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IRREDUCIBLE DECOMPOSITION OF THE
MAGNUS REPRESENTATION OF THE TORELLI GROUP

MASAAKI SUZUKI

In this paper we describe the irreducible decomposition of the Magnus representation
of the Torelli group.

1. INTRODUCTION

Let ¥, be a closed oriented surface of genus g and X, ; be an oriented surface obtained
from ¥, by removing an open disk. We denote by M, the mapping class group of £,
relative to the boundary, that is, the group of path components of the group of orientation
preserving diffeomorphisms of ¥, ; which restrict to the identity on the boundary. Let
Z,, be the Torelli group of ¥, ;, namely the normal subgroup of M, consisting of all
the elements which act on the homology of L, trivially. Various results concerning
the structure of the mapping class group and the Torelli group have been obtained (for
example see [5, 7]).

We investigate the Magnus representation of the Torelli group. The aim of this
paper is to give the irreducible decomposition of this representation. The Magnus repre-
sentations are defined for a wide class of subgroups of automorphism group of free groups
(see [2] for details). For example, the classical Burau representation and the Gassner
representation, for braid groups and pure braid groups respectively, belong to this class.
The Magnus representation for the mapping class group M,

r: Mgy — GL(2g; Z[T))

was studied in [6], where I'g = m;(X,;). This mapping is not a group homomorphism. We
restrict it to the Torelli group Z,; and reduce the coefficients to Z[H|] which is induced by
the Abelianisation a : 'y = H, where H = H,(Z,,1; Z). Then we obtain a homomorphism

7:I,, — GL(2g; Z[H]).
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We call this mapping 7 the Magnus representation of the Torelli group. In Section 2,
we recall the definition of the Magnus representation of the Torelli group more precisely
from [6].

Each of the Burau and Gassner representations has a 1-dimensional trivial subrepre-
sentation. In Section 3, we show that the Magnus representation of the Torelli group also
has a 1-dimensional trivial subrepresentation. In contrast to the classical cases, however,
this 1-dimensional trivial subrepresentation is not a direct summand. In Section 4, we
show that the quotient representation is reducible in our case. In fact, it has a (2¢g — 2)-
dimensional irreducible subrepresentation. That is to say, we arrive at the following main
result of this paper.

MAIN THEOREM. For g > 2 there exsists a non-singular matrix P € GL(2g; R)
such that for any element ¢ € I,

1 * *
0

PR P= i pple) |
0|0 -~ 0f1

Moreover, pg is a (29 — 2)-dimensional irreducible representation of I, ;.

Here R = Z[z;*', y;*',1/(1—y:)] (D Z{H]) where z;, y; (i = 1,..., g) is a symplectic
basis of H obtained by Abelianising a system of generators ¢y, f§; of I'y as shown in
Figure 1. We show that the representation pg is irreducible by making use of Formanek’s
technique used in [4] to determine whether the reduced Burau representation obtained
by the complex specialisation is irreducible or not. His technique was also used in [1]
to give a necessary and sufficient condition for the specialisation of the reduced Gassner
representation to be irreducible.

In Section 6, we give some remarks and applications of the irreducible decomposition.

2. DEFINITION OF THE MAGNUS REPRESENTATION

We denote by Z[['o] the integral group ring of Iy = m(Z,,). We fix a system of
generators oy, ..., 0y, B, .., By of the free group I'y as shown in Figure 1. Let us simply
write v1, ..., Y2¢ for them.

DEFINITION 2.1: We call the following mapping

r: Mgy — GL(2g;Z[T))

o - (B
1]
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Figure 1: Generators of I’y

. g .
the Magnus representation for the mapping class group M,,;. Here e is the Fox
- i
derivation and : Z[[y) — Z[Ig] is the antiautomorphism induced by the mapping
Yyl
However, this mapping r is not a group homomorphism.

PROPOSITION 2.2. ([6]) For any two elements ¢,9 € M, 1, we have

(oY) = r(p)- ¥r(¥)

where ¢r(1)) denotes the matrix obtained from r() by applying the automorphism ¢ :
Z[To] = Z[T'} on each entry.

We restrict this mapping 7 to the Torelli group Z,; and reduce the coefficients to
Z[H]. Since the Torelli group Z,; acts trivially on H, we obtain a genuine homomorphism

7: I, = GL(2¢; Z[H)).

This is the definition of the Magnus representation of the Torelli group.

3. REDUCIBILITY OF THE MAGNUS REPRESENTATION OF THE TORELLI GROUP AND
A QUOTIENT REPRESENTATION

As is mentioned in [2], the classical Burau representation as well as the Gassner
representation has a 1-dimensional trivial subrepresentation. The Magnus representation
of the Torelli group has a similar property.

We define the vector v as follows. Let ¢ be a simple closed curve on £, which is
parallel to the boundary. We may regard { as an element of I'y.

=By ) [Br,cu] €T

The vector v is obtained by applying Fox derivations to the boundary curve . That is,

o=t (o(Z) - o(Z) o(Z) - o(2))

=t(=by -+ —byar - ag)

we set

where a;, b; are 1 — F;, 1 — ¥; respectively and z; = z;~
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PROPOSITION 3.1. The Magnus representation of the Torelli group has a 1-
dimensional trivial subrepresentation. In fact, a 1-dimensional subspace spanned by the
vector v is invariant under the action of I;.

PROOF: For a given element ¢ € Z,,, we write simply

my -+ My
T(p) =

Mag1 *** Mygag

Let 7¢ be the Dehn twist along a simple closed curve ¢. By straightforward calculation,
we obtain the following matrix.

Flre) =Tog+ (=by -+ —bgar -+~ ag)- (a1 -+~ ag by -+ by)
Here I, denotes the 2g X 2g unit matrix. Therefore

(1) = T()T(7¢)

mya o Mg
Mag1 -+ Mag2y
(&)
myy o Mg b
. Ve
+ (al---agbl---bg).
ay
Mag1 "+ Magag .
k e /

(3.1)

On the other hand, we can easily compute the same matrix directly by the definition,
because the action of ¢7¢ € I, on m;(E,,) is given by

o1¢(713) = [Bgr @] - - [Br, anlo(v5) [0, Ba] - - g, By)-

For example, the Fox derivations of them are computed as

W = [By, ]+ - - [Biv1, is1]Bi
— ['Bg, Olg] . [ﬁ.., ai]
+ 1By gl (81,1 262
+ [Bg, agl - - - [Br, anlo(ej) o, Bu) - - - [@tim1, Bici]
— [Bgs @] - - - [Br, au]p(0) e, Br) - - - (i1, Bi1) i BiT:.
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Since a(_a_cg(_aﬁ) = m;; and a(y(a;)) = z;, the (¢, j)-component of the matrix 7(p7) is
(o7}
expressed as

o(BED) (- -7) hi=1s
Similarly we have the following (i,5 =1,...,9).
o2 D) _ ;- (1501 -5
o(2ED) — (1 -2 -3
o(PEBY) e+ - 21 -3

Thus we obtain the matrix 7(¢p7()

(-
—b,
ay

o )

We note that Z[H] is an integral domain. By comparing (3.1) with (3.2), we arrive at
the following equation.

my1 . Mg
3.2) Fer)=| : .. +

Mag1 -+ M2g2

(a1 -~ agby -+ b,).

(b [ -b
m D) m : :
1,1 1,29 —-bg _ —bg
ay a
Mg '+ Mag2g :
\ g / \ G
Hence we can conclude
H(eho=v
This completes the proof. 0

We define the matrix P, as follows. First, we consider the following 2g elements

'Y;' = [ﬁy:agl"'[ﬂj’aj] ) 7;;+j =ﬁj (.7 = 1,.,.,g),

; P, 0
P=a|l2] =
‘ (07.- N (le Ig)

nJ

and set
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where
b1 0 ay 0
by by az Q2
Py =- - , Py =
by by --- b, ag a; - ag

We can easily check that Pie; = v where e; = (10 - -- 0). However, we note that 71(Zg,1)
is not generated by 7}, and also that P,~! is not contained in GL(2g; Z[z:*!, 4:*']) but

GL(Qg; Z[z*, 5t 1/(1 - y,)]) Therefore we have the following.

COROLLARY 3.2. Forany element ¢ € I,,, the non-singular matrix P, satisfies
the equation

The Burau representation is the direct sum of its 1-dimensional trivial subrepresenta-
tion and the quotient representation. The Gassner representation has the same property.
However, The Magnus representation of the Torelli group does not have this property.
In fact, we can deduce the following result.

PROPOSITION 3.3. The Magnus representation of the Torelli group is not com-
pletely reducible.

PROOF: To get a contradiction, suppose that 7 is completely reducible. Then there
exists a non-singular matrix U such that

1 o) o~ o
(3.3) Ut 0 U= 0
: palp) : pa'(p)
0 0

The coefficients of U belong to a field including Z[H]. By setting

U1 U2
U= ,
U3 U4
the equation (3.3) implies
(3‘4) Pa((P)Ua =0
(3.5) pa(P)Us = Uspa'(p).
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Figure 2: Simple closed curve ¢;

On the other hand, we set ¢; and v; are the Dehn twists about simple closed curves ¢;
and n; as depicted in Figure 2 and Figure 3 respectively and by direct calculation we

have
§la;d j < 67186 j<i
<p,'(a]-) = 7 . = . (pi(ﬁj) = . .
o ji>t B ji>1
B a1 B! j=1
vi(;) = { i1 Bigr o T By j=i+1
Q; otherwise
w(8;) ir1Bin1 i1 T i P Tt =1
Y Bi otherwise
@ioip1Bivi T B j =
vi N oy) = B w1 B j=i+1
a; otherwise
1 Bi o1 Binitis1 T Bitis i tou B G =14
Vi (/31') = .
B; otherwise

Here § = [ay, Bi][as, Ba) - - - [c, Bi]. Thus we obtain

pa(@i) = (0,...,0,by,...,8;,0,...,0) i=1,...,g

g-1 g—i
pa(vipii™") =
O,...,O,—b;b,'+1,0,...,O,bl,...,b,-_l,p;,O,...,O 1= 1,...,_(]— 1
;,_/ N

i-1 g—i—1 g—i

where p; = T (1 — ;) (@; + Figr — Tilis1)- Since we have the equation (3.4) for any
element ¢ € Z,,, Us is a zero column vector. Then we get det U = U, -det Uy # 0 and it
implies that U, is a non-singular matrix. Therefore, by (3.5),

pA'(9) = Us " palp)Us.
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5] 173 T3 g1

Figure 3: Simple closed curve n;

This means that p4’ is conjugate to ps. By explicit calculation we get ps(7;) = Ipg-1-
Thus we can conclude pa'(7¢) = Iog-1 and 7; € ker 7. However, we can check that 7, is
not an element of ker 7. This is a contradiction. 0

4. REDUCIBLITY OF THE QUOTIENT REPRESENTATION p4

The quotient representation p, is irreducible for g = 1. However, for higher genera,
the quotient representation p,4 is reducible. That is, we have the following proposition.

PROPOSITION 4.1. The representation ps has a (2g — 2)-dimensional subrep-
resentation pg for g > 2.

PROOF: We have defined the matrix P, € GL(2g; R) such that

We remark that ps is a homomorphism and that p, is a crossed homomorphism. That
is to say, for any elements @, € Iy,

pale¥) = pa(@)pa(®) , Pa(0¥) = pa(®) + pa(P)pa(®)-

Let 7, be the Dehn twist along a simple closed curve on ¥,; which is parallel to the
boundary as before. Since

pA(TC) =I2g—1 ’ pa(T()= (01"';0)b11~--7bg)a
9-1
we have
Pa(T¢) = pa() + pa(Tc)pa(¥)

Pa(07¢) = pa(T) + Pa()pa(7c)
= Pa(T() + Pa(‘P) .
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We recall 7.p = @7, for any element ¢ € I, because 7¢ is central in My;. Then we get

Pa(Tc)pa(w) = palTe)

04 (0)*pa(7¢) = *pa(Te).

This means that ‘p,(7¢) is an eigenvector of the matrix *ps(p) with eigenvalue 1 for any
@ € I,,;. Therefore there exists a non-singular (29 — 1) X (29 — 1)-matrix Q; such that

(1 * \
—1t 0
Q1 PA(‘p) Q= . ¢
: pe(p)
\ 0
/ 1lo0 ... 0
'Q1 pale) Q7" =
x| pe(p)
By putting Q = Q" - @2}, where
01 0 0 0
001 0O
Q2= e Tel ’
00 0 0 1
10 0 O
we obtain
*
Q7' palp) Q= oa()
0 --- 0|1

This equation means that the representation p4 has a (2g — 2)-dimensional subrepresen-
tation pg. This completes the proof. 0

REMARK 4.2. We define a non-singular matrix @; by

= 0 Iy
a-( 5,0

Then we can easily check that Q,e; = 'p,(7¢) where e; =*(1 0 --- 0). In this way we
can construct (2¢g — 1) x (2¢g — 1)-matrices @, and @, which appear in Proposition 4.1,
explicitly.
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5. IRREDUCIBILITY OF THE REPRESENTATION pg
Combining Corollary 3.2 and Proposition 4.1, we obtain the following main result
of this paper.

THEOREM 5.1. For g > 2 there exsists a non-singular matrix P € GL(2g; R)
such that for any element ¢ € I, ,

1 * *
0

PUR@P=| i|  pslp) |+
0o 01

Moreover,
pe Ly — GL(2g - 2; R)

is a (29 — 2)-dimensional irreducible representation of T ;.

We have only to set P = P; - (I; ® Q) to obtain the above decomposition. It remains
to prove the irreduciblity of pg.

Let C" be the n dimensional complex vector space consisting of column vectors.
We denote by *C" the transposed vector space consisting of row vectors. A matrix
X € M(n;C) is called a pseudoreflection if X — I, has rank 1. If X is a pseudoreflection,
then

X =1,—- AB,
for some A € C" and B € 'C™.

THEOREM 5.2. (Formanek [4]) Let X, =1, - ABy,..., X, = I, — A, B, be
n invertible pseudoreflections in M(n;C), where n > 2. Let I be the directed graph
whose vertices are 1,2, ...,n, and which has a directed edge from i to j (i # j) precisely
when B;A; # 0. Let G be the subgroup of GL(n;C) generated by X3, ..., X,. Then the
following are equivalent.

1. Spanc{G} = M(n;C)

2. Foreachi# j,1<1,j < n, the graph I" contains a directed path from 1
to j, {Ay,..., A} is a basis for C* and {B, ..., By} is a basis for *C".

3. Foreachi# j,1<1t,j €n, the graph I contains a directed path from 1
to j and det(B;A;);; # 0.

This theorem gives a criterion for a certain representation to be irreducible. This is
because, for a group G' and a representation T : G' — GL(n;C), if ImT spans M (n;C),
then T is an irreducible representation (see [3]). We shall prove that pp is irreducible by
making use of this method.
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Figure 4: Simple closed curve ¢

PROOF OF THE IRREDUCIBILITY OF pg: Let pp(;) be the representation

PB(zw) * Ty — GL(2g9 - 2;C)

obtained by specialising z; — zi, ¥ — w; in pp, where (2,w) = (21,..., 2, wy,...,w,)
are complex numbers z; € C\ {0}, w; € C\ {0,1}. We denote by L, the subgroup of Z, ;
generated by the 2g — 2 elements vy 7, @, Lapatn™!, o, <+, Vg—1Pg-1Vg-1"", Py

Let us simply write 1,2, ..., %g_2 for them. Here ¢} is the Dehn twist about a simple
closed curve c; as shown in Figure 4. We note the action of ¢} on the generators +;.

(B, os)os[as, Bi] G =1

!
vilay) =
s aj otherwise

1B, ai)Bifei, Bs) § =1

B otherwise

vi(B) =

Because all ¥; are BSCC maps, that is, the Dehn twists along 0-homologous simple closed
curves, the matrices pp(;,w)(%;) are pseudoreflections, namely pg(;w)(¥i) = Izg—2 + AiB;
for some A; € C¥-2, B; € ‘C%~2. By direct calculation, we get

5 g+f-1w gtk
A2k—1 = t<0; BURX) 0’ d;cdk+l’ 0, ) 0, —dk+l - k+1; —d;{wkﬂ, 0) cey 0)
k
g+k y+§+l
Agk =t(0,...,0, i s -1 ,0,...,0)
k-1 k w g+k-1
Ba_y = (o,...,o, —wyd,,,, —dx — ——,0,...,0, —dkd;“,o,...,o)
Wk1
k k+1
©,...,0,1,-1,0,...,0) 1<k<g-2
By = 9—1

,...,0,1,0,...,00 k=g-1
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where di = 1 — wg,d}, = 1 — (1/wy). We remark that z; does not appear in A; and B;.
Then we have the (29 — 2) x (2¢ — 2)-matrix (BiA;), ; as follows:

0 dd,
—did, 0  dyds 0
—dody, 0 dyd,
—dydy 0 didy

(BiAJ'),',]‘ = —dsd, 0

0 0 doid,
\ ~d\_yd, 0

Thus we obtain

(1= wn)*(1 —wp)® -~ (1 — we—1)*(1 — wy)®
wiwg? - - Wy 2wy

det(B,-A]-) =

and the associated graph can be expressed as

1 2 3 29-3 29-2

Therefore by virture of Theorem 5.2, the representation pp(; )|z, is irreducible. Hence
PB(:,w) and pp are irreducible. 1]

REMARK 5.3. If there exists a single (z,w) such that pp(;,u)|z, is irreducible, then
we can conclude pp is irreducible. However, the above proof shows that pp(. )L, is
irreducible for any z; € C\ {0} and w; € C\ {0,1}.

6. SOME REMARKS AND APPLICATIONS

This section is devoted to give some remarks and applications of the irreducible
decomposition.

Let Z, be the Torelli group of £, and Z,, that of ¥, relative to the base point * € &,.
We have the following by explicit computations.

(6.6) pB(T¢) = I3g—2
(6.7) pB(Q:) = Tilzg—o
(6.8) pe(Bi) = Yilag-2

Here a; € Z,, (respectively BieT 1) is a product of the Dehn twist along a;y (respec-
tively B;+) and the inverse of the Dehn twist along a;_ (respectively f;_) as depicted in
Figure 5 (respectively Figure 6). The equation (6.6) means that pp factors through Z, ..

pp : Ty — GL(29 - 2; R)
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Figure 6: Simple closed curves f5;; and S3;_

Moreover, the equations (6.6), (6.7) and (6.8) show that pg does not factor through Z,.
However, we write PGL(2g — 2; R) for the quotient group of GL(2g — 2; R) by all scalar
matrices, then we obtain the following representation

ps: I, — PGL(29 — 2; R).

From our previous paper [8], we know that the kernel of the Magnus representation
of the Torelli group is non-trivial for g > 2. As an application of the irreducible decompo-
sition, we shall obtain additional information about the kernel. To be more precise we can
mention the relation between ker 7 and the lower central series of Z,,. We denote by Z,,
the n-th term in the lower central series of Z,, so that Zo) = Z,; and Z(») = [I("_l),l'(o)].

PROPOSITION 6.1. There exists no natural number n € N so that
I(n) C ker7.
PRrOOF: We define f, inductively as follows.

fi=lon @il fo = [fi, Bil, -+ fakot = [fok-2, @1, for = ke, Bl - - -

Here ¢, ay, El are as above. Then f, is an element of Z(,). Now we use the irreducible
decomposition. Let ¥ be the equivalent representation to 7 so that

() = P77 (p) P.

By explicit calculation and an inductive proof, we get the following (i, j)-components of
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the matrix 7(f,).

( . .
1 1=

— 7 k-1
kbl

—Qa Z=1,]=2

7' (fok-1)ij =
YT akht =gt li=2g
\0 otherwise
(1 i=j
kT k. .

—-a"h, 1=1,j=2
7 (fok)ij = J kL k- ,
—a1°bh" i=g+1,j=2g

0 otherwise

\

Thus for any natural number n € N, we can deduce

fn ¢ ker 7.

This completes the proof. . 0
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