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A NONLINEAR ERGODIC THEOREM FOR ASYMPTOTICALLY
NONEXPANSIVE MAPPINGS

Kok-KEoNG TAN AND HoNG-KUN XU

Let X be a real uniformly convex Banach space satisfying the Opial’s condition,
C a bounded closed convex subset of X, and T: C — C an asymptotically non-
expansive mapping. Then we show that for each z in C, the sequence {T"z}
almost converges weakly to a fixed point y of T, that is,

n-—1
.1 i . .
weak- lim — E Titkg = y uniformlyin k 2> 0.
n—oo N £ P
1=

This implies that {T™z} converges weakly to y if and only if T is weakly asymp-
totically regular at @, that is, weak- lim (T"'Hz - T"z) = 0. We also present a

weak convergence theorem for asymptotically nonexpansive semigroups.

1. INTRODUCTION

Let C be a closed convex subset of a Banach space X and T be a mapping from
C into itself. Then T is said to be a Lipschitzian mapping if there exists, for each
integer n 2> 1, a corresponding real number A, > 0 such that

IT"z — T"y|| < Anllz — ¥l

for all z, y € C. A Lipschitzian mapping T is called nonexpansive if A, = 1 for all
n 2 1 and asymptotically nonexpansive if nh_’n:o An = 1, respectively. We denote by
F(T) the set of fixed points of T'. The first nonlinear ergodic theorem for nonexpansive
mappings was proved in 1975 by Baillon [1]: Let C be a bounded closed convex subset
of a Hilbert space H and T be a nonexpansive mapping from C into itself. Then for
each z € C, the Cesaro means

n—1
Sa(z) = % Z Tz
i=0

converge weakly to some y € F(T). In 1979, Reich [13] and Bruck [2] independently
generalised Baillon’s theorem to a setting of a uniformly convex Banach space with a
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Frechet differentiable norm. (See Hirano (7] for another proof.) In 1982, Hirano [8]
proved that the conclusion of Baillon’s theorem is valid in a uniformly convex Banach
space satisfying the Opial’s condition. On the other hand, Hirano and Takahashi [9]
proved that in a Hilbert space setting, Baillon’s theorem holds true for asymptotically
nonexpansive mappings. (This is in fact true [16] even for a wider class of mappings of
asymptotically nonexpansive type [10].) However, whether Baillon’s theorem is valid
for asymptotically nonexpansive mappings in a Banach space setting remained open
for a few years. Recently, the authors [14] have provided an affirmative answer to this
question in a uniformly convex Banach space which has a Frechet differentiable norm.
The purpose of this paper is to prove a counterpart to the result in [14]. That is, we
show that if X is a uniformly convex Banach space satisfying the Opial’s condition, C
a bounded closed convex subset of X, and T: C — C an asymptotically nonexpansive
mapping, then for each € C, the sequence {T™z} almost converges weakly to a fixed
point of T, that is, there is a y € F(T) such that

1 n—1 .

weak- lim — Z Titkg =y uniformly in k > 0.
noeen =0

This not only gives the above question another positive answer, but also implies that

{T™z} converges weakly to y if and only if T is weakly asymptotically regular at z,

that is, weak- lim (T™t'z — T™z) = 0. We also present a weak convergence theroem
n—oo

for asymptotically nonexpansive semigroups. Our results generalise those of Hirano [8]
and our proofs employ ideas of Hirano {8}, Tan and Xu [14], and a technique of Bruck
[2, 3].

2. PRELIMINARIES AND LEMMAS

Recall that a Banach space X is said to satisfy the Opial’s condition ([2]) if
for any sequence {z,} in X, the condition z, — =z¢ € X weakly implies that

liminf |2 — z¢|| < liminf ||z, — z||, or equivalently Limsup ||z, — z¢|| < imsup ||z, — z||
n— o0 n—oo n—oo n—oo

for all z # zo. It is known [12] that all Hilbert spaces and £P(1 < p < c0) satisfy the
Opial’s condition. However, the LP(1 < p < o0) spaces do not unless p = 2. A deeper
result, shown by van Dulst [4], is that every separable Banach space can be equivalently
renormed so that it possesses the Opial’s condition.

Let F be a closed convex subset of a Banach space X and {z,} be a bounded
sequence in X. Then we let

r({za}, y) = limsup ||z, — 9],

r({zn}’ F) = mjn{r({zn}: y): y€ F}

and
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We note here that, in Edelstein’s terminology [5], the number r({z,}, F) is called the
asymptotic radius of the sequence {z,} with respect to the set F'. We now establish
some lemmas for later use. The following two lemmas are easy to prove (see Hirano
[8]).

LEMMA 2.1. Let F be a closed convex subset of a reflexive Banach space X
and {z,} be a bounded sequence in X such that for each y € F, lim ||z, — y|| exists.
Then there is a yo € F such that "

im ||z —yol| = min{lim ||z, — y|| : y € F}.

LEMMA 2.2. Let F be a closed convex subset of a uniformly convex Banach
space X and A be a set of bounded sequences in X which satisfies the following
conditions:

(1) if {zn} € A, then for each y € F, lim ||z, — y|| exists;
(ii) if {za}, {yn} € A, then there exist,; {zn} € A such that r({z,},y) <
r({zn}, y) and *({za}, ¥) < 7({yn}, y) for every y € F.
Let r = inf{r({zn}, F) : {2z} € A} and {{z}:i > 1} be a sequence in A such that
]ignr({a:g)}, F) = r. Then there exists a sequence {z;} C F such that r({zg)}, F) =

r({zs.")}, z.-) for all i 21 and {2} converges strongly to a point in F.

LEMMA 2.3. Let X be a uniformly convex Banach space satisfying the Opial’s
condition, C a bounded closed convex subset of X , and {z,} a sequence in C such that

lim sup (lim sup [|[T™zn — a:,.") =0 and lim ||z, — y|| exists for each y € F(T). Then

{zn} converges weakly to a point z in F(T) such that r({z,}, z) = r({za}, F(T)).

PROOF: We first note that by Geobel and Kirk {6], F(T) is closed convex and
nonempty. By Lemma 2.3 of [14], every weak limit point of the sequence {z,} is a
fixed point of T'. Suppose now z,; — u and Zm; — v weakly; then u,v € FT) I
u # v, then the Opial’s condition of X implies that

lim 12, — w] = i |2, — u]
< lim ”zn. - v” =lim “zm. — v”
i ; i j
< lim ”:cmj - u“ =lim|z, — uf.
2 n
This is a contradition, proving that {z,} converges weakly to some z € F(T). The

equality #({z.}, 2) = r({za}, F(T')) now follows directly from the Opial’s condition of
X . The proof is complete. 0
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LeMMA 2.4. ([14]). Let C be a bounded closed convex subset of a uniformly
convex Banach space X, and T: C — C an asymptotically nonexpansive mapping.
Then for each ¢ € C, each integer n > 1, and arbitrary € > 0, there exist integers i,
and k. depending only on n and ¢, respectively, such that

(21) |T*SnT 'z — S.T*T'z|| < (1 +€)g™ (% + eM)

for all k > k. and i > i,, where Sp = (1/n)(I+ T + ...+ T™') with I the identity

operator of X, M diam(T"z), and g: [0, 00) — [0, c0) is a strictly increasing

convex continuous function such g(0) =0.

CoroLLARY 2.1. Let C, T, and i,, be as in Lemma 2.4. Then for all sequences
{jn}, {kn} of integers such that j, > i, for all n 2> 1 and limk, = oo, we have
n

(2 i |[T4 5,95 — 5,Thw+ina]| = 0.

In the sequel, we always assume that the integers {i,} in Lemma 2.4 are chosen
so that 1; <1 < ... <1, <...—> o0.

LEMMA 2.5. Let C be a bounded closed convex subset of a uniformly convex
Banach space X with the Opial’s condition, T: C — C an asymptotically nonexpansive
mapping, and z an element of C. Suppose {k,} is a sequence of integers such that
ky, > i2n and kn41 > kn +izn for all n > 1 (where izn is as selected in Lemma 2.4.)
Then for each y € F(T), ]i’r‘n |S2nT*nz — y|| exists and {SanT*»z} converges weakly

to some z € F(T).
PROOF: For a fixed y € F(T), let r := liminf ||SenT*rz — y” It follows from
(2.1) that

|T*Son Tz — SynT*T*z|| < (1 +€)g™ (2% + eM)

for each n > 1 and all k > k.. Since T is asymptotically nonexpansive, we have an
integer k > k. such that

(2.3) M <l+4+e for k2F
We then have an integer n large enough so that

(2.4) ||SznT“"z - y” <r+e, kny1—k,>k and 2" <e.
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It follows from (2.1), (2.3) and (2.4) that
[|Szns1THn+12 — |
T ta g o)t
R
< (S T2z — Thars Syu ] 4 [T ST — )2
+(] |
et

S(A+e)g 12" +eM) + (1 +e)(r +¢)
<1 +e)g M e(X + M)+ (1 +€)(r +¢).

n n
SzﬁTk"+l+2 2 — Tkn+1"kn+2 SznTk"Z'

In the same way, we can prove
[Smss Ttz — y| < (14 )g ™ (e(1 + M) + (1 + )(r + €)
for all 2 > 1, from which it follows that
lim sup ”S’z.'Tk"z - y|| = limsup I|S,n+eT""+iz - y”
i— 00 i—oo
<A +e)g 7 (e(1+ M) + (L +e)(r +e).

Since € > 0 is arbitrary, we get

limsup ||SynT*z — y|| < iminf ||S:aT*z — y||,

n—oo n--+00
showing im ”SznTk"z - y|| exists. Noticing for each u € C and each fixed integer
n

m21,
ISn(T™u) — Su(u)|| < %diam(C) —0 as n— oo,

we get by Lemma 2.4 that

lim sup (]im sup ”TmSznTk"I - SznTk"Z”)

m—+00 n-—oo

< lim sup (lim sup { ”T"‘SznT""z — §pnT™Tkn ”

m—00 n— 00
ST 00z — SpuTve]})
<(1+e)g ' (eM) >0 as e—0.

Now applying Lemma 2.3, we complete the proof of the lemma. 0
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3. THE NONLINEAR ERGODIC THEOREM

In this section, we prove the main result of the paper. We begin by recalling the
notion of almost convergence due to Lorentz [11].

DEFINITION: Let X be a Banach space. A sequence {z,}32, in X is said to be
weakly almost convergent to an element y of X if

n—1
weak- nh_.ngo = Z; z;yr =y uniformly in k 2 0.

THEOREM 3.1. Let X bea uniformly convex Banach space satisfying the Opial’s
condition, C a bounded closed convex subset of X, and T: C — C an asymptotically
nonexpansive mapping. Then for each z € C, the sequence {T"z} is weakly almost
convergent to a fixed point of T. That is, there is a z € F(T) such that

n—1

weak- Hm 1 z T**z = z  uniformly in k > 0.
=0

n—oo N

PROOF: We first observe that T has a fixed point by Goebel and Kirk [6]. For a
fixed z € C, let

A ={{SenT"z}: hy, >isn and hpy1 > b, +ign forall n > 1},

where i2n is chosen as in Lemma 2.4. Then each {S;nT?nz} in A is bounded since
C is bounded and by Lemma 2.5, lim ”SznTh"z - y|| exists for every y € F(T) and
n

{S2nT*nz} converges weakly to a fixed point of T. Now let {SenT*»z} and {SnT™ 2}
be in A and let p, = max(hn, rn) + n. Then it is readily seen that p, > isn and
Pn+1 > Pn + 120 for all n and hence {S$:»TPrz} € A. Moreover, in view of Lemma 2.5
and Corollary 2.1, we derive for each y € F(T) that

Lm ||Sn TPz — y|
< Lm (|| S TPz ~ TPt SpnThez|| + || TP~ 5pn Tz — )
< Em ([[Son TP~ Theg — TPo b Syn Tz || + Ap, i, [|S2n TPz — y])
=lim [|$2n Tz — |,
that is,

(3.1) lim [|S;n %"z ~ y|| < lim || STz — g .

Similarly, we have
lim |2 T%* 2 — y]| < lim [|$2T™2 — .
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It then follows that A satisfies the hypotheses of Lemma 2.2 with F = F(T'). Set

r = inf{r({Sen Tz}, F(T)) : {SenT*} € A}
9)3}}1.21 in A such that li;nr({SznT"Stj)z}, F(T)) =
r. Then by Lemma 2.2, there exists a sequence {y;} in F(T') which satisfies the equality
r({SznT"slj)z}, F(T)) = r({SznThS‘j)z}, y,-) for all 7 > 1, and converges strongly to
some y € F(T). Define h, = ma.x(hs.j) :1<7 S'n) +n forall n > 1. Then it is
easily seen that {S;nT"»2z} € A. Similarly to (3.1), we can prove that

r({Sn T2}, y) = limr({S2T""}, y))

and choose a sequence {{SznT"

< lix.nr({SznThg")z}, y,-)
j
=r.
It thus follows that
(32) T({SznTh":B}, F(T)) = T({SznTh"Z}, y) =Tr
and {S;nT*nz} converges weakly to y by the Opial’s condition and Lemma 2.5. We
now prove the following
CLaM: Each {S;nT*z} € A, with t, > h, +n for all n, must converge weakly
to y.
In fact, by Lemma 2.5, {S2nT*"z} converges weakly to a point, say z, in F(T).
If z # y, then it follows from (3.1) and the Opial’s condition of X that
r £ lim ||5'2nTt"z - z|| < lim ||SznT"‘z - y“

S lim ”SgnTh"Z d y” =T
n

This contradiction proves the claim. Since 'r({Szn Thatkn2"+in(z)}, y) = r for any se-
quences {k,} and {j.}, by the same way as above, we can prove that
{SznT""+"2"+j(z)} converges weakly to y as n — oo uniformly in k,j > 0. We
are now in a position to complete the proof of the theorem. For any integers n and m
with m > h,, we have
-1
Tk+ig
0

3

STz =

3=
i

hn

|
—

I
3=
e e,
a*
1l
<

j—1 m=-1
Tk+iz+2n (Z S2nTh"+k2"+‘z) + Z Tk+iz ,

k=0 k=hyn+j2n
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where m = j2" + b, + 7, 0 < r < 2". Since {SynT*+*2"+iz} converges weakly to y
as n — oo uniformly in k, i > 0, we conclude that {S,,T°z} converges weakly to y as
m — oo uniformly in 4 2 0. This completes the proof. 0

Recall that T is said to be weakly asymptotically regular at =z € C if
weak- im (T"“z - T"'z) =0.

THEOREM 3.2. Let C, X and T be as in Theorem 3.1. Then for each z € C,
the sequence {T™z} converges weakly to a fixed point of T if and only if T is weakly
asymptotically regular at z.

PROOF: Necessity is trivial. Sufficiency follows from Theorem 3.1 and the fact
that the weak asymptotic regularity of T at z is a Tauberian condition for weak almost
convergence of {T"z} (see Lorentz [11]). 0

4. NONLINEAR SEMIGROUPS

Let C be a closed convex subset of a Banach space X. A one parameter family
F ={T(t): t 2 0} of mappings from C into itself is said to be a Lipschitzian semigroup
on C if the following conditions are satisfied:
(1) T(0)z == for z € C;
(2) T+ 8)z=T()T(s)r forz € C and ¢, s > 0;
(3) for each z € C, the mapping T(t)z is continuous for ¢ € [0, co);
(4) for each t > 0, there exists a real number A; > 0 such that

IT(t)z — T(t)yll < Meflz —yll for z,y€C.

A Lipschitzian semigroup F is said to be nonexpansive if A, = 1 for all ¢ > 0 and
asymptotically nonexpansive if tlim At = 1, respectively. We denote by F(F) the set
— 00
of common fixed points of the semigroup F, that is, F(F) = (| F(T(t)). If C is
>0

assumed to be a bounded closed convex subset of a uniformly convex Banach space and
if F ={T(t):t > 0} is an asymptotically nonexpansive semigroup on C, then it has
been shown (see [15]) that F(F) is closed, convex and nonempty. In this case, the
metric projection P from X onto F(F) is well-defined. If we assume, in addition, that
F = {T(t): t > 0} is nonexpansive and the space X either has a Frechet differentiable
norm or satisfies the Opial’s condition, then it has also been shown (see [2], [3], [8]) that
for each z € C, {T(t)z} converges weakly to a common fixed point of F if and only
if F is weakly asymptotically regular at z, that is, weak- tl:rrolo (T(t+h)z—T(t)z) =0
for all A > 0. The same conclusion was recently shown true by the authors {15] for
an asymptotically nonexpansive semigroup F on C in the case when X has a Frechet
differentiable norm. The object of this section is to show a counterpart in the case,
when X satisfies the Opial’s condition.
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THEOREM 4.1. Let X be a uniformly convex Banach space satisfying the Opial’s
condition, C a bounded closed convex subset of X, and F = {T'(t): t > 0} an asymp-
totically nonexpansive semigroup on C. Then for each z € C, {T(t)z} converges
weakly to a member of F(F) if and only if F is weakly asymptotically regular at z,
that is, weak- ‘lirgo(T(t + h)z — T(t)z) =0 for all h > 0.

PROOF: It suffices to show the sufficiency part. We first show that if v =
weak- liin T(tx)z for some sequence {tx} of real numbers such that liin ty = oo, then

u € F(F). Under this assumption, since F is weakly asymptotically regular at «, we
see that weak- lifn T(tx +8)z =u for all s >0. Let

r, = limsup || T(te + 8)z — u||.
k— oo

Using the Opial’s condition, we get for all s,¢ >0,
T4t = limsup ||[T(tx + 8 + )z — u||
k—o0

€ im sup ||T()T(tx + 8)z — T(t)u||

k—oo

< A¢limsup || T(te + s)z — ul|
k— oo

= M\r,, namely,

(4.1) o4t S Ar, forall s,220.

From this, it follows that tlim ry =:r exists and r { r, forall s 2 0. If »r =0, then
—r 0

it is immediate that v € F(F). So, we assume r > 0. In this case, we show that

T(t)u — u strongly as t — oo. Suppose not; then there is a sequence {f,} for which

lim?,, = oo such that

n
(4.2) |T(En)u — u| > €, n=1,2,...
for some €9 > 0. Choose 0 < 771 < €9 so small that

(4.3) (r+n)(1 —b(eo/(r+m))) <7,
where § is the modulus of convexity of X. Choose N and sg so that

)‘?N"'o <r+mn,
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where X; is the Lipschitz constant of T(tn). Using the Opial’s condition of X and
combining (4.1), (4.2) and (4.4), it yields

TS T, iy = lim sup ||T(tk + 3o +2N)3 - u”

k—oo

< liinsup T (t + so +fN):c - %(T(?N)u +u)
—o0

<o (1=8(20/ (A0 )
< (v + 7)1 = §(eo/(r + 1)),

which contradicts (4.3) and therefore, T(t)u — u strongly as ¢ — oo. This implies that
u € F(F) by continuity of 7. Now we set

d(t) = |T(t)z — PT(t)z||, t>0,
where P is the metric projection of X onto F(F). Since

d(t+ 8) = ||T(t+ s)z — PT(t + s)z||
< IT(t + s)z — PT(t)z||
= |T(s)T(t)z — T(s)PT(t)=]|
< AT ()2 - PT(H)al
= A,d(t)

for all ¢, s > 0, it follows that d := tlim d(t) exists and d < d(¢) for all ¢t > 0. We now

claim that {PT(t)z} is norm Cauchy. This is trivially valid if d = 0. Suppose now
d > 0. For any € > 0, choose first n > 0 such that

(4.5) (d+9)(1-6(e/(d+mn)) <d
and then ty such that
1 1
(4.6) d(t) <d+ 3" and ,\,(d+ 517) <d+n

for all ¢t > tg. Now let t;, t; > to be arbitrary but fixed. If ||PT(¢,)z — PT(t2)z|| > €,
then, since

IT(to + t1 + t2)z — PT(t1)z|| = | T(to + t2)T(t1)z — T(to + t2) PT(11)z||
< Ao+, IT(t1)z — PT(81)=||

1
= Ato+124(t1) < Atgt1, (d + 517) <d+1q,
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we get
d<d(to +t +t2) = ||T(o + t1 +t2)x — PT(to + t1 + t2)z||
< HT(to i+ )e — %(PT(tl)z + PT(t2)c)
< (d+n)(1 - 8(e/(d +n))),

a contradiction to (4.5). This shows ||PT(t;)z — PT(t;)z| < € and hence {PT(t)z}
is norm Cauchy. Let y = tlim PT(t)z and u = weak- li’ém T(tx)z be an arbitrary weak
—00

limit point of {T(t)z}. If u # y, using the Opial’s condition of X, we then obtain

lim | T(t4)2 - yl| = lim | T(t4)z — PT(tx)e]
< lim | T(t4)z — vl

<lim |T(t4)z — .

This is a contradiction. We have therefore v = y and {T(¢)z} converges weakly to y.
The proof is complete. 1]
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