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Approximation by Dilated Averages and
K-Functionals

Z. Ditzian and A. Prymak

Abstract. For a positive finite measure dy(u) on R? normalized to satisfy fW dp(u) = 1, the dilated
average of f(x) is given by

A f(x) = /d f(x — tu)du(u).
R
It will be shown that under some mild assumptions on dy(u) one has the equivalence
lA: f — fllp = inf{(||f — gll + £ IP(D)gll5) : P(D)g € B} fort >0,

where ¢(t) & 1(t) means c=! < (t)/1(t) < ¢, B is a Banach space of functions for which trans-
lations are continuous isometries and P(D) is an elliptic differential operator induced by x. Many
applications are given, notable among which is the averaging operator with du(u) = ﬁxg(u)du,
where S is a bounded convex set in RY with an interior point, m(S) is the Lebesgue measure of S,
and xs(u) is the characteristic function of S. The rate of approximation by averages on the bound-
ary of a convex set under more restrictive conditions is also shown to be equivalent to an appropriate
K-functional.

1 Introduction, Set-up, and Main Results

The family of operators A, for t > 0 (or O, for n € N) forms an approximation
process if A; f — f tends to zero as t — 0+ (or O, f — f tends to zero as n — ©0)
with respect to some metric. Once the fact that A, is an approximation process is
established, the next important problem is the estimate of A, f — f, or how fast A, f
converges to f. Of course, the rate of convergence of A; f depends on the properties
of f and most times on its smoothness. Peetre K-functionals are one of the ways to
measure the smoothness of a function in a given space with respect to some norm.
Typically a K-functional representing smoothness is given by

K(f,t*)p= inf —g|lz +t*||P(D t>0
(£t = inf (17 = glly+¢* [PO)glp), ¢ >0,
where, in this paper, “=” means “by definition”, P(D) is a differential operator and
P(D)g € B signifies that g belongs to a class of (very) smooth functions. The esti-

mates discussed in this paper are of the kind described as strong converse inequality
of type A introduced in [Di-Iv] yielding ||A, f — f]|5 = K(f,t*)p, that is

CilK(fa ta)B S HAtf - f”B S CK(fa tQ)B~
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Among the strong converse inequalities of type A proved in the past, one should
mention the celebrated estimate for Bernstein polynomials B, f given by

. 1
B f — fHC[o,l] ~ inf(|| f _gHC[O,l] + " H‘Pzg”Hc[oJJ g €C?[0,1]),

where ¢?(x) = x(1 — x) (see [To]). Other equivalences of this type were established,
in particular using averages of f on a set dilated by ¢. Results were given for averages
on [—t,t] or [0,t] (see [Di-Iv, Sections 6 and 7]), on [—¢,t] X - - - X [—t, t] (see [Di-
Iv, Section 9]), on {x € R? : |x| = (x; + --- + x4)/> < t} (see [Di-Ru]) and on
{x € R? : |x| = t}. This last mentioned is correct only when d > 1 (see [Be-Da-
Di, p. 100]).

In this paper we will obtain a general theorem that will include the above results
on dilated averages and many more that will be described in Sections[@and [ We
note that Sections[6land[7]can be read first as motivation for the need for the results
and proofs in Sections 2H5l We mention that results of the above type are given for
dilations of averages on any bounded convex set with nonempty interior (see Theo-
rem [6.I). The operator A, averaging f on the boundary of a convex set is handled
under some mild conditions on the curvature of the boundary (see Theorem [Z.]).

Equivalence between the K-functionals and ||A, f — f||;, when available, establish
the latter as a measure of smoothness in its own right.

In this paper we deal with spaces of functions on R for which translations are
continuous isometries (see (I.8) and (L.9)).

We now give the set-up and the main results of this paper.

The rate of approximation of the operator A, f(x) to f, where A, f(x) is given by

(L) ASe) = / fox— twdp(w), | dpw) =1, dp(w) >0,
R4

R4

will be shown to be equivalent to an appropriate K-functional. That is, A;f — f
will satisfy a direct and a matching converse inequality of type A in the terminology
of [Di-Iv] (see Theorem [LI)). Besides du(u) > 0 (a condition which is further dis-
cussed at the end of this section) and j]’w du(u) = 1, the measure ;. on R? will also
satisfy the following conditions.

(i) The center of gravity of du(u) is (0, ..., 0), that is

(1.2) /ujdu(u):O, j=1,...,d.
R4

(ii) Forly| = (y1 +---+ ya)"/? = 1, du satisfies

(1.3) O<c§/ (yy1 + -+ ugyg)*du(u) < C < oo.
Rd

This guarantees that dy is not supported by a hyperplane (using the left-hand
inequality of (L.3)) and that ﬁw ujurdpi(u) is finite (using the right-hand in-
equality of (L3))).
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(iii) The measure du(u) also satisfies
(1.4) / |uj|"dpu(u) < C; for j =1,2,...,dand agiven integer r > 3.
Rd

For the converse result we will also need the following condition on du(u).
(iv) For some a > 0

(1.5) [ AnGll, ey < C2/h|*,  ApG(x) = G(x+h) — G(x),
where for some integer m
(1L6)  dju(x) = Fldp)(x) = / ), (@) " = / MG
R R

with G(u) € L;(R?). That is, an iteration of our operator will be an operator
with dji,,(u) = G(u)du and the kernel G(u) is in the class Lipschitz o of L, (R?).
In some applications the condition

(1.7) x| |@(x)| < C; forsomea; > 0,

which is shown to be equivalent to (L3, is very useful.

We will deal with functions on R in B, a Banach space of functions for which
translations are continuous isometries, that is

(1.8) NG+ =[Oz = 1f(=)l5 forallh € R and f € B,
(which means that translations are isometries),
(1.9) [If¢-+h) — f()|lz =0(1) as|h| —0,

(which means that translations are continuous) and for any affine transformation M
with detM # 0

(1.10) ILmfllp = I f(M:)][p < CM, B) | fl]5 -

Many known spaces satisfy (L.8)), (L.9), and (L.I0), including B = LP(IR{d) with 1 <
p < ooand B = UC(IRY) (of uniformly continuous functions on R? with the L., (R¥)
norm). The condition (L.I0)) is needed only when P(D) is not the Laplacian and then
only for some matrices M, but in the applications which we encounter, (L.I0) is easily
satisfied.

Our main result is given in the following Theorem.

Theorem 1.1 Suppose [ € B with B satisfying (L.8), (LI), and and A, f is
given by (L) with p satisfying (L2)—(.6). Then

(11D If = Al = inf (1F =gl + £ [PD)gl) = KO PD). s,

where the elliptic operator P(D) is given by

P
1.12 PD)f=P,(D)f = e 3 = ; .
(1.12) (D)f =P, (D)f ;; ajx 7%, f withajy A{d xjxdp(x)
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In Section2lwe will show that it is sufficient to consider the case a;x = J;, that is,
when P(D) is the Laplacian. In Section Blwe will prove the direct result. Preliminary
estimates for the converse result are given in Section [} and the converse theorem
is given in Section[5l In Sections[6] and [7] we give applications of Theorem [[.T] and
show that many known results as well as new theorems follow from Theorem [l
The applications demonstrate the close relationship between different approximation
processes induced by their relation to the K-functionals. We note that (T.I1)) yields
a strong converse inequality of type A (see [Di-Iv]), that is, the information about
smoothness is given by the rate of approximation of an average by a single dilation
rather than by taking the supremum on a range of dilations. The results shown will be
somewhat more general than Theorem [ as the restrictions on du for many of the
results, and in particular the direct estimate, will be weaker, and the restriction
on B is dropped when P(D) of (IT]) is the Laplacian.

We note that while some would consider the condition du(u) > 0 onerous, it is
satisfied by all applications in Sections[fland [Zland is used in the proof. Admittedly,
dp(u) > 0 can be replaced in Sections 2land Bl by [ |du(u)| < M (in addition to
other conditions in this section). However, in later sections, du(u) > 0 is crucial in
the proof that A, is a contraction, which is used to show that ||A} f]| is bounded in-
dependently of m. We further remark that strong converse inequalities for operators
with nonpositive kernels are very rare (see [Da-Di, Da]), and in the cases where they
were established, a very particular kernel is dealt with, not one satisfying some (mild)
conditions.

2 Reduction to the Case when P(D) Is the Laplacian

In many applications P(D) given in (LIT)) is the Laplacian, but there are some inter-
esting situations in which P(D) is not the Laplacian. In this section we will show that
it is sufficient to deal with P(D) = A = 60—;2 +ooee %. This will be done via several
simple lemmas. 1 ‘

Lemma 2.1 For a bounded positive measure i satisfying (L3), P(D) given by (L12)

is elliptic.

Proof Being elliptic means Zj,k ajxyjyk > 0forally = (yi,...,y4) # 0, and that

is evident from (L.3)). [ ]
We define the measure ji by

(2.1) A(Q) = p(M~1 ()

for some invertible matrix M. It is clear that i is a positive measure satisfying
ﬁR{d dii(u) = 1. Other properties of [i are also inherited from those of y, as will be
shown in the following lemma.

Lemma 2.2 If the measure y satisfies conditions (L2), (L3), (T4), (T2 and (L3,
with G given by ([LQ), then the measure [i given by 1)) also satisfies properties (L2),

(L3), (L4, @D, and (L3
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Proof We recall that y, = (Mu); = Zle my ;. We now write

d d
dp(y) = / m;ydu(u) = m;j / wdp(u) = 0.
Azd YIoRY le:l: J ; " R4 :

To show that fi satisfies (I3)) if p does, we write for |z| = 1

d 2
[ oranm = [ (Sa) daty

i=1

_M-
-

= [ M"z w)’du(u),
Ré
and as M is invertible, [MTz| ~ |z| = 1 and (L3) is satisfied (with different con-
stants).
To show that (L)) with a given r is satisfied by [ if it is satisfied by i for the same
r, we write

d
Z m]-Julzj) 2d,u(u)

1 =1

M=

d

(Z mj,lzj) Ml) zdﬂ(u)

1 j=1

M=

;

d
[ = [ |3 ] au
d r
< maspmyl [ (3l e

< max |m;|"d" Jax |ug|"dps(a)
J» ' =1

R4 k= ,...,d

d
< max [ [ 3wl dcw)
js R
k=1

where C(M, r,d) = max; 1,4 |mj|"d"™*".

To verify that property (L3) is satisfied for é(x), that is induced by i, we write

Fdp)(x) = /

R4

e—ixudﬂ(u) _ / e_ix'Mud/J,(ll)
R4

= /R ) e My (0) = Fdp) (M x).
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Therefore,

(Sp)" = () M')" = [ MGy

R4

_; . GM™ )
e IX'MYG( )d = / e IX'VidV,
Ad vy R4 | det M|

which means 5(v) = G‘(ﬁg\;“’). Clearly, é(v) >0, ||§()H L,rey = 1 and

IGC +h) = G|z, ey < Coh]%,
where 52 depends on C,, M, and «. Similarly,
x| F(dp) (x)] = x| |F(dp)(M x)| < CIM x| |F(dp)(x"x)| < C;. |

We define AV, f(x) by

(2.2) Afx) = [ fx—rtu)di(u).

R4

We further note that both A, f and A, f are defined for f € B, where B is a Banach
space for which translations are continuous isometries i.e., satisfy (I.8) and (I.9) and
both A; and A, are contractions from B into B.

Lemma 2.3 Suppose B satisfies (L), (L), and (LI0Q), M: IR{d~—> R? is a linear map
with detM # 0, F(x) = Ly f(x) = f(M™!x), and A, f and A,F are given by (1)
and 22)) with  satisfying (L2)) and (L3) and i given by @.1). Then we have

(2.3) | F— AF|| , ~ [If = Acflly -

Proof We first observe that
ALy f(x) = A M M wdiw),
and hence
LA Ly f(x) = /R = M () = A i~ )du(v) = A, f .
We now have

If=Afly= Hf*LMgfLM"fHB - HLM(F*‘&F)HB'

Using (L.I0) (in fact only for the matrices M and M~"), one has

[ Lu(F = AB)|| =~ || f = Al »

which completes the proof. ]
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The following (known) lemma is set here to fit with our notations.

Lemma 2.4 For any positive measure p satisfying (L2) and (L3), there exists a matrix
M with det M # 0 and a measure fi given by 2.1) such that

1, k=1
b = d~ = 6 = ’ ’
k] A{d yiyidp(y) = O {07 kAL

Proof Fora;; = ﬁw, ujujdp(u) and the matrix M = (my g j=1,...d>

d d
by = /w yiyidp(y) = A{K; mk,iui) (; mlA,j”j) dy(u)
= Z mwm,/ uiujdp(a) = Z Mty ja; ;.

i,j=1 i,j=1

As (a; ;)i j=1,..4 s a positive definite matrix, we have an orthogonal matrix M, such
that for M = M, the matrix (b )k =1,. 4 is a diagonal matrix with positive entries
bk =M >0,k=1,...,d. Wecan now multiply M; by the diagonal d x d matrix D
with the diagonal entries dy , = /\,:1/2, k=1,....,dyand M = DM, is the desired
matrix. u

For the elliptic operator P(D) = Zf j1 Gij 8x dx and a matrix M = (m; ;) with
det M # 0, we define Py(D) by

d
Py(D) = Z bkz by = Z My a; ;.
k=1 ij=1
2
Another version of Lemmal2lis that for the elllPth operators P(D) = Zf i1 Gilj axaﬁ ,
, 0%

there exists a matrix M such that Py;(D) = 6 o +---+ ‘9 =A
d

Lemma 2.5 For a matrix M satisfying det M # 0, the elliptic operator P(D) =
2?4':1 aivf%;xj and B satisfying (LL8), (L), and (LIQ), one has

K(f,P(D),t*)s = inf(||f — gll + 12 [|[P(D)g| )
(2.4)
~ irG1f(||LMf — G|y + 2 |Pu(D)G||5) = K(Lu f, Pm(D), ).
Proof We can write

inf([Lyi f = Gl + £ [|Pu(D)GI] )

< C(I[Ly— (Laaf — g0l g + 1 [LasPya(D)Lag—181 [ )
<C(If = Lu—gilly + £ |P(D)Ly—1g1l) -
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Choosing g; close to g for which the infimum of K(f, P(D), t?) is achieved, we ob-
tain
K(Lu f, Pu(D), #*)5 < CK(f, P(D), %),

and as M is invertible, (2.4)) follows. [ ]

3 The Direct Estimate

The direct result is given in the following theorem.

Theorem 3.1 Suppose A, f given in (L) with u satisfying (L2), (L3), and [L4) for
r = 3, and suppose further that B is a Banach space of functions satisfying (L8], (L9),
and (L.IQ). Then

G.1) lf = Afly <Cint (I =gl + 2 [PD)gly) = CK(f, D), P,

where P(D) = Zijzl aid%&b@ and a; j = [, xixjdp(x).
The infimum in (3.)) is nominally taken on the class of functions g for which
P(D)g € B. The proof of Theorem B.I]will consist of several lemmas.

Lemma 3.2 Under the conditions of Theorem[3.1lwe have for o € C®(RY)

Py

3
< Cyt” sup 7>

C(R9) [§]=1

t2
(3.2) ‘ Arp — o — EP(D)w

C(R%)

Proof We follow [Di-Iv, Lemma 9.2] and use Taylor’s formula on ¢(x + tu), writing

d Op(x) t? d
p(x+tu) :(p(x)—i-tjz_;uj + k%:lukul 3

Pp(x)
axj E 8xk X] +R(t’X7 u)

where

d
R(t,x,u) = g Z ukuz( O%o(v) _ 82%"(3())

Py 8xk8x1 8xk8x,

with v € R? and v = v(t, x, u), a point in the segment [x, x + fu]. As A, is a positive
operator on C (R4),

We now use (see [Ch-Di])

t2
AtQO — Y — EP(D)SO S HAt(‘R(tvxa .)|)||C(][Rd) .

C(R%)

Py

93

_Pe
06,108,083

sup
|&i]=1

< sup
CRY)  [¢]=1

C(R9)
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and |v — x| < t|u] to obtain

o 0
IR, x, W) < = > Jug||w][u] sup
1;1 =1 877 Oxi 8x1 C(rY)
< Sl 3 o sop | S
1;1 l¢l=1 853 C(R)
< —d|u\3 sup ’ 7 .
98 " [ o)
The use of (I4) for r = 3 will complete the proof of (3.2)). ]

We observe that the proof of Lemma[3.2] can be simplified for the case d = 1.
We use the averaging operator on the cube in RY, i.e.,

(3.3) Sif(x) = ﬁ [r . fx+ (uy, ..., uq))duy ... dug
and
(3.4) SFF(x) = Su(SFH(x)

as an intermediary whose approximation properties are known. In fact, we know
that, for S, f and S/ f given by (B.3) and (3.4),

(3.5) IS:f = fllg = IS f = fllg + 2 |ASY fll 5 = K(f, A, 1)
for m > 3 and any B satisfying (L8) and (L9) and for B = C(R?) (see [Di-Iv,

Section 9]). It can be shown that when f §Z UC(RY) but f € C(R?), neither
[S:f = fllcgay — 0, nor K(f,A,t*)cmay — 0ast — 0+, and hence (3.3) is not

useful for such f. We now investigate the behaviour of A, given by (2.2) with M
given in Lemma[2.4l

Lemma 3.3 For AF given in Z2) with M of Lemmal A and S,F of (3.3), we have

(3.6) ’|Ava_ FHC(IR{ < CH SiF — F”c R7) < CVK(R A7tz)C(Rf’)'

Proof Recalling that A, is a contraction, we have

Hng B FHC(Rd) < Hng _ng:nFHC(W) + Hng;ﬂF - SZHFHC(]R{"I) + H SZHF_ FHC(]R{d)

< 2” S'F — FH C(RY) T HAVfS:nF - SZHFHC(W)
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As S"F € C=D(R?), we can use Lemma[3.2for ¢ = S""F with m > 5 and P(D) =
A to obtain

We now recall from [Di-Iv, Lemma 9.3] and [Di-II, Lemma 2.1] that for ) € C* (RY)

P s

A om m £ m
ASIF— SIF — S AS!F 5

<G sup
C(R4) [§l=1

C(RY)

&b X 1/2 o'y
‘ 6753 < \[65up Hl’l A f’(/}HC(]R{d) : 864
C(RY) C(RY)
(3.7) 1/2
'Y
1/2
< G 1A U5, ’ 5 |
(IR )
Using [Di-Iv, Lemma 9.4] and HS;‘F - SiFHC Rty = lk — I |StF — Fl|¢(ga)> we have
o . G| &
O
23 cay 11067 9¢ camy 1 110€ cmr)

> 4 & > : (S

SR [ R T cw)
Ioa Cy

< 255 F + = IS F = Fllopay

¢ C(RY)
e .
< Cs max(t ! 3 55 F YISF - FHC(W)) :
¢ cme)

Combining all of the above, we have
HXtF - FH cmriy = C6( [StF — Fllcpay + t? HAS:HFHC(W)) :
Following (B.3)), we have
t* ||AS:nF||C(lR{d) < 61 ||S;nF - FHC(JR(") < mél ||StF - F”C(]R{") )

and, therefore, the first inequality of (3.6). The second inequality of (B8] follows
from (3.5). [ |

We now extend the result to any Banach space B satisfying (L8)) and (L.9).

Lemma 3.4 For F € B satisfying (L8) and (L), A, of Lemma[23) and S,F of (3.3)

(3.8) |AF — F|| , < C|IS:F — Fll5 < CK(E A, 1)
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Proof Using (B.3), we have to show only the first inequality. For F € B satisfy-
ing (L.8) and (L3) we take G € B’ (the dual to B) such that ||G||;, = 1. Clearly, the
convolution of Fand G ¢ = F x G € UC(RY), and we may choose G so that

[Ap(0) — (0)] = |(AF — F) * G(0)| > || A,F —F , — <.
Using (B.6)), we have

|Ktw(0) - 1/)(0)| S ||gt¢ - wHC(]R{d) S C ||St¢ - /l/)”C(]R(d) S C ||StF - F”Ba

and as € > 0 is arbitrary, (3.8)) follows. [ |
Proof of Theorem[3.1] Using (Z3) and (2.4)), we obtain (3.I) as a consequence of
(B8], where A, is given by (Z.2) with i of (Z.I) and M of Lemma 24 [ |

4 Some Preliminary Results Needed for the Converse Theorem

Following [Di-Iv, Section 4], we need some inequalities of the Bernstein type to prove
the converse inequality. The estimates needed will be proved in this section using
condition (L3)), that is the Lipschitz condition on G, the k-th convolution iterate
of du. Alternatively (see Lemma[4.4]), we have condition (7)) on the asymptotic be-
haviour of the Fourier transform of dy.. We give both conditions as each one happens
to be more easily checked in some applications.

The immediate implications of (I3]) are summarized in the following lemma.

Lemma 4.1 Suppose
G=G € Ll(Rd)a HAhGHLI(]R{d) = HG( +h) — G(')HLI(]R{A) < 6|h|a

for some a > 0 and G, = G,,—1 * Gy. Then

(4.1) |ALGl, gy < CiB|™™  for1> am,
(4.2) iGm e Li(RY) fors < am,
o
(4.3) HALGmHL ey < Cy[h*"=4 forl>am—d >0,
and
(4.4) [x*| F(Gn)(x)| = |x|5|§m(x)| < Cs fors < am,
where Ailw(x) = AflAhw(x), and F(G,,)(x) = (F(G)(x))™ is the Fourier transform
of G-
Proof We write [|[A{'Gul|; iy = [[AnG* -+ % AnGllp oy < C™|h|™, and us-

ing the Marchaud inequality, we obtain (&I). The Ul’'yanov inequality (see for in-
stance [Di-Pr, Theorem 2.3]) now implies (£3). The existence of the derivative
and ([@2) is routine. From ([@2) it follows that A’G,,, € L;(R?) for s < am, and
hence, [x|*|&(Gon) ()| < C [|A*Gypl|, (ey» which implies (£4). [
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Lemma 4.2 Suppose G(u) > 0, [, G(u)du = 1, |ApGI|,, sy < C|h|* for some
o> 0,and [, [u|*"'G(u)du < C. Then foranye > Oandl,r = 1,2, ..., there exists
k = k(e, 1, r) such that

Gy <e

0
(4.5) |A'G|,, oy < & and H
L (R)

a¢r

where A is the Laplacian and Gy, = Gy * G.

Proof Using iterations and the Kolmogorov-type inequality given by

.
b
Ly (R9)

|

1— L
@Gk |Gilly, oy forr <2

< K[|AG

L (R9)

(see [Di-1, Theorem 6.2] with B = L, (R?)), we have to prove only the first inequality
of for some fixed I. (We choose I = d + 3.) It was shown in the proof of
[St-We, Lemma 3.17, p. 26] that

(4.6) ¥l ey < C Z ||Dﬁ1/’HL1(u§d)a

|B]<d+1

where D7 = (0%)8‘...(0%{)@ and |B| = B + -+ + B

We apply to 1) = A!Gy with k to be chosen later. Therefore, we have to show
(4.7) IDH{x* G ey < &1 for |B] < d+1and k > ko.
Under the conditions of our lemma and using (£4)) of Lemmal[ZT] we have
(4.8) |G(x)| <1, |D'Gx)| <C, |x|*|G(x)| <C fora; <, and |y| <d+1.

We set RY = D, U D, UDs, where Dy = {x: |x| < r}, D, = {x:r < |x| <R},
and D; = {x: |x| > R}, and we estimate \\Dﬁ{|x|21§(x)k}||L1(Dj) to obtain ([£.7). We
deal first with the estimate on Ds. We choose R (using (£.8])) such that \(A;(x)| < % for
x| > R. As [G(x)| < Clx|~ for oy < a, |Gx)|™ < C"|x|~%21 for m = [422],
and as |D7G(x)| < C for |y| < d + 1, we have

|D“/{(A?(x)k}| < Ckh’||§(x)‘kfhl < éklwl|(A;(X)|kfmflvl‘x|fd72171

< C’k'”‘i|x|*d*2’*1.
2k

Since |D7|x|?| < C max(|x|?, 1) for all y, we conclude that

kd+1

~ a1
D (PG00 iy < CoR 5 < G
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which is small enough provided that k > k;.

We choose I such that I = d + 3 (as it is sufficient to prove ([43) for some fixed )
and we estimate ||Dﬂ{|x\21G(x)k}HLl(Dl) onD, = {x:|x| <k MN\= 2(‘1!;12)} that
is, r = k=" with A\ < 1. Using |D7[x|*| < C|x[*79~! for |y| < d + 1, we have for

1B <d+1
||D‘6{|X‘216(X)k}’HLl(Dl) < Clkd+1(k—>\)21—d—l(k—)\)d — Clkd+lk—>\(2d+4)k—>\ — Ck—A,

and |\D'3{|x|216(x)k}HLI(DI) is sufficiently small for k > k; > k;.

Using (3] for m satisfying am — d > 1, and recalling fRd G,,(u)du = 1, there
exists a point ug such that G,,(uy) = a > 0. Using (£3) again (with am — d > 1),
we have

|Gp(u+h) — G,(u)| < Ah| foralluh € RY,
and therefore,

a a
G,(u) > 3 for{ Du—uy| < ﬁ}

We now define ¢, gr(u) = 1(u) with R of D3(R) by

[u—uy| < min(ﬁ, %) ,

P(u) = Yo p(u) = {5”

otherwise.

This implies f pt Yar(@)du = bwith0 < b < 1and b dependlng only on m, A, a,
and R. To estimate the Fourier transform of G,,,, we write G (x) = — Yar) (x) +
%,R(X% and as G,,(w) — Yar(w) > 0, [(Gy — Yar) (x)\ <1-— b. The Fourier
transform of v, p is given by

o~ . a . . a
Par(X) = e Iu(’x*/ e Mdv=e ’“Oxf/ cos xvdv
2 Jivi<min(.5) 2 Jvi<min(4.3

_ a s . XV
=e '“‘)Xf/ av—e ’“"Xa/ sin® —dv.
2 [v|<min(5%,%) [v|<min(5% 2

2A°R 247 R)
Hence, using sin’ % > (%)2 for || < 7, we have for |x] <R

|1Zu,R(X)| =b-— a/ sin® X?Valv

[v|<min(3%,%)

a
<b- 7/ (xv)2dv
s |v| <min(&,Z

24°R

a 2
<b- 7|x\2/ ( ) Iv[2dv.
™ [v| <min(5% | || ‘

2
/ (i> Iv|*dv > ¢ > 0,
[v|<min(£,T) [x][v|

Since
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where ¢ = ¢(a, A, R, d) does not depend on x, we have
~ a
[Par(X)| < b — ;c|x|2 =b—qlx?,

and hence |G,,(x)| < 1 — ¢[x]? for |x| < R. To estimate ||D°{|x|*G(x)*}||L,(p,)» we
use the fact that for 2 — d — 1 > 0 and |y| < |8| < d + 1, the function |x|*~1"l(1 —
c[x[?)k attains maximum at |x|? ~ % with k; = k/m, and is decreasing for |x|> > «.
Using (4.8)) and the estimate above, we have for |5| < d + 1

||D‘6{|X‘216(X)k}”L1(D2) < C~(k—)\)21—d—1(1 _ Ak—/\)kkdﬂ7

and as \ < %, the last expression is sufficiently small when k > k, > k; > k;.
Therefore, for I = d+3, we proved HAI GkH Loy <E provided that k is sufficiently
large. ]

As a corollary of Lemmal[4.2] we have the following useful result.

Lemma 4.3  Suppose i is a positive measure satisfying [p, dp(u) = 1, as well as (L2),
(L3, (L4) withr = d + 1, and (L3). Then for e > 0 and each r and I, there exists k
such that

w |l

where @k(x) = (z;l;(x))’”k with m of (LG). Moreover, for A, given by (1), AFf =

At(Aff*lf) and € > 0, there exists k such that

|5
ogr

for any B satisfying (L8]) and (L9).

Proof The proof of ([A9) is essentially just a change of variable in (@3). The in-
equality (10) for B = C(R?) follows immediately from (&3). To derive (ZI0)
for all Banach spaces B satisfying (L.8) and (L.9), we follow an often used technique
(see [Ch-Di, Di-Iv, Di-1I] and Lemma[3.4]). [ ]

€
S 51
Li(Rd) — 2

€ X
< = and H AZZt_de(f> ’
Li(R9) tr t

g
(4.10) A'EfHB <5 Il f1l5

We also have an alternative condition to (I.5) which sometimes is more accessible.
Lemma 4.4 Suppose a positive measure du satisfies (L2), (L3), and (L4 for r =
d+ 1. Then
(i) |x|*|du(x)| < A, for some a; > 0, and

(i) [|AnGll, ey < Alh|* for some o > O where G(x) = (c/i/:(x))m for some integer
m, are equivalent.

Proof Using (£4), (ii) implies (i). Using (T4), \Dﬁd/;\t(xﬂ < Cfor|f] < d+1.
We can now follow the proof of Lemma (with I = d + 3) and use I to obtain
ID?(du(x))™| < C for |B] < d + 1, and ||D*{|x2(du(x))"}|L, s < Ci for all
5/s\atisfying |B| < d+ 1 and some integer m and therefore, G € L;(R%), G(x) =
(du(x))™ and [|G(- + h) — G(')”L](]R{d) < G [h. u
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Remark 4.5 For L,(RY), the proof of

| 5] = Wl

is simpler and does not use (I.4) as we have to show only that the multiplier

Ly( lmd)
\x|21(d/\u(x))k is small provided that k is big enough.

5 The Converse Result

In Section[dlwe proved the main ingredients for the converse result. We now state and
prove the converse theorem which, together with the direct result given in Section[3
will complete the proof of the equivalence theorem i.e., Theorem[I.11

Theorem 5.1 Under the conditions of Theorem[LT]
) i — 2 < — .
(5.1) panf (IF = 8lls + 7 [P(D)glg) < ClIf = A Sl

Proof We first prove our result for gtF for which F € C(R?), F(x) = f(M~'x) and
Py (D) = A. Using Lemma[3.2] we write

with [ > [y and [y sufficiently large so that AIF € C(R?), and this is possible
by combining (£2)), (L3), and (L.6). Moreover, we will select I to be bigger later in

the proof when the need arises. We now use (3.7)) (implied by [Di-Iv, Lemma 9.3]
and [Di-II, Lemma 2.1]) with ¢ = AiF to obtain

<Gt su H H
cmy ! |£|p1 053 C(R)

2

1/2 1/2
< CzHAA FHC/[R{d) H 854

e

P~

H Pra

We choose I; < Ilarge enough so that A"F € C® (R%), which is possible following
Lemma[{T]and (L3), and for a given & > 0, we choose I — ; large enough so that

C(R{d

— v
H oe ! H (JR(“) ” e

which is possible following (@I0) of Lemma IEl Following [Di-Iv, Section 9], we
can now write

H8£4 ‘ IR(”)S% %AI]F‘C(R”
B 2 SRR,
Sitl 8653 C(IR9) tjCZ(l ll)HAtF FHC(W
gzmax(fH 053 ’ (Rd) MHAF FHC([«“'))'
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Combining the above, we have

&
C I 7Al ) 12

F‘ e c3(t2|\M§

FH C(RA)

[max(sltSH 8{3 )761(1 — ll)HgtF — FHC(]R{‘*))} 1/2.

Therefore, we have

| AFF — ATF ~ AA 1 gy < Camax(VEER| AAF]| s [ AF = Fl )
and
(5.2) tzHAKiFHC(W) < CSH‘XfF o F”C(IR"’)’

which implies (5.0) with g = A!F for the operator A, and B = C(R).
The technique used in Lemma[3.4] (and elsewhere) now extends (5.2) to all B sat-
isfying (I8) and (L9). The considerations in Section 2] and in particular (Z.3) of

Lemma3and (Z4) of Lemma[Z3] transfer (5.1) from A,F to A, f with A becoming
P(D). ]

6 Applications

In this section we will show that the equivalence Theorem [L]is applicable to many
averaging operators.

Theorem 6.1 Suppose S C R? is a bounded convex set with an interior point and cen-
ter of gravity at (0, ..., 0), and suppose G(u) = ﬁ){s(u), where m(S) is the Lebesgue
measure of S and xs(w) is the characteristic function of S. Then

6.1) I4f = £l dnk (15 = gl [Pl
where )
A = /R e wxs()du,

P(D) is given by for du(u) = G(u)du, and B is a Banach space satisfying (L),
(L3), and (L.I0).

Proof The boundedness of S implies m(S) < oo, and, setting du(u) = G(u)du, it
implies (T.4) for all r and the right-hand inequality of (I3). The left-hand inequality
of (L3]) follows from the fact that S has an interior point. We prove condition (I.5)
for o = 1, where m of (L.G) equals 1 i.e., that

(6.2) / |G(u+h) — G(u)|du < M|h|.
R
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To establish (6.2)), we define for any h € R?
Sh={v:v=u+ah,0<a<l,ue s}

and ,S = {v : v,v —h € S}. We let A be the orthogonal projection of S on the
hyperplane perpendicular to h. Clearly,

m(Sp) < m(S) + [hjm(A) < m(S) + [h|m(DS)

and
m(yS) > m(S) — [hjm(A) > m(S) — [h|m(d$),

where m(A) and m(0S) are the Lebesgue measures of A and of the boundary of S
denoted by 9S. For any h € R?, we now have

1 1 m(0S)
—_— (x+h) — xysX)|dx = —— dx < 2|h|———,
m(S) A{d Ixs Xs(ldx = e G0, b )
which is (6.2)). Satisfying all the conditions of Theorem [l we have (&.)). [ |

Remark 6.2 In the application given in Theorem[6.1] it is clear that P(D) does not
have to be the Laplacian. Any affine transformation of the simplex, cube, or ball in
R? satisfies the condition when the center of gravity is moved to (0, ..., 0). For the
ball and the cube, was proved in [Di-Ru] and [Di-Iv, Section 9], respectively.
Other applications are half of (or other part of) the ball, a cone 0 < x-v < cos 6 for
fixed v and 6, cut by a hyperplane not passing (0, ...,0) and containing a positive
multiple of v, or by the ball |x| < a (an ice cream-type cone), all properly centered.
In fact, one can use sets which are not convex (but with (0, ..., 0) as their center of
gravity), like for instance the set between two balls, cubes or simplices, one inside the
other.

We now give an application for which is satisfied with some o, 0 < o < 1.
Theorem 6.3 Supposeu € RLO< < 1, dp(u) = G(u)du,

a—d <
G(u) = {M|“| uf <1 / G(u)du = 1
0 ]Rd

. b
otherwise

and B satisfies (L8)) and (L9), and suppose also that

Af(x) = / f(x + tu)G(u)du.
R4

Then (&1 is satisfied with P(D) = A.

Proof We have to verify the assumption of Theorem [[T] for du(u) = G(u)du, of
which all but (L5) (or equivalently (T7)) are immediate. To verify (L3]), we note
that for |x| > 1 + |h| both G(x) and G(x + h) equal zero, and write

/ \G(x)—G(x+h)|dx={/ +/ +/ }\G(x)—G(x+h)|dxz[1+12+13,
R D, D, D3
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where D; = {x: |x| < 2h|}, D, = {x:2h| < |x] < 1—|h|}and D5 = {x:
1 — |h] < |x| < 1+ |h|}. We now have

|G(x)|dx+/ |G(x)|dx

x| <3[h|

I S/ (G(x)|+|G(x+h)|)dx§/
D,

x|<2/h|
gM{ / Ix[*ddx + / \x\a*ddx} < M |h[°.
ix|<2lh| ix|<3/h|

To estimate I,, we write G(x + h) — G(x) = |h|{%G(§), where ) (|n| = 1) is in the
direction of h and ¢ is a point between x and x-+h. Therefore in D,, | G(x) —G(x+h)| <
M,|h||x|*~9~ and

I, < M, h| / Ix|*~9"1dx < Ms|h|®.
2/h| <[x|<1—|n]

For x € D3, the estimates |G(x)|, |G(x +h)| < M(1 — |h|)*~% < M, hold, and hence

I; < (|G(x)| + |G(x+ h)|)dx < 2Mym(D;) < M;|h]|. [ |
Ds

As in both above applications dy(u) had compact support, we put forward an
example for which dy(u) has all of R as its support.

Theorem 6.4 Supposeu € RY, 3 > 0, du(u) = G(u)du,

G(u) = Me*|“|‘d, / G(u)du =1
R
and B satisfies (L8) and (L9). Then is satisfied with P(D) = A and A, f(x) =
Jpe f(x+ tu) G(u)du.
The proof of Theorem [6.4] consists of verifying (T.2)—(L.35) which are essentially
straightforward.

7 Applications when dyi(u) is Singular

In this section we give applications of Theorem [[LTlwhen du(u) is supported by a set
of Lebesgue measure zero in R and hence is singular. It is well known that in R (or
T) for the operator

Apf(x) = %f(x—h)+ %f(x+h),

one has

(I1f =gl + 2 llg"ll) -

(7.1) sup ||Ahf—f||BEw2(f,t)B% inf
0<h<t g''EB
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and simple examples can be given to show that the supremum cannot be replaced by
|Anf — f||5 for a single h ~ t. Similarly, for x € R? and

d
Af0 = 5 O+ hej) + flx— hey),
j=1

where {e j}?zl is a set of orthogonal unit vectors in R?, one has

(7.1)/ sup ||Anf — ~ inf
s aaf = fll = g,

(”f _gHB +1 HAgHB) s

and the supremum on the left of (7.1)” cannot be dropped. However, it was shown
in [Be-Da-Di] that averages on the circle or sphere (d > 1) do yield a strong converse
inequality of type A. In this section we will show that the result in [Be-Da-Di] is in
fact part of much wider phenomena.

Theorem 7.1 Suppose that E C RY, d > 1, is a boundary of a bounded convex set S,
E = 0S, and that the Gaussian curvature of E is different from 0 everywhere. Suppose
further that dyu(u) is the d— 1 Lebesgue measure of E normalized to satisfy [, dp(u) = 1
and that the center of gravity of E with respect to du(u) is (0, ..., 0). Then

~ 1 2
146 = Flls =~ int (1 =gl + 2 1Pl

where A, is given by ie.,
Af(x) = /f(x+ tu)du(a) = /R fx+tu)du(u),
E R

B satisfies (L8), (L9), and (LI0), and P(D) is given by (L12).

We recall that the Gaussian curvature at a given point u € E (see [St, p. 348]) can
be described as follows. For the point u € E moved to the origin, the tangent plane
to E at u (now the origin) is spanned by the orthogonal vectors xi, . .., x4—1, and in
the neighbourhood of u the surface E is described by x; = @(x1,...,x4—1) (where
xq L xj j < d). The Gaussian curvature at u is now given by the determinant of
the matrix 228=%=10) ot the origin. In short, we require that any plane containing
u € E and the perpendicular to the tangent plane of the surface E at u intersects E
with a curve which, written as a function of x representing the perpendicular vector
to the tangent plane, has a second derivative different from 0 at u. It is assumed that
the boundary is smooth enough, that is, for any point u, ¢ defined locally, belongs to
Ct.

Proof The conditions (L.2]), (L3]), and (L.4) follow easily. We use [St, p. 348, (27)]
to obtain |du(x)| < M|x|"=®/2, which implies (L7) for d > 1. [
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Remark 7.2 (i) It was not necessary to have the Gaussian curvature different

(ii)

(ii1)
(iv)

)

(vi)

from 0. In fact, we need (L7) and not the stronger condition \d/\u(x)| <
M|x|1=9/2_ For example, the measure given by the uniform weight on the
cylindrical body

E={x=(x1,...,x0) :x +-+x5_, = 1,|xg] <1}

for d > 3 easily satisfies (L7) (with oy = % when d = 3) and hence the condi-
tions of Theorem [T}

The uniform weight on part of a sphere or a boundary of a bounded convex set
of Gaussian curvature different from zero, centered at the origin, also satisfies
the conditions of Theorem [Tl

Sums of measures that satisfy the conditions of Theorem [[.T] properly centered
will also satisfy the conditions of Theorem[L1]

A guide to m-dimensional bounded manifolds (1 < d) on which a normalized
uniform weight will satisfy the conditions of Theorem[L]is given in [St, p. 351,
Theorem 2].

We conjecture that the measure given by the normalized uniform weight on the
boundary of a cube or a simplex properly centered will also yield (I.I1). Unfor-
tunately, the methods of this paper cannot imply it, as neither (L7) nor (I3 is
valid.

In this section, the support of the measure is of very smooth character. It is
interesting to ask about implications such as (I7) for other situations. For in-
stance, is (L.7) satisfied when we have a boundary of a convex set E which is less
smooth, perhaps with the added condition that the measure of E between two
parallel hyperplanes, the distance between which is 6, is smaller than ¢6* with
positive \?
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