E , for
Y, 2 c X,
(<) idY < idz if and only if Y < Z ;
(i) tdYnZ = de A zdz 3
(112) 1dYuZ = 1dY v Ldz .

Proof. These follow immediately from the fact that idyidz = idYnZ'

LEMMA 5. Let (P,<) be any non-empty finite partially ordered set
with n elements. Then there is a listing P = {pl,...,pn} such that,

whenever 1 <1 <j <n,
P; ¥ p; -
Proof. Define the listing inductively. Let p; be any minimal

element of P , which exists by finiteness. Assume pl,...,pk have
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been chosen, where k < n . Choose Prs1 to be any minimal element of
P\{pl,. . .,pk} . The minimality of Py, ensures that the condition of
the lemma holds.

3. Semilattices.

THEOREM 6. ILet E be a finite semilattice with n join
irreducible elements. Then u(E) =n .

Proof. 1If E = {0} then n=0 and u(E) = 0 , so the statement
of the theorem holds. Suppose then F contains a non-zero element, so
n=>1.

Let X be the set of all join irreducible elements of E . Define
a mapping ¢ : E - F’TX by, for e e E ,

ep = id— .
¢ Lde
For e,feE',ﬁ:En}‘, so
ld-e? = %dén? = 'Ldé ’Ld;. v
which shows ¢ is homomorphic. Also, if e = _'f then, by Lemma 3,
e = ve = vf = f, so ¢ 1is one-one. Hence ¢ is a faithful representat-

ion, so u(E) = n .

Suppose now § :E > PTY is a faithful representation where Y is a

set with m elements. It will be shown that m 2 n . Suppose to the
contrary that m < n .
By Proposition 2, it may be assumed that for each e ¢ F , ey is
the identity mapping on some subset of Y . Let X = {xl,...,xn} , SO
that for 7 =1 to »n there is a subset Xi of Y for which xi"b = idX.'
1

By Lemma 5, it may further be assumed that {xl,...,xn} has been
listed so that for 1 < ¢ <an,:cj$xi , so by Lemma 4, inxi .

Put Yi=X1U...UXi,for 7 =1 to n . Thus ‘YJE"'E-Yn

so |Y1| £ ... < IYnI <m<mn,

If n =1 then Y1=ﬁ,so x1w=tdﬂ

fact that ¢ 1is faithful. Hence 7n > 1 , and thus Yk+1 = Yk for some

= 0y , which contradicts the

https://doi.org/10.1017/50004972700013356 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700013356

Inverse semigroup 377

k , where 1 <k €n - 1, which means that Xk+1 E>Xj U eos U Xk .
Put X1£=XinXk+1 for © =1 to k , so
Xppq = Xppq 0 (X0 .0 v X)
=X__;u...uXZi.

Thus, by Lemma 4, and since § is a faithful representation,

x, ¥ =1d =id,, V... Vv1id
k+1 Xk+1 Xi Xlé
= (id, id JV...V[id id J
[ X1 Y1 Xk Xt

= [(xlxk+1) V... V (xkxk+1)]w .

1o

= (z ).

Tye1 Frer’ VoV (B

But xk+1 is join irreducible, so xk+1 = :x:J.xk+1 , for some g where

l1sj<k. Thus xk+15xj,so

id =z, 0 <x.p=1id, .
Xk+1 k+1 J Xj

By Lemma 4, Xk+1

This shows m2n , so u(E) 2n .

< Xj , which contradicts the fact that Xk+1 $ Xj .

Hence u(S) = n , which completes the proof.
4. Fundamental inverse semigroups.

THEOREM 7. et S be a finite fundamental inverse semigroup with
semilattice of idempotents E . Then

u(s) = u(TE,) =n
where n 18 the number of join irreducible elements of E .
Proof. clearly u(E) < u(s) < u(TE,) . By Theorem 6, it remains to
prove u(TE) <n.

Let X = {xl,...,xn} be the set of join irreducible elements of E.
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Define ¢ : T, PT& by, for a e Tp,

ap X,

xr.0 if x. € domain(a)
Z 7
>
1 {

undefined otherwise .

Note that an element of a principal ideal of E 1is join irreducible
in that ideal if and only if it is join irreducible in FE , Hence ¢ 1is
well-defined and homomorphic because join irreducible elements are sent
to join irreducible elements by semilattice isomorphisms, and one-one
because a semilattice isomorphism of a finite semilattice is completely
determined by its action on join irreducible elements.

Hence ¢ is a faithful representation, so u(TE) < n , which

completes the proof.
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