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Christoffel Functions and Universality in
the Bulk for Multivariate Orthogonal
Polynomials

A. Kro6 and D. S. Lubinsky

Abstract. 'We establish asymptotics for Christoffel functions associated with multivariate orthogonal
polynomials. The underlying measures are assumed to be regular on a suitable domain. In particular,
this is true if they are positive a.e. on a compact set that admits analytic parametrization. As a conse-
quence, we obtain asymptotics for Christoffel functions for measures on the ball and simplex under
far more general conditions than previously known. As another consequence, we establish universality
type limits in the bulk in a variety of settings.

1 Introduction

Let 14 be a positive measure on the real line with infinitely many points in its support,

and let ijd,u(x) be finite for j = 0,1,2,.... Then we may define orthonormal
polynomials

Pn(x)Zann‘*'"', 7n>05
satisfying

/ Pand,U = 5mn~

—0o0

The n-th reproducing kernel is

n—1
Ku(x,t) = > pi(x)p;(t),

=0
and the n-th Christoffel function is

: fP(t)zdu(t).

)\ = — =
(%) K, (x, x) degl(%)<n P2(x)

Asymptotics for Christoffel functions play a crucial role in analysis of orthogonal
polynomials and in weighted approximation [12]. The most general asymptotics for
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the case where the support supp([p] is compact, require p to be regular in the sense of
Stahl, Totik, and Ullman , or just regular. This requires [15, p. 66] that

2.\ 1/n
(1.1) limsup< sup [P ) <1, g.e in supp[u]

n—00 deg(P)<n f ‘Plzdﬂ

Here q.e. (quasi-everywhere) means except on a set of logarithmic capacity 0. This
type of regularity should not be confused with the notion of a regular Borel measure.
When the complement of supp[u] is regular in the sense of the Dirichlet problem
(yet another notion of regularity!) [15, p. 68], one may replace (1.1) by

P 1/n
limsup< sup || ||Loo<szupp[u])) <1
noo Ndegp)<n ) |PIPdp

If supp[u] consists of finitely many intervals, a sufficient condition for regularity,
called the Erdés—Turan criterion, is that g’ > 0 a.e. in supp[u]. See the comprehen-

sive monograph [15].
When p is regular and in some subinterval I of the support, we have

(1.2) /logu’ > —00.
I
Totik [17] proved that for a.e. x € I,

' (x)
w(x)

lim n\,(u,x) =
n— 00

Here w is the equilibrium density for supp| ], in the sense of potential theory. In the
special case that the support of y is an interval, this result was established earlier by
Maté, Nevai, and Totik [10].

One application of asymptotics for Christoffel functions is to universality limits.
These arise in analysis of random matrices associated with unitary ensembles and,
for compactly supported i, may be reduced to the limit

ap’ (x) by’ (x) )
lim K>+ S5+ o) _ sinm(a —b)
n— o0 Kﬂ(x7x) 7T(a _ b) I

uniformly for a,b in compact subsets of the real line. For the case of compactly
supported p that are regular and satisfy (1.2), Totik [18] showed that universality
holds for a.e. x € I. The second author showed that universality holds in measure
without assuming regularity [9]. We emphasize that there is a vast literature on this
topic, and varying measures are of more interest to physicists than fixed measures
with compact support. See [4,5, 13, 14].

In this paper, we shall analyze asymptotics of Christoffel functions for multivariate
orthogonal polynomials and apply these to universality type limits. Let d > 2 and let
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114 denote the space of polynomials in d variables of degree at most n. Let N? denote

its dimension, so
d n+d
N? = .
n

Let  be a positive measure on R? with compact support and {x € R? : 11/ (x) > 0}
having non-empty interior. This ensures that

/ PXdp >0
for every non-trivial polynomial P.
We let K,,(11, %, y) denote the reproducing kernel for i and 1%, so that for all P €
H‘j, and all x € R4,

mmzfmw%mwmmy

Note that this notation is different to the one-dimensional case, where we assumed
exactness for polynomials of degree < n — 1, in accordance with the standard uni-
variate notation. We adopt this difference to be consistent with the most common
multivariate convention.

One of the convenient features of the reproducing kernel is that it is independent
of how we order the monomials and generate orthonormal polynomials. The n-th
Christoffel function for y is

1

Ml X) =

It admits the extremal property

. JPW*dut)
An(pt, ) = Plélri{ T(X)

When p is absolutely continuous with respect to d dimensional Lebesgue measure
and ' = W, we shall write A\, (W, x).

Asymptotics for these multivariate Christoffel functions have been established in
a number of papers [1-3, 19,20, 23] for Jacobi weights and weights that satisfy some
structural restriction, such as being radially or centrally symmetric. For our pur-
poses, the most general result is due to Bos, Della Vecchia, and Mastroianni [2]. They
showed that for a centrally symmetric weight W (x) on the d dimensional ball, for
which W(x)4/1 — ||x||? satisfies a centrally symmetric Lipschitz condition of some
positive order on the unit ball in R?,

el
lim (”;d) MOWx) = T RPW, ] < 1.

2

Here and in the sequel the norm is the Euclidean norm. Xu [20] established one-
sided asymptotics under more general conditions.
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By using “needle polynomials”, we shall generalize the above quoted results to a
much larger class of measures. We first extend the notion of regularity to d dimen-
sions. A compactly supported measure . on R? is said to be regular if

HP”I% (suppl 1/n
1.3 Iim [ su I "Loo (supplul) =1.
(-3 n»oo<pe£} [ 1PPdy

This is often called the Bernstein—-Markov condition [3], but we prefer the term reg-
ularity.
Our most general ratio asymptotic is the following theorem.

Theorem 1.1 Let i, v be positive measures whose support is a compact set X C RY
and both are regular. Let D C Dy C X, where D is compact and D, is open. Assume
that v and that . are mutually absolutely continuous in D, and the Radon—Nikodym
derivative Z—Z is positive and continuous in D, while uniformly in Dy,

(1.4) lim <limsup W) =1

e=20+\ nooo An(pt, X)

Then uniformly forx € D, andy € B(x, %), we have

An(vyy) d—”(x).

1.5 im =
(1.5) e M y)  dp

Remark (a) In the statement, [s] denotes the greatest integer < s, while B(x, r) is
the d-dimensional open ball with center x, radius .
(b) Note that (1.4) is satisfied if for some 3 > 0 and positive continuous function F,

lim nﬁ/\n(,u,x) = F(x)
n—oo

uniformly in D;.
(c) In Section 7, we shall present a version of Theorem 1.1 in which we replace the

continuity of Z—Z with a Lebesgue point condition.

A sufficient condition for the regularity (1.3) involves a compact set K with an-
alytic parametrization. This means that for any x € X, there exists a curve y(t) €
R? ¢ € [0, 1], analytic and bounded in an open set  C C that contains [0, 1] and
such that v(0) = x, while forall 0 < ¢ < 1,

B(y(1), (1)) C XK.

Here ) and the bound on « depend only on X, while ¢ is a positive continuous
function tending to 0 as t — 0 and that also depends only on K. In particular, any
polygon or convex set with non-empty interior has analytic parametrization. In fact
local convexity also suffices; see [6] for details.
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Theorem 1.2 Assume that X CR? is a compact set with analytic parametrization,
and that ., v are positive measures on X such that ', v’ > 0 a.e. on K. Let D C Dy C
X, where D is compact and Dy is open. Assume that the Radon—Nikodym derivative 17

is positive and continuous in D, while (1.4) holds uniformly in Dy. Then we have (1.5)
uniformly forx € D andy € B(x, %).

The proof of Theorem 1.2 also shows that we may replace the condition that K
has analytic parametrization with a condition that it admits a Remez inequality.

As a consequence, we can deduce asymptotics for Christoffel functions associated
with regular measures on the ball and the simplex.

Theorem 1.3 LetB=B(0,1) = {x € R?: ||x|| < 1}. Let v be a regular measure on
B and assume that D is a compact subset of the interior of B, such that v' is positive and
continuous in D. Then, uniformly for x € D, and fory € B(x, ﬁ),

lim <1’l ; d) )\n(lj,y) _ y/(X)

n— 00 Wg“ll (X) ’
where

NG

dtl
2

W(l)mll(x) — (1-— HXHZ)_I/Z'

Theorem 1.4 Let
d
i — {XE]R{d:xl,xz,...,xd >01-) x 20}
j=1
denote the d-dimensional simplex. Let v be a regular measure on ¥ and assume that

D is a compact subset of the interior of 2, such that v’ is positive and continuous in D.
Then, uniformly forx € D and fory € B(x, ﬁ),

lim <n * d) Au(vyy) = &
d W,

simplex ’
n—o00 o (X)
where
) F(ﬂ)
simplex o 2 —-1/2_—1/2 —-1/2 _—1/2
Wo ™ (x) = —5—x Txy x|
T2
and
d
(16) Xd+1 — 1-— Zx]
j=1
In the second last line, of course x = (x1,%2, ..., X4).

We next turn to universality limits. We start with a general ratio result.
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Theorem 1.5 Let u,v be positive measures and let K, D, Dy be sets satisfying the
hypotheses of Theorem 1.1. Assume moreover, that y and v are absolutely continuous
in Dy, while pu’ and v’ are bounded above and below by positive constants in D;. Then,
uniformly for x € D, and for u,v in compact subsets of RY,

K(u,x+9,x+!)—@(x)K(V,x+5,x+!)
(1.7) lim — T nl  duT A )
n—00 Kn(ﬂ,X,X)

As a consequence, we can prove the following theorem.

Theorem 1.6 Let pi, v be positive measures and X, D, Dy be sets satisfying the hy-
potheses of Theorem 1.2. Assume moreover, that u and v are absolutely continuous in
Dy, while 11" and v’ are bounded above and below by positive constants in Dy. Assume
that for some function F: R? — R, uniformly for x € D and foru,v € R",

Ki(p, x+ 3, x+7)

A SEE T
Then, uniformly for x € D, and foru,v € R",
. Ky(v,x+ 0, x+ 1)
lim 1 - = F(u,v).
n—0o0 Kn(”? X) X)

It is straightforward to compute universality limits for the Chebyshev weight on
the ball and simplex from known representations due to Y. Xu for the reproducing
kernel for the Chebyshev weight on the ball and simplex. Using these and Theo-
rem 1.5 we can obtain general universality results on the ball and simplex. Somewhat
surprisingly, the bulk of the concrete formulations involve the Bessel function

(—322)

10 =(3) X rtasy

j=0

rather than the usual sinc kernel. Of course, on the real line the Bessel function and
its associated Bessel kernel arise primarily at the edge of the spectrum. We shall find
it convenient to also use

. . B 1y o (_lZZ)j
]a(z)—z ]a(Z)_(E> ;W'

This has the advantage of being entire, and in particular, non-zero at 0, with

J(0) = m-

In the literature, j,(x) is sometimes used to denote J(x)/J(0), but we shall not use
this.
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Theorem 1.7 Let u be a regular measure on B and assume that D is a compact subset
of the interior of B, such that u’ is positive and continuous in D. Then, uniformly for
x € D, and for u,v in compact subsets of R%,

. Kn(,u,x+9,x+3) ];/2( VG(X’u’V))
(1.8) lim 1 - = ”
n—00 Kn(ﬂaxv X) d/Z(O)

where, if - denotes the standard Euclidean inner product, then
(1.9) G(x,u,v) = |lu—v|* +

For the simplex, we have the following theorem.

Theorem 1.8 Let 1 be a regular measure on X%, and assume that D is a compact subset
of the interior of £ such that 1’ is positive and continuous in D. Then, uniformly for
x € D, and for u,v in compact subsets of R%,

o Ku(pu,x+ % x+Y) ];/Z(VH(XJ’V))
(1.10) lim 1 1= - )
n—o0 K, (u,x,x) ]d/Z(O)

where, with the notation (1.6),

d+1 2

(1.11) H(x,u,v) :Zw

j=1 J

Of course, in the last line, x; is the j-th component of X, and so on, while ug,y,vay, are
given by (1.6) for the vectors u, v.

This paper is organized as follows: in Section 2, we prove Theorem 1.1. We prove
Theorem 1.2 in Section 3, and Theorems 1.3 and 1.4 in Section 4. Theorems 1.5 and
1.6 are proved in Section 5, and Theorems 1.7 and 1.8 are proved in Section 6. We
prove an extension of Theorem 1.1 in Section 7.

Throughout, ¢, C,Cy,C,, . .. denote positive constants independent of n, and vec-
tors t, X, y, u, v, as well as polynomials p. A given constant does not necessarily denote
the same constant in different occurrences.

2 Proof of Theorem 1.1

We shall use the “needle” polynomials constructed by Kro6 and Swetits [7]. We could
also have used the fast decreasing polynomials of Ivanov and Totik.

Lemma 2.1 Letn> 1,8 € (0,1), andx € B. There exists q, € Hﬁ such that

) @=L
(i) 0<g, <1linB;
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(iil) |q.(y)| < e,y € B\B(x, )
(here c is an absolute constant).

Remark  We emphasize that g, depends on x and . The theory of fast decreasing
polynomials implies that one cannot choose g, independent of 4.

Proof We follow the construction of Lemma 3 and Corollary 2 in [7, pp. 92-93].
Consider the polynomial

T,n(1 + 52 —tz))2 c I

rm(t) = ( T,,(1+02) 4

where T, is the usual Chebyshev polynomial. Here 7,,(0) = 1. Fort € [—1, 1], we
have 0 < 1+ 62 — 2 < 1+ 6%, and T, is increasing on [1, c0), so in [—1, 1],

0<r, <1

Finally, for |t| € [, 1], we have 1 + §2 — t2 < 1, s0

1
< < —Cmﬁ
) S o aaeye S¢

an easy consequence of the identity
1 _
() = 5 ((t4V2=1)"+ (42 =1) ).
Now we set m = [n/4], and

M),

qn(y) = rm( 1

Then clearly g, € Hﬁ. Properties (i) and (ii) follow directly from those of r,,, while if
y € Band |y — x|| > 44,

qn(y) S emeé‘ S efclné'

Now simply replace § by %. ]

Proof of Theorem 1.1 As the measure y is regular, with support K, there exists a
sequence {0, } with limit 0 such that forn > 1,

P 2
H ”Loo (supp[u]) e”‘sz

n

(2.1) sup ———5———— <
Peltd f |Pldp

We may assume that

(2.2) lim néi = 0.
n—r o0
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Since h = g—: is uniformly continuous on D,

(2.3) en = sup{ |h(x) — h(y)| : x€ D,y € K, ||x —y|| <6, }

—0, n— oo.

Letussetm = m(n) = n— [267""] — 1, where c is the absolute constant in Lemma 2.1.
We may assume, by a translation and dilation of the support, that X C B. Now
choose any xy € D and any y € B(xo, %”). Choose p,, € Hﬁ that is extremal for
Am(t,y), so that

My = [ phdi and puty) = 1.

Choose q,,—n, as in Lemma 2.1, with the properties g,—n(y) = 1,0 < gy < 1in B,
and

n On
[ga-m(0] < 7% x € B\B(y, ).

Set
Sy = Pmn_m € 1%

We have S, (y) = 1, and so the extremal property of \,, followed by the properties of
qn—m> giVe

meg/ﬁw
X

2 — —m)o, 2
sl/’ P2+ e m>npmuhdyuj/ dv
B(x0,0,) IK\B(x0,0,)

< (h(xo) +5n) / pfndu_i_e—c(n—m)énendﬁ(/ P;dﬂ) (/ dy>’
B(x0,0,) X NS

by (2.1) and (2.3). Using our choice of m, we continue this as

)\n(l/vy) < (/ p;d,u) (h(XO) +e,+ e—2n5i+n5i/ dV)
x x
= Am(p,) <h(XO) te, e / dl/> )
X

Since J,, and €, are independent of xg € D,y € B(xo, %”), we have

)\n(V,Y) )‘m(,u/7y) —n(sﬁ
Au(pe,y) = a2, y) (h(XO) tente /de) < h(xo) + o(1),

uniformly for xg € D,y € B(xo, %), because %' = 1+ o(1) and by our hypothesis
(1.4). Thus we have shown that uniformly for such x,,y,

(2.4) timsup 22V < hix,),
n—00 /\n(U7Y)
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Since (2.2) holds, B(xq, %) D B(xg, %), for large enough n. For the converse in-

equality, we note that with m; = m; (n) = n + [2‘5%”], we obtain, by swapping the
roles of ;t and v in the above,

Am (1Y) < )\n(V7Y)<h_1(XO) +o(1) + e_msg/ du) ;
X

and hence

Ay (1,7) An(v,y) (hl 7715&/ ) )
)\ﬂ(/fqy) S)\n(ﬂ,y) (X0)+0(1)+e i .

Here the left-hand side is 1 + o(1) by our hypothesis (1.4), and, as “* =1+ o(1),

1 < liminf Au(v,y)

n—00 n M,Y)

hil(xo)a

which, together with (2.4), gives the result. ]

3 Proof of Theorem 1.2

Recall that we defined the notion of analytic parametrization before Theorem 1.2. It
suffices to prove the following theorem, and then apply Theorem 1.1.

Theorem 3.1 Assume that X is a compact set with analytic parametrization and that
1 is a positive measure on X such that ' > 0 a.e. on K. Then pu is regular.

Proof Let m denote Lebesgue measure on RY. The first fact we need is a Remez
inequality, proved in [6, Thm. 5, p. 30]. There exists a positive continuous function
¢* defined on [0, o), such that

(3.1) lim ¢*(e) =0

e—0+

andifn > 1,P € Hﬁ, and F C X with m(F) < ¢, then
(3.2) [Pl i) < €@ Pllr e\
Next, for § > 0, we set
Y(6) = inf{ p(L) : L C K, m(L) > 6} .
Since p’ > 0 a.e. on XK, ¢ (§) > 0 for 6 > 0, and ¢ is monotonically increasing, with
limit 0 at 0.
We proceed to prove regularity. Let ¢ € (0, min{1,m(X)}) and P € TI¢ be a

non-constant polynomial. Choose a = a(e) € (0, 1) such that

Q= {xeK:[PX)|>a|P| )}
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has m(Q,) = e. Note that m(Q,) is a strictly decreasing continuous function of a,
with limit 0 at 1 and limit m(K) at 0, so we can choose such an a. Now we have

P < all Pl ) in K\Q
Moreover, since m(Q,) = ¢, the Remez inequality (3.2) gives

no* (e

1P|l o) < € 9IPll sc\@u)-

Combining these two inequalities, yields ae"®”© > 1. In addition, as m(Q,) = ¢,
1(Qy) > 1(e). These last two inequalities give

/K IPldy > /Q PR > @ PIE o) > e OB e (e).

Ase > 0, and ¢* are independent of P, we obtain

1Pl (%) L e
sup o) < e (@)
pertt Joc [PPdp — (e)

Taking n-th roots and lim sup’s gives

lim sup( sup ”PH%W(K)> . < 207
n—oo  \ pclld fﬂ( |p|2du - '

Finally, as ¢ is arbitrary, and (3.1) holds, we have the result. |

4 Proofs of Theorems 1.3 and 1.4

It is easily seen that the ball and simplex admit analytic parametrization, and we can
take the curve «y to be just a straight line segment. All we need are asymptotics for
the Christoffel functions for the Chebyshev weight on the ball or simplex, and these
have been established by Bos and Xu.

Proof of Theorem 1.3 Bos [1, p. 100] and Xu [20, Theorem 4.1, p. 266] proved that

for ||Ix|| < 1,
lim <" ; d) An(WEIL %) = 1.

n—0o0

Bos states the uniform convergence in compact sets, while Xu omits it from his state-
ment, but it is clear from his proof. Our normalization of Wg’a” is that of Xu. Then
Theorem 1.1, with du (x) = Wl(x)dx, gives the result. Note that this j satisfies
(1.4) uniformly in compact subsets of B. [ |

Proof of Theorem 1.4 Xu [23, Cor. 2.4, p. 127] proved that for x in the interior of

»,
lim (” * d) Ap (WP 0y — 1.

n—o00 d

Again, the uniform convergence in compact sets is obvious from the proof. We note

a minor misprint in [23, p. 123] in the definition of W™"*; the normalization con-
stant should be replaced by its reciprocal. Again, we can apply Theorem 1.1. ]
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5 Proofs of Theorems 1.5 and 1.6
The method follows that in [8]. We begin with the following lemma.

Lemma 5.1 Assume that i, ji* are measures with compact support X C R, and for
somep > 0,du < p du* inK. Then forx,y € RY,

1 *
G Kl xy) = Kl x| [Kalp %) <

<Kn(u,y,y)> 2 [1 - Kn(u*,x,X)] 2
K (p, %, x) pKu(p,x,x) |

Proof This is essentially the same as in [8], but we include the details because of the
different setting. Now

1 2
/(Kn(uvxvt)_fKn(u*7xvt)) d,u(t)
X P
_ / K2 (1, x, Odu) — > / Ko (1%, OKo (1%, Odp(0)
x P Jx
v L / K200, %, 0du(t)
P Jx

2 1
= Kn(/’(‘ax7 X) - 7Kn(,u*7xa X) + 7/ Kz(/i*ﬂiv t)d/’[/(t)7
p P Jx
by the reproducing kernel property. As du < p du*, we also have
/ K2(p*, x, )du(t) < p/ K2(p*,x, )dp* (t) = pK, (1", X, X).
x X
So
1 * 2 1 *
(5.2) / (Kn(u,X, t) — —K,(u",x, t)) du(t) < K, (1, x,x) — =K, (11", X, x).
x p p

Next, for any polynomial P € I1¢, we have the Christoffel function estimate

1/2
|P(y)| < Kn(u,y,y)1/2</ Pzdu) .
NG

Applying this to P(t) = K,,(u, x, t) — %Kn(u*, x, t) and using (5.2) gives, for all x,y €
R4,

1 .
Ky (p,x,y) — ;Kn(u ,x,y)‘ <

1 1/2
Kn(,U/,Y, Y)1/2 |:Kn(/’['7 X, X) - 7Kn(u*7xa X) . u
1%
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Next, we establish an elementary bound on Christoffel functions.

Lemma 5.2 Let p be a measure with compact support X, and let B(xo, 6) be a ball
inside that support. Assume that i is absolutely continuous in B(X, d), satisfying a.e.
there

0<C <p <C <.

Then, given 0 < 1 < 6, there exist C3,Cyq > 0, such that forn > 1,

(5.3) Cs < (n ; d) An(p,x) < Cyqin B(xo, 7).

Proof The lower bound follows from Theorem 1.3 and monotonicity of Christoffel
functions in the measure. Indeed, let v/ = 1 in B(xy, d) and 0 elsewhere. By a scaled
form of Theorem 1.3,

_ 2
lim (”;d>xn<ul,x)=c\/1—('x"°”) . x € B(xo,0),

n— 00 5

where C depends only on d and §. The convergence is uniform in compact subsets
of B(xg,d). Since A\,(u,x) > CyA,(v1,x), the lower bound in (5.3) follows. Next,
choose r > 0o large that B(x, r) contains X, and let dv, = d |5\ (x,,5) TC2dX|B(xy )+
Thus dv; is the sum of y restricted to K\B(xg, d) and a multiple of the Legendre
weight for the ball B(xo, 7). Since dv, > Czdx‘ B(x,,r)» and the latter is regular on
B(xq, ), it is easily seen that v, is also regular. Moreover, v, is positive and continuous
on B(xy, 0), so Theorem 1.3 gives uniformly on B(xy, 17),

. (n+d _ [[x —%ol|\ 2
T =

for some C depending on r. But also p < v, 50 A, (1, ) < A, (v2, - ), and the upper
bound in (5.3) follows. [ |

Proof of Theorem 1.5 Letxy € D, e € (0,1) and choose § > 0 such that h = g—z
(which is positive and continuous on D) satisfies

(5.4) 1 —e <h(y)/h(x) <1+eforx,y € B(xg, ).
Set p = h(x0)(1 + £). We shall apply Lemma 5.1 twice. Define a measure p* by
du* = du in B(xg, 0), and
* 1 :
du* = max{ 1, ;} (dp + dv) in K\B(x, 9).

Step 1: ;s and p*
Since p* > u, we have the inequality (5.1). Moreover, since p is regular and p* > p,
w* is also regular. Next, from Theorem 1.1,
. Ky (p*,x,x)
lim ——— =

=1
n—00 Kn(ljfa X, X)
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uniformly in B(xy, 17), for any 17 < 6, while from Lemma 5.2, for x,y € B(xo, 1),
Kalpyy)
Ki(p, x,x) —

It is only here that we need the extra hypothesis in Theorem 1.5 that p’ is bounded
above and below by positive constants on D;. Then Lemma 5.1, with p = 1 there,
shows that for x € B(xy, 17), and uniformly for u, v in compact subsets of R",

Ko(p,x+ 7,x+ %) — K,(p*,x+ 7,x+ 7)
m =

5.5 li 0.
( ) niﬂxn KH(.u“axv X)
Step 2: v and p*
Now dv < p dp* in K\B(xy, 0). Also, in B(xy, ),
d
dv=Ldp < pdu=pdy*.
dp
SoinXK, dv < pdu*. By Theorem 1.1 and (5.4),
K, (u* 1 1d 1—
lim M:,dl/ (X):,l(x)z E,
n—oo pK,(v,x,x)  pdp* pdu l1+e¢

uniformly in B (x¢, ), for any n < §. Note that (1.4) holds for v and x in B(xy, 9);
indeed, this follows from the ratio limit in Theorem 1.1. Furthermore, from Lemma
5.2, for x,y € B(xp,7n),

K,y y) _ o

Ky (v,x,x) —
Here again we need the extra hypothesis in Theorem 1.5 that v’ is bounded above
and below by positive constants on D;. Then Lemma 5.1 gives

1
IKy(v,x+ % x+ ¥) — ;Kn(u*,xﬂ- vx+ )|
Kn(l/)X7x)

Kn(ﬂ*a X, X) 12
pKn(V> X7 X)

gc[l

< C(2¢)'2

for n > ng, x € B(x,7n), and u, v in compact subsets of R?. Since C and C, are
independent of u, v, x, 1, we obtain from this, equation (5.5), and the bound on the
Christoffel functions in Lemma 5.2,

‘pKn(u,x+ X+ %) —K,,(,u,x+ X+ %)‘

<C 1/2
K, (p,x,x) = e

and hence for large enough #, and uniformly for x € B(xy,7), and u, v in compact
subsets of R",

d
|i(XO)Kn(VaX+ %7X+ %) _Ki’l(,uax-{— %7X+ %)|

<C 1/2
K, (1, X, X) =tE

where C,; is independent of u, v, x, n. Then using (5.4) again, we obtain (1.7). The
uniformity in B (X9, n7) was also established above. As D is compact, uniformity in D
follows. u

Proof of Theorem 1.6 This follows directly from Theorems 1.5 and 3.1. ]
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6 Proofs of Theorems 1.7 and 1.8

We need only compute the universality limit for the Chebyshev weight on the ball or
simplex and then apply Theorem 1.5. We make essential use of known representa-
tions for the reproducing kernel. These involve the standard Jacobi polynomial P(*-®
of degree  that satisfies the orthogonality relation

1
/ PP (0 (1 —x)*(1+x)’dx =0, 0<j<n—1,
-1

p’(fﬁ)(l) - (” + a) .
n

_ T(%2) T(n+d)
DA+ DT+ 4

and normalized by

Lemma 6.1 (i) Let

n

Then

(6.1) KW xy) = Cn{Pﬁd“"*/”(x v/ — [xPyV1 = [y]?)

4 PUPAED (y TR ||y||2>}.

(ii) Let
CTE+1)T@n+d+1)
" T+ D TEr+ 4+ 1)

Then

d d+1

simplex (d/2,d/2)
(6.2) Ku(W, ’ X y) = 22;+2 Z P2n/ / (Z ijngj)’
gi==+1 j=1

where

d d
X1 =1 — ij; Y =1— Z)’j-
j=1 j=1

Proof (i) See [22, eqn. (3.8), Thm 3.3, p. 2449].

(ii) See [21, Theorem 2.3, p. 3032]. We have also taken account of Xu’s convention
of replacing integrals by sums in the confluent case “o;; = 0” when the Jacobi param-
eters reduce to those of the Chebyshev weight. Note that Xu uses the ultraspherical
polynomial Cw, defined [16, eqn. (4.7.1), p. 80] by

A—L1 =1
CV(x) = d, )P 77 (),
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d+1

where in our case A = <=, and

L _TO+D r@En+n
"ATUTRA) TQr+ A+ L)

Next, we turn to asymptotics of Jacobi polynomials.

Lemma 6.2 (i) Let o > 0, 8 > —1. Uniformly for s in bounded subsets of [0, o), we
have

(6.3) lim 7~ PP (1 — =) = 2977 (1/5).

n— 00 2?12

(ii) Let o, 8 > —%. Then

/ a+l/ B+
(6.4) sup n'/? sup |Pf1“"3>(x)|(1 — x)#(l +x)¥ <C < oo.
n>1 x€(—1,1)

Proof (i) This is Mehler—Heine’s asymptotic formula [ 16, Thm. 8.1.1, p. 192].

(ii) See, for example, [11, Lemma 29, p. 170], and use the fact that if p,, is the constant
such that p,P{*" is an orthonormal polynomial, then p, grows like Cn'/2(1 + o(1))
for some positive C. See, for example, [16, p. 68]. ]

Next, we compute asymptotics for the arguments in the kernel in (6.1) and (6.2):

Lemma 6.3 (i) Assumethatf € B, and
1 1
(6.5) x=¢(+-u and y=&+ —v.
n n

Then

G
(66) oy VI WPV =15 +0( ),

2n? n3

where G = G(€,u, V) is defined by (1.9).
(ii) Let ¢ lie in the interior of $¢, and let x,y be given by (6.5). Then

d+1

H 1
(6.7) Z\/Xj)/j=1—@+0(—),

: n3
j=1

where H = H(,u, V) is given by (1.11).

Proof (i) We see that

1 1
X-y= ||§H2+;§-(u+v)+;u-v.
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Also,

2 1
V1- 2—\/1 2 Zeiu— =2
] Il = 2€ - u——|u

. . 2
A straightforward computation, using the Maclaurin series /1 +¢ = 1 + 5 — & +

O(t%), gives
Nog e Ny
1 1
=1~ ) — o (P + )
2(€-w)(€-v) (€ (u+v))? 1
* e~ e Ol
Then

Xy + V1= [x2y/1— [x]?

1 1 1 2 1
= L uev = o (P IVP) = ey (6 =) +0( )
G 1
=1-55+0(55).
(i) For1 < j <d,
R (e
1 1 1 1
= €j + %(Li]‘ + Vj) + 721126]' ujvj — %(uj + Vj)z + O(ﬁ) .
Also,
(6.9) VXd+1Yd+1 =
d d
JO-£5)(-5)
d d 1 d d
—1_;@—2 ;(u]+v])+ (Zu])(Zv])
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Combining (6.8) and (6.9) gives

d+1

Y VAT =
=1

Proof of Theorem 1.7 As remarked before, we need only establish the limit (1.8) for
the Chebyshev weight W' and then can apply Theorem 1.5. Let x,y be given by
(6.5). Now the dominant term in the right-hand side in (6.1) is the term with argu-
ment x - y+4/1 — [|x][2y/1 — [ly|]%. Since x - y—+/1 — [|x||2y/1 — ||y]|? remains in a
compact subset of (—1,1) as n — o0, the bound (6.4) shows that it is of essentially
smaller size than the other term. We then have, using (6.6),

=K, (We, x, y)
— a2 B (xye T TRV T )
P (xy - VT= TRV T= o) |
= e wrpgranon (1 SEUY) o 1Y) 4 )
" " 2n? n?

_ Cn{ zd/zm/z(w/G(g,u,v)) + 0(1)} ,

by (6.3). Using this with u = v = 0 gives
n PR, (WM, £,6) = 0 { 2772 ];,(0) + o(1) } .
Then (1.8) follows on changing £ to x. ]

Proof of Theorem 1.8 The dominant terms in the right-hand side in (6.2) are the
two terms w1th alle; = 1 or with all ¢; = —1. For all other choices of {¢;}, the
argument Z ,lme j remains in a compact subset of (—1,1) as n — o0, so the
bound (6.4) shows that the corresponding terms in (6.2) are of essenually smaller size
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than the above two terms. Because of the evenness of ng/ 24/2) e have, using (6.7),

(2m) K, (W™ x,y)

d+1
d _
= zzdﬂﬂ (2n) d/zpéi/z,dm(Z /7xjy]> (1 +o(1))

j=1

dn _ , H(€7ua V) 1
= Sy )RR (1 St 0(=)) (1+o(m)

dn .
- 22d+1 zd/zjd/z(\/W) (1 + 0(1)) ;

by (6.3). Using this with u = v = 0 gives

_ simplex dn *
(2n) =K, (W™ x,y) = a2 Jap (1+o(D)).

Then (1.10) for the Chebyshev weight W™ follows. Now apply Theorem 1.5. M

7 An Extension of Theorem 1.1

We can weaken the continuity of Z—Z in Theorem 1.1 to a Lebesgue point condition.
Recall that x; is a Lebesgue point of a function h of d variables if

li fB(xo_r) |h(xo) — h(t)|dt
im _

r—0+ m(B(xo, 1))

)

where m denotes Lebesgue measure on R?.

Theorem 7.1 Let |1, v be positive measures, whose support is a compact set X C RY,
and both are regular. Letxy € K and assume that u, v are absolutely continuous in some
ball B(xq,0) C X, while ', v’ are bounded above and below a.e. by positive constants
there, and (1.4) holds uniformly in B(xq,0) C XK. Assume that X, is a Lebesgue point of
Z—:. Then, given r > 0, we have, uniformly fory € B(xo, ),

i M2y) v
n—00 An(ﬂaY) B dlu’ o
Proof We may assume that X C B = B(0, 1). Fixr > 0 and lety € B(xq, 7). Let
7 >2rande € (0,1). Let £, = [5'] and m = m(n) = n — 2{,. Choose p,, € an
that is extremal for A,, (1, y), so that

Choose qx), k = 1,2, as in Lemma 2.1, with the properties qg:) (y)=1,0< qg:) <1
in B, and

(7.1) 40| < e < e xe B\B(y, ).
.

(7.2) | (0] < e < e, x € B\B(y, d).
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_ dv — (1) (2) d —
As above, let h = ym and S, = pmq, 'q;; € II;. We have S,(y) = 1, so

An(v,Y)

< / Stdv
X

<hxo) [ Pt el iy [ )~ Olduo)
B(y,2) Bly,2)

-

You

rec | Pt Ipulf o [ v
B(x0,20)\B(y, 3) F\B(xo,26)

= T1+T2+T3+T4,
by (7.1), (7.2). First, Ty < h(x)Am(tt,y). Next, Lemma 5.2 gives
1wl iz < I iy | P

S CndAm(/La Y)a

soas T > rand [ly — x| < L,

Ty < Cr Nt 11 1. (B0 ) / |h(x0) — h(t)|dt = o(An(p,)),
B(xp, %)
as Xy is a Lebesgue point of h. Next, by (7.1),
T3 < e*C”HhIILﬂB(xO.,o'))/ Phdp < Cre” T Au(p, y).
B(x0,0)\B(y,Z)

Finally, using the regularity of 1,

T, < (1+ o(l))”( / P du) e Cen / dv = 0O (11, Y))-
K\B(x0,0,)

Combining all the above estimates gives

An(V,Y) < A1, y)
At y) = Aa(p,y)

Here 7 is independent of € and may be chosen as large as we please. We deduce that

(h(xo) +Cre ¢ + 0(1)) .

. )\n(VaY) . )\nfz[ﬁ](/h Y)
| LT < h(xg) ] —_—r
TSP NGy = OO )
The proof may now be completed as in Theorem 1.1. ]

We note that the absolute continuity of p and boundedness below of p’, were
needed only for the upper bound for ||\, (14, - )|, (B(y,2))- If we assumed a suitable
bound for this, we could allow p to have a singular part.
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