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1. In an e a r l i e r pape r [2] , we rai.sed the ques t ion of d e t e r m i n i n g 

the m i n i m u m span of the k de r iva t ive of a po lynomia l with r e a l 
z e r o s having a given span . M o r e p r e c i s e l y let n denote the c l a s s 

i i ' 

of po lynomia l s P(x) = C II (x - x .) , with x £ x < . . . . < . x , and 
i = l 

the span cr (P) E X - X - 2 S (fixed). The p r o b l e m is to d e t e r m i n e 

(1) m i n t r (P ( k ) ) , k = 1,2, . . . , n - 2. 
P e IT 

n, s 

We showed that if k = n - 2, the above m i n i m u m is at tained only for 

the po lynomia l s of the f o r m C {(x - a) - s } (x - a) , a r e a l . 
In a r e c e n t pape r , Ahmad [ l] has obtained an upper e s t i m a t e for (1) 
when k = 1. 

H e r e we obtain the exact va lue of (1) for al l k and d e t e r m i n e 
the po lynomia l s for which this i s a t t a ined . 

2 . THEOREM. In the notat ion of sec t ion 1, for k = 1,2 n - 2 , 
we have 

J_ 
(2) m m (riP ) = 2s . ( . ;—) 

n n - 1 
P € TT 

n, s 

and this is at tained only for po lynomia ls of the fo rm 
rt \ n ~ 2 r/ \ 2 2 i 
C(x - a) {(x - a) - s } , 

with a and C r e a l . 

Proof . It will be enough to p rove (2) for k = 1 and n >_ 3 . 
F o r if (2) has been proved for k = 1 and al l n :> 3, then on s u c c e s s i v e l y 

( j - 1 ) 
applying i t to P (j = 1, 2, . . . , k) we have 
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, ( P ( V , ( P ( J - V ( ^ 7 ) 2 ,j = l,2 k, 

whence 

k i i 
(3) , ( P ( k ) ) > , ( P ) ( n ^ ^ t r ) 2 = « ( P ) ( ^ • i L ^ ± ) 2 

1 
with equal i ty only if cr(P') = c r ( P ) . ( ) . So we 

p r o c e e d to p r o v e (2) for k = 1. We m a y a s s u m e , without l o s s of 
g e n e r a l i t y , tha t s = 1 and that the z e r o s of P(x) € TT a r e located 

n, l 
in [ - 1 , 1}. Then 

2 n ~ 2 

P(x) = C(x - 1) n (x - x.) , - l < x < x < . . . < x 0 < 1. 
. . l — 1 "~ 2 ~ — n-2 — 
1 = 1 

It i s c l e a r tha t the m i n i m u m span of P 1 cannot be a t ta ined if x = - i 

and x = + 1. So denot ing the z e r o s of P ' (x) by £ < . . . < £ , 
n - 2 1 — — n - l 

i t fol lows f r o m R o l l e ' s t h e o r e m that e i the r (i) both £ , and £ 
1 n - l 

a r e the e x t r e m e solut ions of 

P ' ( £ ) 2^ n " 2 i 
(4) ^f1 = —^— + 2 - = 0 

P ( S } " £ 2 - i i = i Ê — i 

or (ii) one of t hem i s fixed (say £ , = + 1) and the o the r £ i s the 
n - l ' 1 

s m a l l e s t r o o t of (4). 

We wil l show that the m i n i m u m span of P 1 cannot be a t ta ined 
when x < x _. F o r if x < x . then d i f ferent ia t ing £ p a r t i a l l y 

1 n -2 1 n -2 1 
with r e s p e c t to x j on the h y p e r p l a n e x , + x _ = d (d cons t an t ) , 

1 1 n - 2 
we have f r o m (4), 

1 ^'V*/ <-D2 <W ' V v / 
8 1 1 

Since £ < x J < x . we see f r o m the above that ~ > 0. 
1 1 n-2 Ox. 

1 
A s i m i l a r a r g u m e n t shows tha t in c a s e (i) a s we l l as in (ii) 

8 * 1 

< 0, so that 
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1 1 1 

This shows that the m i n i m u m span can occur only if x = x 

x _ = a , I a I < 1. 
n - 2 i i — 

We now show that we m u s t n e c e s s a r i l y have cn=0. Since if 

P(x) = C ( x 2 - l ) (x - af'2, then cr(F-) = 2 P + " ( * - 2) 2 jaz + n(n 

n 
which can be fu r the r d e c r e a s e d if a î 0. This comple t e s the proof of 
t h e o r e m . 

The p r o b l e m of computing the m a x i m u m span of d e r i v a t i v e s of 
po lynomia l s was f i r s t inves t iga ted by R o b i n s o n [ 4 ] . 
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