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Abstract. A closer look at Laguerre and Meixner polynomials shows that they
interact, with a more active role played by the latter. We intend here to expound on
this development of the story up to some level of abstraction.

2000 Mathematics Subject Classification. 33C45.

Both Laguerre and Meixner polynomials belong to the classical part of the theory
of orthogonal polynomials. While Laguerre polynomials have found a firm position
in theoretical physics (exemplum: the hydrogen atom), the Meixner ones have rather
been put aside. It turns out that if one passes from Laguerre polynomials to Laguerre
functions (they are orthonormal and complete in £*(R,)) on the one hand and from
Meixner polynomials to Meixner sequences (which are orthonormal and complete in
£2) on the other, the two meet in perfect harmony (if not to say, coincide, at least from
the point of view of the Hilbert space category); this theme is developed in [9]. Here
we intend to show how they interplay. This kind of interplay was discovered in [5] as
a property of Hilbert space operators and then settled in the proper environment of
special functions in [6] and [7].

The differential operators. The Laguerre polynomials LY n=01,... ,o > —1,
can be given! as

o

(@) ar (@), —n
LY (x) 1F1 a+1‘x .
They satisfy? [10]

(n+ DL (x) = (=xD* —(@+ 1 =20)D+a+ 1 - L), n=0,1,... (1)
which is the raising formula for them?. The other, the lowering formula [8] is* (with
convention L(_“f =0)

(n+ )L, (x) = (—xD* — (@ + )D)LO(x), n=0,1,...

At some stage this work was supported by the KBN grant 2 PO3A 037 024.

! (@), defined as (a)o 4 and (a), a (a)u—1(a+n — 1) stands for the shifted factorial (the Pochhammer
symbol).

2 Occasionally, depending on the context, we use the shorthand notation D a %.
3 We distinguish between operational formulae and Hilbert space operators; this is to avoid messy exposition.
4 There is a misprint in formula (2) (as wel as in (4)) in [8]; +1 has to be dropped in both.
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Recalling the orthogonality relation

Frn+aoa+1)

(o]
/ LO(x) LY (x)x*e ™ dx = '
0 n:

Sy myn=0,1,...

and defining the Laguerre functions

!
[(D‘) d:f n! a/2 7x/2L(a) >0 =0,1,...
n (x) F(n+(¥+1)x e n (x)7 'x_ ’ n

we get from (1) forn =0, 1, ... the following formula

[9%). (2

2 _ o — g2
\/(}’l—|— 1)(”+(X+ l)lil(i)l(x) — <_XD2~|—(_X— I)D— xi#)

Since the sequence {Lf,a)}zio is complete in £L*(R,, x*e¢~* dx), the sequence {l,(f)}jjio
forms an orthonormal basis in £2(R;.) (with R, for [0, +00)). Thus we come from (2)
to a family S,, @ > —1, of densely defined operators in £*(R..) defined as’

df d2 d —x2 4+ 2x + o2
e R e e )
f€DSe) Llin{l®;n=0,1,...}, 3)

which act as forward weighted shift operators (with respect to the basis {lﬁa)};’,io), that is

Sl® =+ D+ + DI n=0.1,... &)
The Hilbert space adjoint S of Sy, acts for f € lin{lf,“); n=20,1,...}as

—x? —2x + a?

o af @ d
R

dx?

)7
It is a backward weighted shift with respect to the Laguerre functions

| VL ifn=1,2,..
st =1

ifn=20

Both S, and S} are the ladder operators for the Laguerre polynomials.

The finite difference operators. The Meixner polynomials M,(f ’C), n=0,1,...,
with parameters 8 > 0 and 0 < ¢ < 1, can be defined (cf. [3]) as

, dr —n, —x 1
M) & 2F1( p 1- ;> (5)
3 D(A) stands for the domain of an operator, lin denotes the linear span.
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They are related to their generating function as follows
" > "
(1 - ) A= =" (BuMP(x)—, (6)
¢ n!
n=0
Write (6) for x + 1 instead of x and put these two together so as to get

( ") Z(ﬂ> M("‘)(x) _(1—I)Z(ﬁ)nM,(,ﬁ"')(x+l)%.

n=0

Comparing the coefficients at " we arrive at
1
(B +n—D[MLOx) -~ MO+ D] =n (EMff»f)(x) — MBI (x + 1)) .

On the other hand, the difference relation for the Meixner polynomials is

: c ¢
—nMPI(x) = Tt BYMPI)(x + 1)

_x+(x+,3)c

M(ﬁ 6)( )_|_ M(ﬁ C)(x 1).
1—c¢

Changing n for n + 1 we can rewrite the above difference relation as

—(n+ DM (x) = (x +BMED(x+ 1) — MPO(x))
— T (M0 = M ) ®)

and inserting (7) into the brackets of (8) we get

—(n+ MBS (x) = —( + B /3+ (M,(f"')(x+1)—c*1M,(,ﬂ"’)(x))

x n+1 :
MO ' MPI(x - 1)).
Cl—c B+n ( ) - S ))

Finally, the raising formula for Meixner polynomials is

B +mMP)(x) = —((Zx + BMP(x) — e(x + BIMP)(x + 1)
+—cxMPIx—1), n=0,1,... )

Recall that the orthogonality relation for Meixner polynomials is of the form

— (B)x (5.0 B, KR!
;Tc MPOMP(x) = m&d. (10)

Define the n-th Meixner sequence as
w90 & (1 = /(ﬁ)n /(ﬂ)x 1 sy x—o.1, i
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Then (9) takes the form (notice here m? ‘)( 1) or, rather, the whole expression in the
second bracket is irrelevant)

Vo + DB+ mmP) ) = (<2x + BIVemPO(x) — e/ (x + D(x + BmPO(x + 1)
— \/x(x + B — hm9(x — 1)). (12)

Because due to (10) each m{f* ) is in £2, we can define an operator Sg.. in £2 as follows:

D(Sp.0) L linfm; n=0.,1,.. }and for f € D(Sp..),
1
(Sp.c/)X) & T (Vel2x + BY () = e/ F D+ B (x + 1)
—Vx(x+B8—-Df(x—-1), x=1,2,...,
1
— (B0 = /B ().

f
(Spe/)0) =

A look at (11) and (5) convinces us that
m#P(x) = mPm), nx=0,1,... (13)

Because of this selfduality, by [2], the sequence {m(ﬁ )}030 forms a basis, that is an
orthonormal and complete set, in £2. Thus Sg . is a densely defined operator in > and

Sg P =J(n+ D+ pm??. n=0,1,...

el
Consequently, its adjoint S} . acts on lin{m, B9 0,1,...} as(cf. [4])
. o | Ve B=Dm) ifn=1,2,...
S5 = 0 ifn=0 (19

and its finite difference form is

(S5 N)x) = —(f@x + B (x) — e/x(x + B — Df (x — 1)
\/(x+1)(x+/3f(x+ 1), x=12,...,
(S5..)0) = —(f Bf(0) —/BS(1)).

Notice that this formula extends to the whole of D(S} ) and that D(Sp..) = D(S%.)
where Sp . is the closure of Sg ..
Invoking the defining formula (11) we get from the above and (14)
M (x) = ((2x + BMPO(x) — (x + B)MP)(x + 1)
—xMifm(x— D)., n=12...

and this is the lowering formula® for Meixner polynomials.

6 Notice that we have used here a, rather simple, argument concerning Hilbert space operators.
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Let {€,}°,, be the canonical zero-one basis in €2, that is €, = {8,,,;}%°,. Because {€,}°°, C
D(Sg,.) we have

Speen = T (/en+ By — c/nln + B~ e
—Jm+Dmn+Bepr1), n=1,2,...,

_ 1
Sg.c€0 = (cBeo — /Ber).

1—c¢

and

1
S.c€n = :(ﬁ(Zn + B)en — e/ (n+ D)(n + Blen
—vnn+—-Dey), x=12,...,
1
Sk €0 = I—_C(x/zﬁéo —JBe).

The abstract setup. Let H be a separable Hilbert space with the inner product
(-, —) and let {e,}°2, be a basis in it. Set

[e.¢]
e;ﬂﬂ’) g Zml(f’c)(n)ek; n= 0, 1, N (15)
k=0

Then, by (13) and according to Proposition 2 of [6], e#9 & (¢ )2 is another basis
in H and the reciprocity

o0
en=y mPIUR)S ) n=0.1,...
k=0

holds.

A densely defined closable operator S in H is said to be a (forward) weighted shift
with respect to e and with the weights {0,}°, if lin{e,; n=0,1,...}isa core’ of S,
Se, = o,e,11 for n=0,1,... and all o,’s are positive numbers. In like manner, an
operator T is called a backward weighted shift with respect to e and with the weights
{ta}2iflin{e,; n=0,1,...}isacoreof T, Te, = t,_1e,— forn =0, 1,...and all 7,’s
are positive numbers. If all o, = 7, the operators S and 7 are formally adjoint each
to the other, that is (Sf, g) = (f, Tg), for f, g € lin{e,; n =0, 1, ...}; in fact we always
have D(S) C D(S*) and the inclusion may be strict in general, cf. [4].

Prompted by the presentation so far we are going to distinguish two weighted shifts,
both with the same weights o, = \/(n+ 1)(n + 8) with 8 > 0: the forward weighted
shift with these weights Sg . and the related backward shift which is nothing, as we
already know, but the adjoint Sy . restricted to lin{e,; n =0, I,...}. They are a kind
of creation and annihilation operators in our circumstances and we would like to hold
on these names here. According to what we have said it is enough to consider one of
them, the creation operator say. Fortunately in this case D(Sp ) = D(Sg )

7D c D(A) is a core of a closable operator 4 if A|p = A with ~ standing for the closure.
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Set

e dlag(n) o with respect to the basis e. (16)

Using closability of M, by (15), we infer that e®9 ¢ D(M). Alsof, & /(N + )(N + )
x [ myen11 — em)m)en]. By (12) we have® (with e_; = 0 and m*“(~1) £ 0)

N
[Sp.c + CS;;w — Bl —2/cM] Zmﬁ(ﬂ,c)(n)ek

k=0
N
o Z (8, c)(n)[ (k+ 1)(k+,3)€k+1 + C\/lmek | = \/_(2](—{- ﬂ)ek]
k=0

[Vili + B — DmPO>i — 1) + e/(i + (i + pmPIi + 1)
—«/E(2i + BmP (i) ]e; + fiv
N
E—(1-oVu+ D+ p) > ml e + fy. (17)
i=0

I
M=

I
=)

Because fy — 0, Zk Om(’8 n)er — P and Spe >, mff VN n)er — /e(2n +
ﬂ)e(’g 9 _ cy/nn+ g — e,H -+ D+ ,B)e;’i"l') as N — oo we get therefrom
P9 ¢ D(8p,) and

(8p.c + ¢S5, — Bl = 2/cM)ef ) = —(1 — o)/ (n+ D)(n+ B enJrl (18)

(B,0)>,

Let Ug,. be a unitary operator sending e,’s to e, ’s. Then (1) can be read as

1 _ _
Spe = 1. Uj (Sp.c+ ¢Sh . — BNl —23/cM)Up,, (19)

Let us record this as
THEOREM 1. The creation operator Sg . satisfies (1) or, equivalently, (19).
The one before last and the last component of (17) can be now stated as

THEOREM 2. The creation operators Sg.. in H and Sg. . in £* satisfy

o0
S el = — Z (Sp.mPNk)yer, n=0,1,... (20)
k=0

—C

As a next step we work out a kind of converse to these Theorems.

The punchline. Now we take delight in convincing ourselves that the operators
Sg.. and Sg ., appearing in Theorems 1 and 2, are the only possible solutions of (19)
and (20) within the class of weighted shifts.

8 Here and in the sequel we make constant use of (13) without mentioning it.
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Fix ¢ and 8 and suppose we are given
1° two bases e = {e,}52, and f = {f,}°2,
2° two closable operators § and T such that line is a core for S and so is
lin ¢#9 for T, and such that ¢ ¢ D(S) N D(S*) and e, f c D(T).
By analogy with (19) suppose (with M defined by (3) and the remark afterwards)

1 _
Tenz—l—(S—i-cS*—,B\/EI—2\/EM)en, n=0,1,... (21)
—c

THEOREM 3. Suppose for some B >0 and 0 < c <1 S is a weighted shift with
respect to e with some weights {0,}:2, and so is T with respect to f with some other
weights {t,)°°. Then f = €'#) and S is a creation operator with respect to e and at the
same time so is T with respect to 9, all this provided oo = 9 = 1 and fy = eo’3 9,

Proof. Making use of closability of the operators involved and the very specific
way they act, as we have done it so far, we get (suppose the weights for Sand T are
o,’s and 1,’s resp.)

LHS of (4) = ) (e, /)i = Y _{en fi)uilfi €))e,
i=0 i,j=0

RHS of (3) = —(1 = ¢) ' (0u€ns1 + u-1€5-1 — V/c(2n + Bey).

Taking into account the fact that, due to (13), (e, . ‘), = mzﬁ ’C)(I) = mgﬂ ‘”)(k) we get

from these two for the inner product with e,(f )

Z(en7ﬁ>1’i(ﬁ’ ej)mﬁcﬂ()(l)
i,j=0

= —(1 = (o + 1) + ouimf (0 — 1) = Ve@n + pym ).

Comparing this with (12) and starting with the initial conditions oy = tp = 1 and
Jo= e(()‘g ) we come to the final conclusion. g

The next result refers to (20) we state one of the possibilities, the proof as well as
other versions can be pattern after [7]. Consider the following two conditions

oo
Sel9) = — — Z (SmPNker, n=0,1,..., (22)
k=0
5 6.0
Sen=—7— § (SmPNEy, n=0,1,... (23)

for S to be a closable operator in ¢> for which 11n{m(’3 (), n=0,1,...}isacore and §
an operator in  for which either lin e or lin 49 is a core, depending on which of (22)
and (23) is chosen.

THEOREM 4. Suppose S is a weighted shift with respect {m(ﬂ 9 }o0 o with weights
{04}, and S is a weighted shift with respect to either e or ' 9 depending on choice of
between (22) and (23). Then S = Sp . and S = Sg ., that is they are respective creation
operators, provided og = 19 = 1.

https://doi.org/10.1017/50017089505002399 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089505002399

198 FRANCISZEK HUGON SZAFRANIEC

“Meixner” plays with “Laguerre”. For the reason touched upon at the very
beginning of this paper the Laguerre polynomials are specially adapted to Meixner
ones. They provide us with a specific example of a Hilbert space H in which the creation
operator Sg . manifests itself in a natural way: according to (4), Su+1 defined by (3)
acts on the Laguerre functions /%*! as a creation operator in our abstract sense. Thus
one can write down mutatis mutandis our Theorems corresponding to this concrete
situation. In particular the new basis (or rather a three parameter family of) is explicitly
written as

o0
Y mfOwEt, n=0.1,...
k=0

It might be interesting to notice that (20), after passing to source polynomials, which
can be done with ease, according to Theorem 4, determines the couple “Laguerre —
Meixner” uniquely.
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