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SEMISTABLE SHEAVES WITH SYMMETRIC ¢,
ON A QUADRIC SURFACE

TAKESHI ABE

Abstract. For moduli spaces of sheaves with symmetric ¢ on a quadric
surface, we pursue analogy to some results known for moduli spaces of sheaves
on a projective plane. We define an invariant height, introduced by Drezet in
the projective plane case, for moduli spaces of sheaves with symmetric ¢; on a
quadric surface and describe the structure of moduli spaces of height zero. Then
we study rational maps of moduli spaces of positive height to moduli spaces of
representation of quivers, effective cones of moduli spaces, and strange duality
for height-zero moduli spaces.

81. Introduction

It is a fundamental problem to decide whether there exists a semistable
sheaf with a given numerical invariant or not. In the case of P2, Drezet
and Le Potier [DL] solved this problem completely; they determined the
set of pairs (u, A) such that there exists a semistable sheaf having p as its
slope and A as its discriminant. In their result, exceptional bundles play an
important role. In [D], Drezet refined the result by introducing a function
0:Q — Q, which is also defined using exceptional bundles. He proved
that the inequality A >d(u) is a necessary and sufficient condition for
(1, A) € Q? to be the pair of the slope and discriminant of a nonexceptional
stable sheaf. The function § allowed him to define an invariant height of
a positive-dimensional moduli space of semistable sheaves on P2, and he
proved that a moduli space of height zero is isomorphic to a moduli space
of representations of the Kronecker quiver [D, Theorem 2.

The Picard group of a positive-dimensional moduli space of semistable
sheaves on P? is a free abelian group of rank 1 (resp. 2) if its height is zero
(resp. positive).
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When the height of a moduli space M of semistable sheaves on P? is
positive, Coskun, Huizenga and Woolf [CHW] constructed a rational map
of M to a moduli space of representations of a Kronecker quiver, and using
it, determined completely the effective cone of the moduli space M. In [A15],
using Coskun, Huizenga and Woolf’s rational map as one of the ingredients,
the author showed the strange duality for sheaves on P? when one of the
moduli spaces appearing in the strange duality has height zero.

The aim of this paper is to pursue, in the case of the quadric surface

’ analogues to the

S =P! x P! under the assumption “with symmetric c;,
above results.

1.1 Height and moduli spaces of height zero

First of all, we need to determine Chern classes of semistable sheaves with
symmetric ¢; and define height for positive-dimensional moduli spaces of
sheaves with symmetric ¢; on S. In [R94], Rudakov described Chern classes
of semistable sheaves on S (under the condition A # 1/2). His description
involves all exceptional bundles. The set of all exceptional bundles on S
is more complicated than the set of those on P? (see [R89]). So it seems
difficult to define, in the quadric surface case, an analogue to the function
§ introduced by Drezet for P2, and to define height of the moduli space of
semistable sheaves on S.

The essential observation of this paper (Proposition 3.6) says that
if we restrict ourselves to considering semistable sheaves on S having
symmetric c1, then we can describe their Chern classes using only symmetric
exceptional bundles. Although the proof of this observation is easy, we note
that it still is not a trivial fact because the filters of the Harder—-Narasimhan
filtration of a sheaf with symmetric ¢; do not necessarily have symmetric
c1. The set of symmetric exceptional bundles on S is well understood
(cf. [R89, Section 6]), so we can define an analogous function ¢ to Drezet’s
function § in the P? case, and define height of a moduli space of semistable
sheaves on S having symmetric ¢; (Definition 3.8). Then we proceed to
show that a moduli space of height zero is isomorphic to a moduli space
of representations of a certain quiver (see Section 5.2 for the appearing
quivers). The result has some overlap with the result in [Kal, [Ku]. In both
[Ka] and [Ku], the authors do not impose the assumption “having symmetric
c1”. Karpov [Ka] gave a sufficient condition for a moduli space of semistable
sheaves on S to be isomorphic to a moduli space of representations of
Kronecker quivers. In [Ka, Section 7], he considered a symmetric case, and
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[Ka, Theorem 7.3] is a special case of Theorem 5.4 in this paper. Kuleshov
gave some examples of moduli spaces of semistable sheaves on S that are
isomorphic to moduli spaces of representations of quivers like Q% and Q7
(see Section 5.2 for the quivers Q%, Q°).

1.2 Coskun, Huizenga and Woolf’s rational map

After defining height, and describing the structure of moduli spaces of
height zero, we move on to studying moduli spaces of positive height.

Let M be a moduli space of positive height of semistable sheaves with
symmetric ¢; on S. What we do is the following:

(i) We construct a rational map of M to a moduli space of representations
of quivers, which is an analogue of the rational map constructed by
Coskun, Huizenga and Woolf in case P? [CHW].

(ii) We determine some part of the effective cone of M. More precisely, we
define a 2-dimensional subspace V' in NS(M )r, and determine the cone
Ef(M)NV.

(iii) We establish a strange duality for height-zero moduli spaces in the
case 5.

Actually, once we succeeded in defining height, doing these things is a
more or less straight-forward task. Having said so, there are some technical
issues to cope with. The technical difficulty is caused by the following two
facts:

e the Picard group of S is not cyclic,
e there are two kinds of symmetric exceptional slopes: even ones and odd
ones.

For example, to carry out (i), we need to show an analogous result to
[CHW, Theorem 4.16], which concerns continued fraction expansions of
exceptional slopes. This is Theorem 7.4, and its proof is messier than [CHW,
Theorem 4.16] due to the above second fact. Also, to prove (iii), we need to
show a dimension-estimate result analogous to [Le, Lemma 18.3.1]. This is
Proposition 6.1, and its proof is more involved than [Le, Lemma 18.3.1] due
to the above first fact.

Comment on the method of the proof of Theorem 5.4: in the proof
of Theorem 5.4, it is essential to show that the semistability of a sheaf
corresponds exactly to the semistability of the representation of a quiver.
To show this, we take a different method from that in [D], [Ka], [Ku]; we
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employ the argument using the Bridgeland stability as in [ABCH], [Oh]. It is
just a matter of the author’s taste; the proof via the Bridgeland stability
feels more conceptual.

Organization of the paper: In Section 2, we collect basic facts about
symmetric exceptional bundles. In Section 3, we define the function 6,
prove the existence theorem (Theorem 3.7), which is a counterpart of the
second statement in [D, Theorem 1], and define the height of a moduli
space. In Section 4, we study the Bridgeland stability for symmetric
exceptional bundles. The Bridgeland stability of exceptional bundles on P?
was studied by Huizenga [H, Section 9], and we trace his argument. In
Section 5, we study the relation between the usual semistability and the
Bridgeland semistability. Then, after introducing notation of quivers, we
show that the moduli space of height zero is isomorphic to a moduli space of
representations of a quiver. Section 6 is devoted to proving Proposition 6.1,
which gives a dimension estimate for the locus of nonsemistable sheaves
in a complete family of torsion-free sheaves. In Section 7, we consider
continued fraction expansions of symmetric exceptional slopes. This section
is a counterpart of [H, Section 3] and [CHW, Section 4]. In Section 8, we
consider resolutions of semistable sheaves by symmetric exceptional bundles.
In Section 9, we define a rational map of a moduli space of sheaves to a
moduli space of representations of a quiver, which is an analogue, in the
quadric surface case, to Coskun, Huizenga and Woolf’s rational map. In
Section 10, we define a 2-dimensional subspace in the real Néron—Severi
group of the moduli space of sheaves, and determine the intersection of the
subspace and the effective cone. In Section 11, we state a strange duality for
height-zero moduli spaces in the quadric surface case. In Appendix we give a
Beilinson-type spectral sequence used in the paper for readers’ convenience.

Notation and Convention. In this paper, the variety S denotes P! x P!,

The line bundle Opi(a) X Op1 () is denoted by O(a, b), and £ ®@ O(a, b)
is abbreviated as F(a, b) for a sheaf E. We identify Pic S with Z? by the
correspondence O(a, b) <> (a, b).

Unless otherwise stated, a semistable sheaf is a semistable torsion-
free sheaf, and semistability means Gieseker-Maruyama semistability with
respect to the ample line bundle O(1, 1). The rank of a coherent sheaf F is
denoted by r(E). The reduced Hilbert polynomial of a sheaf E is denoted
by pg, that is, pg(n) = x(E(n,n))/r(E) for n > 0.

For polynomials f and g, f =g (resp. f > g) means that f(n) > g(n)
(resp. f(n) > g(n)) for n>> 0.
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A class £ € K(9) is said to be semistable if there exists a semistable sheaf
F with £ = [F].

For £ € K(S), we denote by M (&) the moduli space of semistable sheaves
F on S with [F]=¢.

For a smooth projective variety X, D(X) denotes the bounded derived
category of coherent sheaves on X.

P(x) denotes the polynomial (z + 1)2.

§2. Preliminaries

2.1 Numerical Invariants
The rank of &€ K(S) is denoted by r(§). If £ has rank r >0, its
discriminant is defined by

A =2 <C2(§) - 1cl<5)2>.

If ¢1(€) = (a, b), then we put

v(§) = (a,b)/r, V(€)= a/r, V'(€) = b/r,
deg& = a+0, w(&) = (a+0b)/r, (&) = u(&)/2.

Here v(£) is an element of Pic S ® Q ~ Q?. We say that ¢ has symmetric ¢
if @ =b. We mainly use these notations when £ is a class of a sheaf.

If £&,ne K(S) have positive rank, then by the Riemann—Roch theorem
we have

X (& m) =r(&)r(n) {(v'(n) — ') + 1) (+"(n) —v"() + 1) — A() — A}

It w(€) = (A(€) + t, (&) — t) and v(n) = (i) + s, fi(n) — s), then the above
formula can also be expressed as

(21)  x(&m) =r(©r(n) {P(aln) — a€)) — (t - 5)* = A€) — A(n)}.

In particular, if £ and 1 have symmetric ¢, then

(2.2) x(&m) =1(©)r(n) {P(a(n) — &) — A() — Aln)}

DEFINITION 2.1. A coherent sheaf E' on a smooth projective variety is
said to be exceptional if End(E) ~ C and Ext!(E, E) =0 for i > 0.
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All exceptional sheaves on S are locally free (cf. [KO, Proposition 2.9]).
A general member C' of the anti-canonical linear system |—Kg| is an elliptic
curve, and the restriction E|c of an exceptional bundle E to C' is simple (cf.
[KO, Lemma 3.6]). It follows from this that E is p-stable (with respect to
the polarization O(1, 1)), and that if ¢;(E) = (a, b) then 2(a + b) and r(E)
are coprime. In particular, r(£) is odd.

2.2 Symmetric Exceptional bundles

t:S — S denotes the involution (z,y)— (y,z). A coherent sheaf E on
S is said to be symmetric if *E ~ E. We recall the following result [R89,
Proposition 6.1].

PROPOSITION 2.2. Let E be a symmetric bundle that is a direct sum
By @ Ey with By and Es exceptional bundles. The following are equivalent.

[y

(1) x(E, E)=2.

(2) x(E1, E2) = x(E2, E1) = 0.

(3) EXtZ(El, EQ) == EXtZ<E2, El) =0.

(4) v(E1), v(Es)e{(a,a£tl)/r|a,reZ}

After Rudakov [R89], we use the following terminology.

DEFINITION 2.3. A symmetric exceptional bundle is either an excep-
tional bundle which is symmetric or a symmetric bundle satisfying the
equivalent conditions in Proposition 2.2. The former is called an odd
symmetric exceptional bundle, and the latter is called an even symmetric
exceptional bundle. (Note that an even symmetric exceptional bundle is
NOT an exceptional bundle.)

The use of the adjective “even” and “odd” is justified by the fact that
the rank of an even (resp. odd) symmetric exceptional bundle is even (resp.
odd).

2.3 Mutation in a general context

We recall an operation called mutation in a general context. Our
references are [Bo] and [BS].

Let D be a C-linear triangulated category. For a full triangulated
subcategory B, we put

Bt = {AcD|Hom(B, A) =0 for any B € B},
1B ={AcD|Hom(A, B)=0 for any B € B}.

https://doi.org/10.1017/nmj.2016.50 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.50

92 T. ABE

Then B is defined to be left (resp. right) admissible if the inclusion functor
B < D has a left (resp. right) adjoint. B is said to be admissible if it is
left and right admissible. It is known (cf. [Bo, Lemma 3.1]) that B is left
(resp. right) admissible if and only if the pair (B, +B) (resp. (B*, B)) is
a semi-orthogonal decomposition. Here, a pair (B,C) of full triangulated
subcategories of D is a semi-orthogonal decomposition if

e for Be B and C € C, we have Hom(C, B) =0,
e any A € D fits in a triangle

(2.3) C—+A— B,

with C' € C and B € B. (One can easily see that B and C are determined
uniquely up to unique isomorphism.)

Assume that B is admissible. For A € 1B, we define Lg(A) € B+ to be
the object determined by the triangle
B— A— Lp(A)

with B € B. Lg(A) is called a mutation of A through B. Similarly, for
A € B*, we define Rg(A) € +B to be the object determined by the triangle

Rp(A) - A—B
with B € B. Rg(A) is called a right mutation of A through B.
IfE=(Fy,..., E,) is an exceptional collection, the full subcategory (E)

generated by E is admissible (cf. [Bo, Theorem 3.2]). We write Lg and Rg
for Ligy and Rg.

DEFINITION 2.4. A d-block exceptional collection is an exceptional
collection E together with a partition of E into d subcollections [E =

(Ei,...,Eq) such that the objects in each block E; are mutually orthogonal,
that is, for any F, E' € E;, we have Hom*(E, E') = Hom*(E', E) =0 for
any k.

Given a d-block exceptional collection E = (Eq,...,Ey), we define, for

1 < i< d, a d-block exceptional collection 7F(E) to be
(E1,...,Ei—o, Ly, ,(E;)[—1], Ei—1, Eiyq, ..., Eq).
Similarly for 1 <i < d, we define 77(E) to be
(El, oo Ein1, Eigr, Ry (B9)[1], Eiga, - oo Ed).

We call TZ»L and TZ-R d-block mutation operators.
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Now we specialize to the case D = D(X) with X a smooth projective vari-
ety of dimension n. If E = (Eq,...,E,41) is a full (n+1)-block exceptional
collection consisting of exceptional sheaves, then [E is strong, and TZL (E)
and 7(E) also consists of exceptional sheaves (cf. [BS, Theorem 4.5]). It

follows from this that if E;_y = (Eqy1, ..., Eg), E; = (Eg41, ..., E,) and
Eit1 = (Ey41, ..., Es), then for § 4+ 1 <k <, the natural morphism
B
@ Hom(E;, E;) ® E; — E},
l=a+1

is surjective, and Lg, ,(Ej)[—1] is its kernel. Similarly, the natural mor-
phism
0
Ej, — @ Hom(E}, E))* ® E
l=v+1

is injective, and Rg, , (Ey)[1] is its cokernel.

2.4 Mutation of Symmetric Exceptional bundles

A symmetric exceptional triple is a triple (Fj, Eq, E3) of symmetric
exceptional bundles on S such that one of E!s is even, and the other two
are (necessarily) odd, and that Ext®(E;, E;) =0 for any k if i > j.

If (E1, B9, E3) is a symmetric exceptional triple, and E; is an even
symmetric exceptional bundle E] & E!, then by substituting (E;, E!') for E;,
we obtain a full 3-block exceptional collection. Conversely, if (Eq, Eq, E3) is a
full 3-block exceptional collection, then one of the blocks [E;’s consists of two
exceptional bundles and the other two blocks consist of a single exceptional
bundle. Say E; = (Ei, Ei’) and Ej = {Ej}, 7=2,3. Then (Ei D Ei’, FEs, Eg)
is a symmetric exceptional triple if the sheaves in the triple are symmetric.
By this correspondence between symmetric exceptional triples and full
3-block exceptional collections such that the direct sum of bundles in each
block is symmetric, we can apply 3-block mutation operators TZ-L , TZ-R for
symmetric exceptional triples. For example, for a symmetric exceptional
triple & = (E4, Eq, E3),

7—3L<5) = (Eh Lg, (E3)[_1]7 EQ)? TlR(g) = (E27 Rp, (El)[l]v E3)7

where if F is an even symmetric exceptional bundle £’ & E”, then Lg and
Rp are understood to be Lig/ pry and R pr pry, respectively.
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2.5 Construction of Symmetric Exceptional bundles

Let SE be the set of all symmetric exceptional bundles. Put © := {p/27 |
pEZ, q€ Lo} We define a map n: D — SE, by induction on ¢, such that
for odd p € Z and q € Z~y,

(051 () o (55))

is a symmetric exceptional triple. For p € Z, we define n(p) = O(p, p). For
odd p € Z, we define

_ p—1 p+1 p+1 p—1
n(p/2)0< 53 >®O< 5o )
Let p be an odd integer and ¢ > 2. If p=1 (mod 4), then
p—1 p+1 p+3
2 () () (55))

is a symmetric exceptional triple, so we define n(p/29) by

(n(p;ql)n(;),n(p;l)) = 7L (the triple (2.4)).

If p=3 (mod 4), then

25) (") ("5 ) ()

is a symmetric exceptional triple, so we define n(p/2%) by

<n<p2_ql),n<;>,n<p;l>> = 7R (the triple (2.5)).

Rudakov proved the following theorem (cf. [R89, Theorem 6.5]).

THEOREM 2.5. The map n is bijective.

2.6 Numerics of Symmetric Exceptional bundles
If « =a/r with r >0 is an irreducible fraction, we call r the rank of «
and denote it by ry; we define the discriminant of a by

L 1—i if r is odd,
2 r2

Ra=1 2\ .o
3 1—72 if r is even.
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We can see that if £ is a symmetric exceptional bundle, then A(E) = Ay ).
For a, 8 € Q with 24+ a — 8 # 0, we define

a+B  Ag—Aa
2 22+a—-p8)

a.f=

We define a map € : ©® — Q inductively on ¢ as follows. For p € Z, we define
€(p) = p. For p/27 with p odd and ¢ > 0, we define

(g) ~ (p—1 p+1
o) =\ )\ )
From the lemma below, we see that € is a strictly increasing function. For
a, B €Q, we put
X(Oé, B) =Talp (P(B - a) — Ay — Aﬁ)
LEMMA 2.6. Let o, S €Q satisfy a << a+2 and x(8, a) =0.

(1) Iy € Q satisfies x(B,7) = x(7, @) = 0, then v = a.5.

(2) We have
__1-2A, __L1=28s
(2.6) a.ﬁ—a—m, B_a-6—2(2+a75)'
In particular, we have a < a.f < (.
(3) We have
(1 =2A4)(1 —2Ap)
L2 = "0 0 p)
(4) We have
ataf  Ay—Asp B
(27) 2 2.8 —a) p-1
a.f+ 5 Aoc.,@ _A/B —
(2.8) 5 +2(ﬂ_aﬁ)—a+1-
(5) We have
a—apf\? Pla-—ap) Ay —Aunp 2_
(2.9) ( 2 > R <2(a.6— a)) =&
af =B\ PlaB—B)  (Aas—25\"_
(2.10) ( > ) T (2(/3 —am) B
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Proof. (1) This follows from

(2) Since x(8, ) =0, we have

Ao —Ag =20, —Pla—p)
— 20, -1+ (B—a)2+a—p).

Thus
1—-2A, 8-« Ag — Ay

@ra-p) 2 a@ta—p o

The proof of the other equality is similar. Since the discriminants are less
than 1/2, the inequalities follow.
(3) We have

Aa.ﬁ :P(a_av@)_Aa
2
= <a_ﬁ_|_1_A5_Aa)> —A,

2 22+a—-p
1 s Ao+ Ag Ag— A, \?
=gle-8+Y-— +<2(2+a—6)>
1 1 Ag— Ay 2
—4((1—,8+2)2—2(05—B+1)2+(2(2+a_5)>
1 (a—p)? Ag— Ay 2
“27 1 +<2(2+a—5)>
1 (a-8 Ag — A, a—A Ag— A,
_2_< 2 _2(2+a—6)>< 2 +2(2+a—ﬁ))
1 ( 2A, — 1 )( 205 — 1 >
T2 \22+a—-5)) \22+a—-05) /)

Here in the first equality we used the equality x(«.8, a) =0.
(4) We prove the first equality. From y(a.5, a) =0, we obtain

(a—af)a—af+2)+As—Ayg=2A, — 1.
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Then we have

Ao —Anp 20, —1 +a—0zﬂ+2
2(a.f—a)  2(a.B—a) 2

where we used (2.6) in the second equality.
(5) We prove the first equality. Put 2 = o — a.. Using (2.7), we have

LHS. of (2.9) = (3)2 - (:L'+21)2 + <B—a— 1+ g)Q
=(f-a-2z+(B-a-17 -
— —Au+Pla—B)= Ay,
where we used (2.6) in the third equality. [

PROPOSITION 2.7. We have fi (n(d)) =€(d) for de®.

Proof. Let d = p/2? with p odd. When g = 0, 1, the equality holds because
1t (O(p, p)) =p, and

_ p—1 p+1 p+1 p—1 P
el )ee () -5

For ¢ > 2, the equality follows by induction on ¢ using Lemma 2.6(1).  []

NOTATION 2.8. Put €:=¢(®). This is the set of i’s of symmetric
exceptional bundles. We call elements of & symmetric exceptional slopes. A
symmetric exceptional bundle is determined uniquely by its value of p; for
a € €, E, denotes the symmetric exceptional bundle such that i(E,) = a.
We say that a symmetric exceptional slope « is even (resp. odd) if r, is even
(resp. odd). (N.B. If a € € is an integer, it is odd as a symmetric exceptional
slope. This might be a little confusing because o can be an even integer.
But in this paper we do not mention the parity as an integer, so it does not
cause confusion.)

83. Existence of Semistable sheaves

In this section, we determine the Chern classes of semistable sheaves with
symmetric ¢; on S.
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LEMMA 3.1. Let F be a semistable sheaf with symmetric ci. Assume
that A(F) <1/2. Then ji(F) € € and F is a direct sum of Ey(py.

Proof. We proceed by induction on the rank of F. If F' is stable, then
F is an odd symmetric exceptional bundle and we are done. If F' is not
stable, then let [ be the first filter of a Jordan—Holder filtration of F'. Let
v(F) = (W(F) +t, u(F) —t). Since x(F1)/r(F1) = x(F)/r(F), we have, by

t2 4+ A(Fy) = A(F).
So we have A(F}) < 1/2, and F} is an exceptional bundle. If we let ¢1(F}) =

(a1, a2), then ¢t = gi(_F?Q) We have

1 s 1 2—(a;—ap)?
5>A(F):A(F1)+1t :i_W

Therefore, |a; — az| =0 or 1. If |a; — az| =0, then F} is an odd symmetric
exceptional bundle. F//F; is a semistable sheaf with symmetric ¢; such
that @(F)=p(F/F1) and A(F)=A(F/F;). By applying the induction
hypothesis to F'/F1, we obtain the result. If |a; — az| = 1, then F is a direct
summand of an even symmetric exceptional bundle. Note that

X(EHv}T)

1 42 _ —1_
P =L A(F) — A(F) =1 - 2A(F) > 0.

By this we also have x(.*F1,F)>0, so hom(.*Fy, F') >0 because
Ext?(1*Fy, F) = 0. Then we can find a subbundle G of F that is S-equivalent
to Fy @ (*Fy. Since Ext!(Fy, t*F1) = 0, we have G ~ F| @ *F;. Applying the
induction hypothesis to F'/G, we obtain the result. [

PRrROPOSITION 3.2. Let F' be a semistable sheaf on S with symmetric c;.
Let o € € satisfy |W(F) — a| < 2. Then the inequality

(3.1) P (~|(F) — al) — A(F) — A <0
holds unless p(F') = a and F' is a direct sum of E,.

Proof. If a —2 < u(F) < a, then by semistability of F' and E, we have
Hom(E,, F) = Ext*(E,, F) = 0. Thus x(E,, F) <0, which is equivalent to
(3.1). A similar argument shows (3.1) when o < fi(F') < o + 2. Suppose that
a=p(F) and (3.1) does not hold. We have

(3.2) 1— A(F) = Ay > 0.
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We show that F' is a direct sum of E,. Since x(FE,, F)) >0, we have a
nonzero morphism F, — F. If r,, is odd, then this is injective by p-stability
of E,. By semistability of F, we have A, > A(F). If r, is even, then
F has a subsheaf isomorphic to E/, or E”. Again by semistability of F,
we have A(F) < (1/r4)? + A(EL) = Ay. In any case, A, > A(F). From
this and (3.2), we have A(F)<1/2. Then F is a direct sum of E, by
Lemma 3.1. [

REMARK 3.3. The inequality (3.1) holds for a p-semistable sheaf F' with
0 < |a(F) — «a| < 2. (Indeed, in the above proof, for F' with fi(F') # «, only
the p-semistability is used.) From this, we see that if a u-semistable sheaf
F with 0 < |a(F) — o < 2 satisfies

P (—|p(F) = af) = A(F) = Aa =0,

then it is locally free.

For a € €, put z, :=1— /A, + 1/2, which is the smaller solution of the
quadratic equation

1
P(—z) — A, = 5
Put I, := (o — 2o, @ + z4).
PROPOSITION 3.4. Q is the disjoint union of I, NQ (a € &).

Proof. The argument of the proof of [D, Théoreme 1(1)] applies to our
quadratic surface case. Details are left to the reader. 0

By the above proposition, the union |J I, is a disjoint union, and

ac€
contains the set Q of rational numbers.
We define a function ¢ : | J,ce fo — R so that §(fi) =P(—|p — af) — As

for pel, (a€€).

LEMMA 3.5. Let (i, A) € Q? satisfy A > §(fi). Then for any B € € with
|8 — | <1, we have
(33) P(—|i—fl) — Mg < A.

Proof. Let a€ € be such that g€ I,. If 8=, the inequality (3.3)
is nothing but A >§(n). Assume that 5 # a. From the definition of
xg, it follows that for x €8 —2+ap, 5 —ap|U[B+ x5, B+ 2 —xg], we
have P(—|z — f]) — Ag < 1/2. Since [ lies in this union of intervals, and
A > 6(i1) > 1/2, the inequality (3.3) holds. [
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i). Let E be an excep-

PROPOSITION 3.6. Let (i, A) € Q? satisfy A > §(
i+ 1, then

tional bundle with v(E) = (e1,e2). If p < p(E) <
(R—er+1)(p—e2+1) - A(E) <A
If i — 1< p(E) < fi, then
(e1 —p+1)(ea—p+1) — A(E) < A.

Proof. Assuming i < i(F) < i+ 1, we show the first inequality. The
proof of the second inequality is similar. If E is an odd symmetric
exceptional bundle, the inequality follows from Lemma 3.5. If F is a direct
summand of an even symmetric exceptional bundle, then

(i—er+1)(a—ex+1)—AE)=P(n—a(E)) —A(E®/*E)< A

again by Lemma 3.5.
Suppose that F is neither an odd symmetric exceptional bundle nor a
direct summand of an even symmetric exceptional bundle. We show that

N | =

(3.4) (h—er+1)(p—ex+1) = A(E) <
The left-hand side of (3.4) attains the maximum for g = (E). Thus

LHS of (3.4) < (i(E) — e1 + 1)(i(E) — e2 + 1) — A(E)
. 1 2 — (a1 - a2)2
2

e

where ¢1(E) = (a1, a2). Since we are assuming that F is neither an odd
symmetric exceptional bundle nor a direct summand of an even symmetric
exceptional bundle, we have |a; — aa| > 2, so (3.4) holds. [

Now we come to the main theorem of this section.

THEOREM 3.7.

(1) If F is a semistable sheaf with symmetric c1, then either A > §(u(F)),
or i(F) € € and F' is a direct sum of Ey).
(2) Assume that (r, i, A) € Z=o x Q? satisfies the following conditions:

(a) (P(ﬂ) A) €Z and ri € Z,
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Then there exists a p-stable sheaf F with symmetric ¢ such that
r(F)=r, p(F)=p and A(F) = A.

Proof. (1) This is a consequence of Proposition 3.2.

(2) Step 1. We show the existence of stable sheaves.

By Proposition 3.6, we see that the condition (D-L) in [R94, Theorem]
holds. Thus by the theorem in [R94], we have a desired stable sheaf F'. For
reader’s convenience, we reproduce a sketch of proof of Rudakov’s theorem
(adapted for the symmetric ¢; case).

Let t be the smallest integer such that P(t + ) — A>0and ¢+ a+1>0.
Put A:=r(P(t+a)—A), B:i=r((t+p+1)(t+ i) — A) and C:=r(P(t +
g—1)—A). We have A >0 and C < 0. If B >0, then we set

Fl=0(—t—1,-t—-1)"a (O(-t—1,—t) ® O(—t, —t — 1)),
FO = O(~t, —t)*.
If B <0, then set
Fl=0(-t-1,-t-1)°,
FO = O(—t, ) & (O(—t — 1, —t) ® O(—t, —t — 1))~ 5.
Put H := Hom(F~!, F?). Fix a smooth rational curve in the linear system

|O(1,1)|]. Then we can find a nonempty Zariski open subset U C H such
that for any point [f] € U, the following hold:

(a) f is injective and G := Coker f is a torsion-free sheaf with symmetric
c1 such that r(G) =7, i(G) = and A(G) = A, and that G is locally
free along D and G|p is a rigid bundle,

(b) the Kodaira-Spencer map TjsU — Ext!(G, G) is surjective,

(¢c) Ext*(G,G)=0.

Suppose that for [f] € U, G := Coker f is not semistable. Let
(3.5) 0=GpcGrCc---CcG =G

be the Harder—Narasimhan filtration of G. By condition (a), we have
w(G1) — u(Gy/Gi—1) < 1. If Gy is not stable, then we can find (cf. [KO,
Proposition 4.4]) a subsheaf G C G such that

e (G1 and G have the same reduced Hilbert polynomial,
e (51 is S-equivalent to H® for some stable sheaf H,
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e Hom(G), G1/G}) =0.

If Gy is stable, let G} = G;. Similarly, if G;/G;_1 is not stable, then we
can find a subsheaf G;_; C G} C G; such that

e GG;/G;_1 and G;/G] have the same reduced Hilbert polynomial,
e G;/G) is S-equivalent to H'" for some stable sheaf H’,
e Hom(G}/Gi-1,G;/G}) =0.

If G;/G;—, is stable, let G} = G;_;. We write
0=GoC---CGp=G
for the filtration
0=GoCGyCGiC...Gi_1CGCG=aG.

Then we have Ext?(G;/Gi_1,G;/Gj-1) =0 for i < j, and Hom(G;/G;_1,
G;j/Gj-1) =0 for i < j. Moreover, G1 and G,/Gm—1 are S-equivalent to
H¢ and H" for some stable sheaves H and H'.

Claim 3.7.1. dim Ext}, (G, G)>0.

Proof of Claim. 1If dim Exté,. +(G,G) =0, then Ext!(gri(G), grj(G)) =
0 for 7 < 7, hence we have

(3.6) x(gri(G), grj(G)) =0 for i < j.
If we let v(gri(G)) = (i1 + ti, i — t;), then we have
0= (fim — 1 +1)* = (i — tm)? = A(gr1(G)) — Algrm(@)).

We have A(gri(G)) + A(grm(G)) <1 unless fiy, — i1 =0 and t1 = t,,. If
fim, — i1 = 0 and t1 = t,,, then A(gri(G)) + A(grm(G)) = 1. If A(gri1(G)) =
A(grm(G)) =1/2, then
X(grm(G)) /1(grm(G)) = (fim +1)* = 17, — Algrm(G))
= (i +1)* =t = A(gri(@))
= x(gr1(G))/r(gm(G)).
This is a contradiction. Therefore in any case, we have A(gri(G)) <1/2

or A(grm(G)) <1/2. Suppose A(gri(G)) < 1/2. Recall that gri(G) is S-
equivalent to H® for some stable sheaf H. By A(H)<1/2, H is an
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exceptional bundle. Moreover,

X(H, G) = ~x(g11(G), G) = - x(gr1(G), 971 (G) = ax(H, H) >,

where the second equality follows from (3.6). This is a contradiction. In the
case A(grm(G)) < 1/2, we lead to a contradiction by a similar argument.
This is the end of proof of the claim. U

Using the claim, we can see (cf. the proof of [DL, Théoreéme 4.7]) that
there exists a nonempty Zariski open subset U’ C U such that for any
[f] € U’, Coker f is semistable.

Suppose that for [f] € U’, G := Coker f is not stable. Then we can find a
filtration

0=GocCcGiCcGy=G

such that gr1(G) and gra(G) have the same reduced Hilbert polynomial. If
we let I/(gT‘i(G)) = (ﬂz + iy i — ti), then

dim Exté.’+(G, G) = dim Ext!(gr1(G), gra(Q))
z —x(9m(G), gr2(G))
> rira{ =1+ (t2 — t1)* + Algri (@) + Algr2(G))}
= riro{—1 — 2t1te + 2A}.

Here 7; :=1(gr;(G)), and we used A(gr;(G)) + t? = A. By assumption, we
have A > 1/2. Since G has symmetric ¢1, we have t1to < 0. Hence we have
dim Exté.’_F(G, G) > 0. This implies (cf. the proof of [DL, Théoréme 4.10])
that there exists a nonempty Zariski open subset U” C U’ such that for any
[f] € U", Coker f is stable.

Step 2. We show the existence of u-stable sheaves.

If r =1, we are done, so assume that r > 2. Then there exists a nonempty
Zariski open subset U"” C U” such that for any [f] € U"”, G := Coker f is
locally free (cf. [Le, Section 17.1]). If G is not u-stable, then the G* is not
semistable. But repeating the (first half of) argument in Step 1 for the
family {(Coker f)*}sjcp of dual sheaves, we see that for general [f] € U",
(Coker f)* is semistable. So for general [f] € U"”, Coker f is p-stable. 0

The theorem allows us to define an invariant height.
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DEFINITION 3.8. Let £ € K(5) be a semistable class with symmetric ¢;.
When dim M (&) > 0, we define the height of the moduli space M () to be
the nonnegative integer

r(Ey)r(§) {A(€) = 6(u(8))},
where 7 is the unique symmetric exceptional slope such that fi(€) € I,.

84. Bridgeland stability of symmetric exceptional bundles

In Section 4.1, we recall the Bridgeland semistability and walls. In
Section 4.2, we consider Bridgeland semistability of symmetric exceptional
bundles.

4.1 Abelian category A;

Following [AB], we consider a particular kind of Bridgeland semistability.
The presentation in this section follows that in [ABCH, Sections 5, 6.

If 0=FEyCFE{C---CE,=F is the Harder-Narasimhan filtration of
a torsion-free sheaf F for p-stability, that is, FE;/F;_1, 1 <i<n, are u-
semistable and w(E1/Ep) > -+ > u(E,/En—_1), then we put fimin(E):=
E(En/En—l) and ﬁmaX(E) = E(EI/EO)

For s € R, we let Qs be the full subcategory of coh(S) consisting of
coherent sheaves @ with fimin(Q/tor(Q)) > s, and we let Fs be the full
subcategory of coh(S) consisting of torsion-free coherent sheaves F' with
fimax(F') < 's. We define a full subcategory A of D(S) by

A, ={E* |[H (E*) € Qs, H '(E®) € F; and H'(E®) =0 for i # 0, —1}.

Then A, is an abelian category.
For s,t € R, we define the map Z, ;) : D(S) — C by

Z(&t) (E) = /S 6(s+ti)cl(L)Ch(E)’

where L = O(1, 1). Explicitly we have

Z(s)(E) = (sc1(E)er(L) — r(E)(s* — t*) — chy(E))
+t(c1(E)ci(L) — 2r(E)s) i.

Now assume that ¢ >0, then the pair (As, Z(s)) is a Bridgeland stability
condition (cf. [AB]).
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For F € A, we put

Re Z(s,t) (E)

/’LS,t(E) = _Im Z(S’t) (E)J

where it is understood as +oo if the denominator is zero. Explicitly we have

r(E)(s2 — t2) — Scl(E)Cl(L) + ChQ(E).

ps(E) = t(c1(E)er (L) — 2r(E)s)

An object E € A, is said to be (s, t)-semistable if for any nonzero subobject
F C E in A, the inequality f5+(E) > ps+(F) holds.
For (r,c,d) € R?, we define

r(s? —t?) —sc+d
t(c—2rs)

:u’s,t(rv c, d) =

For (r, ¢,d) and (1, ¢, d’), we define the wall W, . ) (v or.ar) bY

(41)  Wyea,oea) = {(s,t) €R x Rsg st (r, ¢, d) = pgr (7', ¢ )}
The equality in the condition of the definition of the wall is equivalent to
(4.2) (r'e —rd)s? = 2(r'd — rd')s + (r'c —rd )2 + dd — cd = 0.
If (r,c,d) and (1, c,d") are not proportional, then we have the following
cases.

Case (1). (r,r") = (0,0). In this case, the wall W(, ¢ 4) (/. @) is empty.

Case (2). (r,r") #(0,0) and r'c¢ = rc’. In this case, the wall is the vertical
line
 dd—cd
-~ 2(r'd —rd')’
So if 7 # 0, then it is s = 4.
Case (3). r'c#rc. In this case, the wall is a semicircle in the (s, t)-half

plane R x R+ with center
r'd —rd
— 0
r'c —rc

2
r'd — rd cdd — cd
rlc —rc rlc —rc’

and radius
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For E, E' € D(S), we write W, (/. ary for Wir(B).e; (B)er (L) cha(B). (e ')
and Wg g for Wi(g) e (B)er (L) cha(B)),((E) e (B)er (L) cha(E))- 1T E IS a
semistable sheaf, then Wpg s 4 is either a vertical line s= a(E) or a
semicircle with the center (z,0), where

r(E)d — r'chy(E)
r(E)(¢ = 2r'u(E))’

(4.3) r=

and the radius

(44) \/ (= A(B)? = A(B) + Gy — A(E)? <o — (E)]

From this, we can see that for each point (s,t) € R x Ry, there exists a
unique wall W , passing through the point.

REMARK 4.1. It can happen that the radius (4.4) of the wall is zero.
Although, strictly speaking, such a wall is empty (because we consider walls
in the region t > 0), we call it a wall with radius zero.

4.2 (s,t)-semistability of symmetric exceptional bundles

We consider (s, t)-semistability of symmetric exceptional bundles. We
follow closely the argument in [H, Section 9]. The argument goes as follows.
Suppose that E, F' and G are symmetric exceptional bundles (or their
shifts), and that there exists a triangle

E—F—G— EIl]

in D(S). Then Wg p = Wrg = Wg,g(=: W). Suppose, moreover, that for
a point (s,t) on the wall W, E, F and G belong to As. Then the above
triangle gives rise to an exact sequence

0O—-F—F—-G—0

in the abelian category A;. If two of E, F' and G are (s, t)-semistable, then
the remaining one is also (s, t)-semistable since their values of pg; are equal.

Since all symmetric exceptional bundles are obtained from the symmetric
exceptional triple (Ey, E /o, F1), the following lemma is the first step of the
argument.

LEMMA 4.2. Let a be an integer or a half integer. Then the symmetric
exceptional bundle E, is (s,t)-semistable for any s < a. The shift E,[1] is
(s, t)-semistable for any a < s.
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Proof. If v is an integer, then E, is a line bundle. The (s, t)-semistability
of E, and E,[1] follows from [AM, Theorem 1,1] (or we can argue as in the
proof of Proposition 6.2 (d) in [ABCH)]). If « is a half integer, then E, is a
direct sum of two line bundles with the same 5. So the result follows. []

LEMMA 4.3. Let o, fB,n€ € satisfy a<pf<n<a+2 and x(n,a)=
X(B, ) =x(n,8) =0. Then the center of the semicircular wall Wg, g,

(resp. Wgg E,) is (1 —1,0) (resp. (a +1,0)), and its radius is \/Ai,] (resp.
VAL).

Proof. We prove the lemma for Wg, g,. By (4.3), the center of Wg, g,
is (x,0), where

_ chy(Ea)/r(Eqa) — cha(Ep)/r(Ep)
B 2(i(Ea) — i(Es))
a? — Ay — (B2 — Ap) _a+B+A5—Aa_ .
0= 2 " 2a-p "7

where we used Lemma 2.6(4) in the last equality. By (4.4), the square of
the radius of Wg,_ Eg 18

a—B  Ag—AL\? C(a—B\ Aa+Ap  [(As—-AL)
() o= () - (B5)

() - (53
=A

URI

where we used x(3, @) =0 in the second equality, and Lemma 2.6(5) in the
last equality. 0

Now we come to the main theorem of this section.

THEOREM 4.4. Consider symmetric exceptional slopes o, B and n given

by
o ( r ) 8= p+1 _ p+2
a=cl5) =5 ) n=e 5 )
where p is even and ¢ > 1. Then Eg (resp. Eg[l]) is (s, t)-semistable if (s, t)
with s < B (resp. s> [3) lies on or outside the semicircular wall Wk, B,
(resp. WEﬁ,E,]). When the radius of the wall is zero, this sentence should be

understood as “Eg (resp. Eg[1]) is (s, t)-semistable for any (s,t) with > s
(resp. s> B).”
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The proof of Theorem 4.4 goes as that of [H, Theorem 9.1], but
occasionally gets more involved due to the appearance of walls with radius
zZero.

LEMMA 4.5. Let E be a semistable sheaf.

(1) Assume that E is (so.to)-semistable with so < p(E). If (s,t) with
s < W(E) is outside the wall Wg . passing through (so, to), then E is
(s, t)-semistable.

(2) Assume that E[1] is (so.tg)-semistable with sy > p(E). If (s,t) with
s > [u(E) is outside the wall Wg . passing through (so, to), then E[1] is
(s, t)-semistable.

Proof. We prove (1). Let W be the unique wall Wg . passing through
(s,t). Let (sp,t") be the point on W. If E is not (s, t)-semistable, then it is
not (sg, t')-semistable. (In fact, if M — E is a (s, t)-destabilizing subobject
in As; with minimum rank, then the argument of the proof of [ABCH,
Lemma 6.3] shows that M — E is also a (s, t')-destabilizing subobject in
As,.) Suppose that a subobject M C E in Ay, (so,t')-destabilizes E. The
inequality pus, ¢ (M) > ps, ¢ (E) is equivalent to

(1/2)(s§ — ") — sofi(M) + (chy(M)/2r(M))

(M) — so
- (1/2)(sg — t*) — sofi(E) + (cha(E)/2r(E))
(E) = so '

If @(M)=p(E), then cho(M)/2r(M) > che(E)/2r(E), which contradicts
the semistability of E. Thus (M) < i(E). Then we have pg, (M) <
Lot (E) for t” > 0. This shows that the wall Wy lies outside W. On the
other hand, we have fi5,+,(M) < 1504, (E) because E is (so, to)-semistable.
This shows that the wall Wg js lies inside W. This is absurd. []

We put
a:e<£> B—e p+1 _ . p+2
2q ) 2q ) /r} 2q
_ p—2 _ p—2
C2—€( 54 >, W2—€< 57 +2>,

4 4
Wo =€ P )) C0:€<p+ _2>7

24

where p is even and g > 2.
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NOTATION 4.6. If E is a symmetric exceptional bundle, we put

_ x(E, F)/2 if E is even,
X(E, F) = (&, B/ I
X(E, F) if £ is odd.

If F' is a symmetric exceptional bundle, we put

X(E, F)/2 if F is even,

(B, F) =
X (B, F) {X(E,F) it F is odd.

With this notation, we have the following lemma.

LEMMA 4.7. Leti€ {0,2}. Forp=1i (mod 4), there are exact sequences

(EOHEﬂ)

. —>.—>oé~ — Eg — 0,
4.5 0— B, — Ea Ez—0

(4.6) 0— Eg— E,?‘*(EB’E”) — B, —0.

Proof. We prove the case i=0. By the construction of symmetric
exceptional bundles, we have Eg= Lg,(Ey,)[—1]. Since right and left
mutations are inverses to each other, we have E,, = Rg, (Eg)[1], which
shows (4.5). By [BS, Lemma 5.2, we have Eg = Rg, (FE¢,)[1]. So we have
ECO = LEQ (Eﬁ)[l], which show (4.6). D

Proof of Theorem 4.4. We prove the theorem by induction on ¢g. When
q =1, the theorem holds because of Lemma 4.2. Suppose g > 2. We show
that Ejg is (s, t)-semistable along and outside the semicircular wall Wg, g, .
The verification for Eg[1] is similar and left to the reader.

Case (i) p=0 (mod 4). The center of Wg, g, is (7 — 1, 0) by Lemma 4.3.
Since (o <n — 1< «, the wall WEQ,EB = WEQ7E<0 lies between the vertical
lines s = (p and s = . For any point (s, t) on Wg, g, a shift of (4.5)

0— EXPP) gy B[]0

is an exact sequence in A,. In order to show the (s, t)-semistability of Eg
for (s,t) € Wg, g,, we show that E, and E¢,[1] are (s, t)-semistable. Here
note that E, and E¢[1] have the same value of p,; because (s,t) is on
WE..Bs = WE, B, -

If a is an integer or a half integer, then E, is (s,t)-semistable by
Lemma, 4.2. Otherwise, we have

wee (2 oo (P11 b (P2
T 2(1/ 9 - 2q/ 9 T 2(1/ 9
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where p’ is even and ¢ —2 > ¢ > 2. By the induction hypothesis, E, is
(s, t)-semistable on the wall Wg, g,. To show that E, is (s, t)-semistable
on Wg,, Eg» it suffices to show that Wg, g, lies inside Wg,, Es- The center of
Wg, E, is (v—1,0) by Lemma 4.3. Note that v — 1 <aand n—1<wv—1.
This shows that both Wg, g, and Wg,_ Ep lie to the left of the vertical line
s = o, and the center of W, g, is right to the center of Wg, Es- So Wg, k.,
lies inside Wg, Bs-

Next we show that E,[1] is (s, t)-semistable on the wall Wg, g,. If (o is
an integer or a half integer, this follows from Lemma 4.2. Otherwise, we have

oo (P (o= p+1 o (P2
— 2(1/ ; 0— 2q/ ) = 2(1/ )

where p’ is even and q — 2 > ¢’ > 2. Note that ¢’ < a — 2. By the induction
hypothesis, E¢,[1] is (s, t)-semistable on Wk, ,g,,- The center of Wi, g, is
(¢ +1,0). Since (p <o’ +1<n—1, Wk, k., lies inside Wg, g, .

Case (ii) p=2 (mod 4). In this case, n can be an integer. So we consider
two cases.

Case (ii-a) 1 is not an integer. In this case the semicircle Wg, g, has
a positive radius with center (n—1,0). We have n — 1 < (2. For (s,t) €
Wk, k4, the exact sequence

(4.7) 0 B, — EXPP) gy 0

in Lemma 4.7 is an exact sequence in A;. In order to show the (s,1)-
semistability of Eg, we show E¢, and E, are (s, t)-semistable on Wg,_ Eg-
If a is a half integer, then this follows from Lemma 4.2. Otherwise,
a = (2.1, and E, is (s, t)-semistable on WECnga = Wk, g, by the induction
hypothesis.
If (2 is an integer or a half integer, then E, is (s, t)-semistable on Wg, g,
by Lemma 4.2. Otherwise, we have

oi=c¢ -, CGo=—7], T.=¢€ — |5
24 24 24

where p’ is even and ¢ — 2 > ¢/ > 2. Then E, is (s, t)-semistable on W, Eq,
by the induction hypothesis. The center of Wg, g, is (T — 1,0). Since n < 7,
VVE(”E<2 lies inside WEa,EQ = WEQ,Eg-
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Case (ii-b) n is an integer. In this case Wg, g, has radius 0. We need
to show that Ej3 is (s, t)-semistable for any s < 8. Suppose that Ejg is not
(s, t)-semistable for some (s, t) with s < . Then using the argument in the
proof of Lemma 4.5, we can see that Eg is not (n — 1, ¢y)-semistable for
some tg > 0. Consider a destabilizing subobject M C Eg in A, _1, that is,
Pg—1,t0 (M) > pin—14,(Eg). Using the semistability of Eg, we can see that
pn—1,4 (M) < py—1¢(Eg) for t' > 0. Hence the point (n—1,%) lies inside
the wall Wg, as. It follows from this that

pin—1,6' (M) > g1,/ (Ep)
for any 0 < ¢’ < ty9. Moreover, in the limit ¢ — 0, we have
lm gy 1 (M) > lim ', 1 ¢ (Epg).
t,lgb pin—1,4 (M) t,ll_% 1,0 (Ep)
In order to obtain a contradiction, we derive the opposite inequality
4.8 hmt' (M <hmt' 1+ (Eg).
(4.8) g U =1t (M) < g U =1t (Es)

We first consider the case ¢ > 3. In this case, we have n — 1 < (2. So the
sequence (4.7) is an exact sequence in A,_;. By the induction hypothesis,
E¢, and E, are (n — 1,t)-semistable for any ¢’ > 0. Thus we have

Hn—1¢ (M) < max {,Unfl,t’(ECQ): Hn—1¢ (Ea)}'

Taking the limit, we obtain
Jim ¢y (M) < Jim max (s 1,0(Egy)s 'ty (Ea) §

= lim t'p,_ 14 (FE
t,li% -1 (Ep),

where the last equality holds because (n— 1,0) is the center of the wall
Wg..Es =W, E, (of radius zero).

Finally we consider the case ¢ = 2. In this case, we have n — 1=, and
EC2 = O(CQ, CQ) So the shift of (4.7)

Ea.,Ep)

0— BX —>E51>EC2[1]—>0

is an exact sequence in A,_;. By Lemma 4.8, the subobjects of E,[1]
in A,—1 are 0 and Eg[1]. If f(M)=0, then p,_14(M) < piy—1¢(Eaq).
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By taking the limit, we obtain (4.8). If f(M) = E,[1], then
Z(n—l,t’)(M) - Z(n—l,t’)(ECQ[l]) + Z(n—l,t’)(Ker(f’M))'

By an easy calculation, we see that limy o Z(,_1 ) (E¢,[1]) = 0. So
Jim #pay 1,0 (M) = Tim #'pa 1,0 (Ker(f|ar))
< Mty (Ea) = lim # iy 1 (Eg).
This is the end of the proof of Theorem 4.4. U

LEMMA 4.8. Let a be an integer and V a finite-dimensional C-vector
space. The subobjects of V & E4[1] in A, are W @ E,[1] for subspaces
wWcV.

To prove this lemma, we use the following lemma whose proof is left to
the reader.

LEMMA 4.9. Let Y be a projective variety of dimension d. If F is a u-
semistable sheaf with respect to an ample line bundle H such that ci(F) -
c1(H)¥1 =0, then (Y, F) <1(F), where equality holds if and only if
F~ (’);(F).

Proof of Lemma 4.8. We may assume that a =0. Then E, = Og. Let
U C V ® Og[1] be a subobject in 4. Then we have an exact sequence

0-H ' (U)=Ve0sL F-H(U)=0

of sheaves with F € Fy. Since fimax(F) <0, we have p(H™1(U)) = ii(Im g)
=0, and H}(U) and Im g are p-semistable sheaves. By Lemma 4.9, Im g is
a trivial vector bundle. Now it is easy to show that HO(U) =0 and H-(U)
is W ® E,[1] for a subspace W C V. [

85. Height-zero moduli spaces

Fix £ € K(S) such that v(§) =7, v(§) = (i1, 1) and A(§) = A.

Throughout this section, we assume that the height of the moduli space
M) is zero. We show that M () is isomorphic to a moduli space of
representations of a quiver.

There is a unique v € € with g € I,. We have either (i) g € (v — 24, 7],
or (ii) @€ (v,v+ z,). We only consider the case (i). If we are in the case
(ii), then by taking a dual of sheaves we will be in the case (i). (Note that
in the case (ii), any F' € M () is locally free by Remark 3.3.) So in the rest
of this section, we assume that v —z, < p <.
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5.1 Bridgeland semistability of semistable sheaves

In this section, we study for which (s,t) a sheaf F € M(§) is (s,t)-
semistable.

Express v = ¢(p/2%) where p is odd if ¢ > 1. If ¢ > 1, then we set

_ (p-—1 _ (p+1
a-e( 57 ) and B—e( 54 )

If g =0, then we set

1
a=7y-3 and B=v+1.

Then v = «.f and (Eg_g2, Eq, E) is a symmetric exceptional triple. Put
D — Eg s, E® =E,, G — E,,
GW=pg; GP=E,; G¥=E,.

Then for F' € D(S), there exists a spectral sequence
(5.1) EP? = Extd(GPHY) )& EP+)

converging to HPT4(F'), where E"? =0 unless —2 < p < 0 (see (A5) for this
spectral sequence and the notation ).

We consider the semicircular walls WEﬁ_% jo WEﬂ_Q, g, and Wg, g in
the upper half (s, ¢)-plane.

The center of the walls Wg, , ., Wg,_, , and Wg, g, are (y —1,0),
(7.8 —1,0) and (B8 — 1,0), respectively. When ¢ =0, the walls Wg,_, g,
and Wg, g, have radii 0, and WEﬁf% g, has positive radius. When ¢ =1,
the wall Wg, g, has radius 0, the other two walls have positive radii; the wall
WEB,Q,EQ lies inside WE[#%EW' When ¢ > 2, Wg, £, lies inside WE5,2,EQ,
and Wg,_, g, lies inside Wg,_, g, . (See Figures 1-3.)

LEMMA 5.1. If a point (sg,to) with 8 —2<so<a in the upper half
(s,t)-plane lies on or outside the wall Wg,_, g, , then E,, E, and Eg_[1]
are (89, to)-semistable.

Proof. Since the proof is similar, we prove the lemma only for Eg_»[1].
If 5 is an integer or a half integer, this is clear by Lemma 4.2. Otherwise,
we can write = 0.7, where o, 7 € € with 0 < a. By Theorem 4.4, Eg_[1]
is (s, t)-semistable outside the wall Wg, , g, whose center is (o — 1,0).
Since the center of Wg,_, g, is (v — 1, 0), which is to the right of (¢ — 1, 0),
Wg,_, B, lies outside Wi, , g, _,. N
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B—2 o gl

Figure 1.
The case ¢ = 0. The semicircle is Wg,_, g, ; the dot at 8 —2is Wg,_, B.;
the dot at v is Wk, ,E, .

B—2 a 7y

Figure 2.
The case ¢ = 1. The outer semicircle is Wg,_,, g, ; the inner semicircle is
Wgg_y,B,; the dot at ais Wg, g, .

. £ s

B2

Qe
e

Figure 3.
The case ¢ > 2. The outermost semicircle is WE[,_Q, E; the innermost semicircle
is Wg,,, k. ; the semicircle in between is Wg,_, k-

PROPOSITION 5.2. A semistable (resp. stable) sheaf F € M (&) is (so, to)-
semistable (resp. (sg, to)-stable) if the point (sg, tg) with f —2 < so < « in
the upper half (s, t)-plane lies outside the wall Wg,_, g, -

Proof. First we consider a semistable sheaf F'. Note that F' € Ay, since
so < pr and F' is semistable. Suppose that F' is not (s, tp)-semistable. Then
there exists a subobject S C F'in Ay, such that

(5'2) Heso,to (S) > Hsg,to (F)
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Then S is a sheaf and there exists an exact sequence
(5.3) 0-K—-S—F—-Q—0

of sheaves. We choose such an S with minimal rank. Then for any (s, t)
on the wall W := Wg, passing through (sg, t9), S is a subobject of F' and
st (S) > ps¢(F) (cf. the argument of the proof of [ABCH, Lemma 6.3]).

Claim. The wall W lies outside Wgs_y B -

Proof of Claim. Using the spectral sequence (5.1), we see that there
exists a short exact sequence

(5.4) 0= Ef 9y — Ef = F—0,
where
(5.5) m=—x(Es, F) and n=—x(E,3, F).

So WEﬁ,z,Ea =WgEg,. Both W and Wg g, are walls of the form Wg,, so
they are disjoint. Since the point (s, tg) is outside Wrg,, W is outside
Wr E,. This is the end of the proof of the claim. [

Put s; =+ — 1. Then (s1,0) be the center of W,y E,- Let (s1,t1) and
(s1,t2) be the point on W and Wg,_, g, , respectively. (When 7 is an integer,
we understand that to = 0.) The exact sequence (5.3) and the semistability
of F' imply either

(5.6) i(S) < fi(F)

ChQ(S) < ChQ(F)
r(S) ©  r

If (5.7) holds, then pg:(S) < pst(F') for any s < fi(F'), this contradicts the
inequality (5.2). If (5.6) holds, then pug, +(S) < ps, +(F') for ¢ >0, so there
exists t3 > t; such that g, 4,(S) = s, 45 (F'). This shows that

(5:8) frsi £ (S) > psy 1 (F)

for any 0 <t < t3. Moreover, we have

(5.7) K=0 and a(S) = a(F) and

(5.9) Jm 2, (S) > lm tus, o(F).

In order to obtain a contradiction, we show the opposite inequality.
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Consider first the case when + is not an integer. Then § — 2 < s1 < « and
ta > 0. By Lemma 5.1, Eg_s[1] and E, are (s1, t2)-semistable and from (5.4)
we obtain a short exact sequence

(5.10) 0B FL By 01" >0

in Ag,. So we have pug, 1,(S) < s, 1, (F). This contradicts the inequality
(5.8).

Finally consider the case when v is an integer. In this case, we have
s1 = — 2 and ty = 0. By Lemma 4.2, E3_5[1] and E, are (s1, t)-semistable
for any ¢ > 0, and (5.10) is a short exact sequence in Ay, . By Lemma 4.8,
the subobject f(S) C Eg_2[1]™ is isomorphic to Eg_5[1]" for some [ > 0. We
have

20y (S) = 120y /(Bsal1]) + Z(Ker (f]))

and
Zoy o(Bp—al1]) = 12
This implies that

thEO tUsht(S) = t1~1>IJIrl0 t/«LSLt(Ker (f|S))

S tLHJIrlo Upsy t (Ea) tEIEO t:“JSl,t(F)

This contradicts (5.9).

Finally we have to show that if F' is stable, then it is (sg, to)-stable. But
this can be proved by a similar argument. In fact, we already know that F is
(so0, to)-semistable. If F' is not (sg, tg)-stable, then there exists a subobject
0#S C Fin A, with iy4,(S) = ftse .o (F'). Arguing in the semistable case,
we obtain a contradiction. N

Conversely (s, t)-semistability implies usual semistability:

PROPOSITION 5.3. Assume that the point (sg, tg) with B — 2 < so < « in
the upper half (s, t)-plane lies outside the wall Wes_y, B, - Let F* be an object
in Ag, with [F*] =& in K(S). Assume that F* is (so, to)-semistable (resp.
(80, to)-stable). Then F* is a semistable (resp. stable) sheaf.

Proof. We show the semistable case first.

Step 1. We show that F'°® is quasi-isomorphic to a 2-term complex
ER o — E, where E7 and Ej' 5 are in degree 0 and —1, respectively, and
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m, n are those in (5.5). We use the spectral sequence (5.1). Since H (F*®) = 0
except i =0,—1, the term E}"? in the spectral sequence is zero unless
—1<q¢<2. Ifue{p,~.6,v}, then Ext*(E,, F*) =0 because

Ext?(E,, H*(F*)) ~ Hom(H°(F*), E,_2) =0

(note that fimin(HY(F*®)/tor) > sy >u—2). We can also show that
Ext™!(E,, F*) =0 by a similar argument.

Claim. We have E?’O =0.

Proof of Claim. We show that Hom(E,, F*)=0. By the (so,to)-
semistability of F'®, it suffices to show that jug, o (Ey) > fisg,to (F®). Since

Zso,to (F*) = NZs,to (Ea) + M2t (Egl—Q[l])

by the condition on the K-class of F'**, and ps, ¢, (Eg—2[1]) > fso.to (Ea), We
have sy to (F'®) < fiso.to (Eg—2[1])- If (s0,%0) lies inside the wall Wk, , g,
then Hesoto (E”/) > Hsoto (E,B*Q[l])v thus Heso,to (EW) > Hso,to (F.) For ¢>0,
we have fig,1(Ey) > s t(F'®) because [p(F®) <~y, or p(F*®)=+ and
cho(F*®)/r < cha(E,)/r(Ey). These show that pus, ¢ (Ey) > fisgt, (F®) for any
(S0, to) in the proposition. This is the end of the proof of the claim. 0

Since x(E,, F*) =0, we have E{"' =0. Now we have shown that E"? is
zero except E1_2’0, E1—2,1’ El_l’o, El_l’l. Since H=2(F*) = 0, the kernel of the
map d1_2’0 : E1_2’0 — El_l’0 is zero. The cokernel of dl_Q’O is a subsheaf of
H~Y(F*). Since Hom(E,, H"}(F*)) = 0 by the inequality fimax(H 1 (F*®)) <
50 < o, we have Coker d; 0 — 0. Hence d1_2’0 is an isomorphism. This occurs
only when E;2’0 = Efl’o =0.

Step 2. We let

Fr=(Er, L EY.
We show that if f is not injective, or if f is injective and Coker is not

semistable, then there exists a surjection F* —V in A, where V is a
semistable sheaf such that the following condition (a) or (b) holds:

(a) a<p(V)<p,
(b) (V) =p and chy(F)/r > cho(V)/r(V).

To prove this, we consider 3 cases:

(i) f is not injective,
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(ii) f is injective and Coker f is not torsion-free,
(iii) f is injective, Coker f is torsion-free, and Coker f is not semistable.

Case (i): We have
deg E]! — degIm f
2(x(Eg) —r(Im f))
deg By — p(Bp 2)r(m f) _ deg By —deg By
2(x(Eg) —r(Im f)) 2(r(Eg) —r(ERL,))
= [A(F*) = p.
Let Coker f/tor — V be the quotient with minimum value of . Then the
composite of morphisms

f(Coker f) =

(5.11) F* — H°(F*) = Coker f — Coker f/tor — V

is a surjection in A, and V' is a semistable sheaf satisfying (a).

Case (ii): We have ji(Coker f/tor) < p(F*®). We define V and F* — V as
in Case (i). Then V satisfies (a).

Case (iii): There exists a surjective morphism Coker f — V' of sheaves
such that V is a semistable sheaf satisfying (a) or (b). The composite (5.11)
(with tor = 0) is what we want.

Step 3. Let F'* — V be the surjection in Ay, which we obtained in Step 2.
By the (so, to)-semistability of F'*, we have

(512) Mso,to (F.) < /’LSOatO(V)'

We have
NSO,t(F.) > USo,t(V)
for ¢ > 0 because of the conditions (a) and (b). So we have

(5.13) fuso.tr (F°) = ot (V)

for some t; > .

Suppose that the condition (b) in Step 2 holds. Then the wall Wpe v is
a vertical wall and we see that pus, ((F'®) > fs0,¢(V) for any ¢ > 0. This is a
contradiction.

Suppose that the condition (a) in Step 2 holds. The center of the
semicircular wall Wge v is (z, 0), where

_ cha(F*)/r — cha(V)/r(V)
p(F®) — p(V) '
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Since the moduli space M () has height zero, we have

0= MELE) (o)l

r(Ey)r
(5.14) -4 (ﬁg:)lf )4 dlf?g;) + u(F*) — p(E,).

Since the semistable sheaf V' satisfies (a), we have

X(Ey, V) cha (V)
02 B = X0 S,
_a(By)a(V) | ch(Ey) B
(5.15) (B, (V) + () + (V) — u(Ey)
From (5.14) and (5.15), we obtain
T =— X(E, V) +v—-1=2~v—-1.

r(Ey)r(V)(u(E®) = p(V))

Since the center of the wall Wg,_, g, = Wrs g, is (v —1,0), the wall Wpe
is equal to or lies inside Wg,_, g,. This contradicts (5.13).

Finally we consider the stable case. If F'*® is (s, to)-stable, we already
know it is a semistable sheaf F'. If F' is not stable, then there is a subsheaf
0 # G C F with pg = pr. Then G is a subobject of F' in Ay, with ps, +,(G) =
o to (F). This contradicts the (so, to)-stability of F. [

5.2 Isomorphism to moduli of quiver representations

In this section, we see that M () is isomorphic to a moduli space of quiver
representations.

A quiver is a quadruple @ = (Qo, @1, s, t), where Qg is the set of vertexes,
()1 is the set of arrows, and the maps s,t: Q1 — @y send an arrow to its
source and target respectively. A path of the quiver @) is a sequence of
arrows (aup, . . ., 1) such that t(a;) = s(ajt1). For a path f = (ay, ..., a1),
we define s(f) := s(aq) and ¢(f) := t(c,). The path algebra A(Q) of a quiver
is the algebra whose elements are C-linear combinations of paths of Q. If f
and g are paths of @ such that s(f) =1t(g), then fg is the path obtained by
connecting g and f.

Giving a left A(Q)-module is equivalent to giving data

(5.16) ({%}ver ) {pa}a€Q1)’
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where V), is a C-vector space, and pq : Vy(q) = Vi(a) is @ C-linear map.

We call the data (5.16) a representation of the quiver (). The map
0: Qo — Z>p given by 6(v) =dim V, is called the dimension vector of the
representation. Fix a map 6: Qo — Q, called a weight vector, such that
> ve, 0(v)0(v) = 0. The representation (5.16) of the quiver is said to be
f-semistable if for all subrepresentations

!
<{Vv}uer ; {p"“’s’(a)}aeczl)’

of (5.16), the inequality >, cq, 0(v) dim V> 0 holds.
In the following, in order to describe a quiver, we use the notation

Q = (QOa {Nv,v’}(v,v’)EQono)a

where N, ,» means the number of arrows o with s(a) =v and (o) ='.

Recall «, B and v defined at the beginning of Section 5.1. When «, 5 or
7 is even respectively, we define quivers Q%, Qf and Q7 as follows.

The quiver Q= (Qf, {Nyw}) is defined by QfF ={v1,v2,v3} and
Nyy vy = Nuy vy = X(E4.8, Eg), and Ny, ,;, =0 for other pairs (v;, vj) (see
Notation 4.6 for the notation x).

The quiver QP = (Qg, {Ny.}) is defined by Qg = {v1, v, v3} and
Ny oy = Nug oy = X (E4.5, Eg), and Ny, ,; =0 for other pairs (v;, v;).

The quiver Q7 = (Q, {Ny.}) is defined by Q] = {v1, v2} and Ny, 4, =
X(E.5, Eg), and Ny, ,, = 0 for other pairs (v;, v;). (See Figures 4-6.)

We define moduli spaces N®, N? and N7 of representations of quivers
as follows. N® (resp. N?) is the coarse moduli space of f-semistable
representations of the quiver Q¢ (resp. QP ) with dimension vector
(0(v1), 0(v2), 6(v3)) equal to (m,n,n) (resp. (n, m, m)), where the weight
vector (0(v1), 0(va), 8(vs)) is (—2n, m, m) (resp. (2m, —n, —n)). N7 is the

2

7
\

Figure 4.
Q"

3
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Figure 5.
Q°.

(i)

Figure 6.
Q.

coarse moduli space of f-semistable representations of the quiver )7 with
dimension vector (§(v1),d(v2)) equal to (m,n), where the weight vector

(0(v1), O(v2)) is (—n, m).

THEOREM 5.4. If the symmetric exceptional bundle E,, (resp. Eg or E.)
is even, then the moduli space M (€) is isomorphic to N® (resp. N® or N7).

For the proof of the theorem, we imitate the argument in [ABCH, Sections
7, 8], [Oh].

Fix a point with § —2 < s < « in the upper half (s, t)-plane such that
(s,t) lies outside the wall Wg,_, g, and inside Wk, , g, . Then we have

st(B) > poa (g a[1]) > p(Ea).
Fix 0 < ¢ <1 such that

arg Zs1(Ey) > ¢ > arg Zs (Eg_2[1]).
Put

Qp = (Q € As | Q is (s, t)-semistable, arg Zs (Q) > ¢m)
Fo = (F € As| Fis (s, t)-semistable, arg Z, +(Q) < ¢m),

and define A[¢] := (Qy, Fy[1]) and Z[¢](E) := e "®Z, ;(E). Then the pair
(A[¢], Z|¢]) is also a Bridgeland stability condition of D(,S). Since the oper-
ation “[¢]” does not change the Bridgeland semistable objects, the moduli
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space of (s, t)-semistable objects with K-class equal to £ is isomorphic to
the moduli space of Z[¢]-semistable objects in A[¢] with K-class —¢ by the
correspondence F'® to F*[1].

Put

E=E,®E,3®Eg and A:=End(FE).

We define a functor
®: D(S)— D(A? —mod)

by ®(—)=RHom(FE, —), where D(A°’ —mod) is the bounded derived
category of right A-modules with finite-dimensional cohomology. This gives
an equivalence of triangulated categories (cf. [Bo, Theorem 6.2]).

The algebra A° is isomorphic to the path algebra of a quiver mod-
ulo a certain ideal. We define quivers Q% Qf and Q7 as follows.
Q% = (QF, { Ny, }) is defined by Qf = {v1, v2, v3,v4} and Ny, vy = Ny 0y =
X(Ey.8, E5), Nuywy = Nug o, = X" (Ey, Ey5) and Ny, ,; =0 for other pairs
(vs, vj). Qﬁ = (Qg, {Ny}) is defined by Qg = {v1, v2,v3, 04} and Ny, o, =
Nusoy = X (Ey.8, Eg), Ny, = X(Ey, E, 5) and Ny, v; =0 for other pairs
(vs, v§). Q" = (QS, {Ny}) is defined by Qg = {v1, v2, v3, v4} and Ny, o, =
X(Ey.8, Eg), Nugws = Nugwy = X(E, Ey ) and Ny, ,; =0 for other pairs
(vi, v5). (See Figures 7-9.)

When E, (resp. Eg) is even, the algebra A is isomorphic to the
path algebra A(Q%) (resp. A(Q?)) modulo an ideal generated by linear
combinations of paths from v; to v4. When E, is even, the algebra A is
isomorphic to the path algebra A(Q'y) modulo an ideal generated by linear
combinations of paths from v to v4, and from vy to vs.

Proof of Theorem 5.4. We give the proof of Theorem 5.4 in case E, is
even. The other cases can be handled similarly.

Figure 7.
Q.
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V2
V1] —= U4
U3
Figure 8.
Q7.
U3
V1 —= V2
V4
Figure 9.
Q.

The objects Eg_2[2], E,[1], E![1] and E, in Al¢p| are mapped, via ®,
to simple A(Q®)-modules with dimension vector (6(v1), ..., d(vs)) equal to
(1,0,0,0), (0,1,0,0), (0,0,1,0) and (0,0, 0, 1), respectively. These simple
modules generate the abelian category mod(A°) of finite- dimensional A°P-
modules. We have ®(A[¢]) D mod(A°P). Since both abelian categories A[¢]
and mod(A°P) are hearts of a t-structure, we have ®(A[¢]) = mod(A°). So
the Z[¢]-semistable objects in A[¢] correspond to (Z[¢] o ®~!)-semistable
objects in mod(A°P).

Consider a complex F'* = [Eﬁm_2 — E”], where m, n are those in (5.5), and
E? is in degree 0. Then F'*[1] € A[¢] and ®(F*[1]) is a representation of the
quiver Q% with dimension vector (0(v1),...,0(vs)) equal to (m,n,n,0),
which can be regarded as a representation of the quiver Q¢ with dimension
vector (m, n, n).

Put

Ca = Z(s1)(Ea), Cp = Zs1)(Ep—2[1]), Gy = Z(s ) (E,).

Then we have

Z¢l(EBa[1)) = Z[g](Eall]) = — 3¢ ™Ca

https://doi.org/10.1017/nmj.2016.50 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.50

124 T. ABE

Z[¢)(Es—2[2]) = =™ ¢, Z[Q)(E,) = e ¢,

The representation ®(F*®) of the quiver Q% is (Z[¢] o ®~!)-semistable if
and only if for any subrepresentation {V,, }1<i<z of ®(F*), the following
inequality holds

—me~ (5 — ne~ 9, >0

5.17 I , . = 0.
(5.17) rnf(dim Vi )e™im?(5 — 2(dim Vi, + dim V, )e ¢,

Using Im (¢, > 0, one can see that the inequality (5.17) is equivalent to
m(dim V,, + dim V,,;) — 2n dim V,,, > 0.

This shows that (Z[¢] o ®~1)-semistability is equivalent to (—2n,m,m)-
semistability of a representation of the quiver Q.

All in all, by associating ®(F*[1]) to F'*, we have an isomorphism M (&) ~
N, This completes the proof of Theorem 5.4. [

REMARK 5.5. To F*=[E}, ERN E7], we associated ®(F*[1]), a repre-
sentation of a quiver. Here is another way to associate the representation
of the quiver. Assume, for example, that « is even, and E, = E!, & E!. We
can regard f as an element of

Hom(C™, C") @ (Hom(Es_s, E,) & Hom(Eg_o, Ey)).

We can see that there is a canonical isomorphism Hom(Es_g, Eq)* —
Hom(E, g, Eg) compatible with the direct sum decompositions E, = E}, ®
E} and E, g = E; 5 @ E 5. Therefore, f gives a representation of the quiver
Q% with dimension vector (m, n,n). We can verify that this representation
is isomorphic to ®(F*[1]).

5.3 Complements

Some arguments in this section remain valid even for moduli spaces
of positive height. Fix v € €, and define o and  as at the beginning of
Section 5.1 so that v =«.f. Let £ € K(S) with symmetric ¢; and r(§) > 0.
Assume that

(5.18) ¥ =y < (&) and X(Ey, §) =0.

We can easily check the condition in Theorem 3.7(2), so £ is a semistable
class. If moreover [i(£) <+, then the moduli space M (&) is of height zero
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and isomorphic to one of N®, N® N7, But even if v < ji(¢), we can see that
M (€) is birational to one of N®, N N7 as follows.
Under the condition (5.18), we have

m:= —>~<(E67€) >0 and n:= _X(Ew.ﬂag) > 0.

(This follows by verifying that the fi-coordinate of the intersection of the
parabolas A=P(n—v) —A, and A=P(n— ) — Ag (resp. A=P(fi—
7.8) — Ay ) is smaller than v — z,.) Put H:=Hom(E}" ,, E7), and define
U C H to be the open subset consisting of such ¢: Eg* , — E that ¢ is
injective and Coker ¢ is torsion-free. By a standard dimension estimate, we
can see that U # (). We can check that the family {F, := Coker ¢} cp is a
complete family such that ExtQ(FSD, F,(—1,-1)) =0. If we put

UDU :={peU|F, is stable},

then we can see that U’#() (repeat the argument of the proof of
Theorem 3.7). In the proof of Proposition 5.2, we only used the fact

o a<(F),
e F'is a (semi)stable sheaf fitting in a short exact sequence (5.4).

So by the same proof, we obtain the following.

PROPOSITION 5.6. If a point (sg,ty) with f —2 < sp < « in the upper
half (s, t)-plane lies outside the wall Wg,_, k., then F, is (so, to)-stable for
pel.

Denote by M(&)® the open subscheme of M({) parametrizing stable
sheaves fitting in a short exact sequence (5.4). By the same proof of
Theorem 5.4, we have the following.

PROPOSITION 5.7. Let x € {a, 8,~}. If the symmetric exceptional bun-
dle E, is even, then M (&) is isomorphic to an open subscheme of N**,
where N** is the subscheme of N* consisting of 8-stable representations. In
particular, N*® is nonempty.

5.4 Torsion-sheaves
We can also apply the same arguments in the preceding section to torsion-
sheaves. Fix a K-class £ € K(.S) with symmetric ¢; such that

(5.19) r(§) =0, deg&:=c1(&) - c1(L) >0 and  vy:=
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Define « and 3 as at the beginning of Section 5.1. We have
m:=—x(Ez,§) >0 and n:=—x(Eyz,&) > 0.

As before we put H := Hom(Eg‘_Q, E"), and define U C H to be the open
subset consisting of such ¢ : ER o — Ef that ¢ is injective. Then for any
p e U, F, := Coker p is a semistable pure 1-dimensional sheaf. Indeed, since
F := F, fits in a short exact sequence (5.4), we have Ext‘(E,, ') = 0 for any
i. If F has a subsheaf F’ with x(F’)/ deg F' >, then x(E,, F’) >0, thus

Hom(E,, F') # 0. This contradicts Hom(E,, F') = 0. Put
UDU :={peU|F, is stable}.
We claim that U’ # (. If F := F,, ¢ € U, is not stable, then F’ has a filtration
O=FC---CF=F [3>2

such that x(G;)/ deg G; =~ for any i, where G; = F;/F;_1. We can see, by
calculation, that dim Extﬁ_(F , F) >0 for this filtration. This implies that
U’ # 0 (see the argument in the proof of [DL, Theorem 4.10]). Adapting the
proof of Proposition 5.2, we can obtain the following.

PROPOSITION 5.8. If a point (sg, ty) with f —2 < so < « in the upper
half (s, t)-plane lies outside the wall Wg,_, g, , then F, is (so, to)-stable for
pel.

Denote by M (£)° the moduli space of stable pure 1-dimensional sheaves
with K-class ¢ fitting in a short exact sequence (5.4). By arguing as in the
proof of Theorem 5.4, we have the following.

PROPOSITION 5.9. Let x € {a, 8,~}. If the symmetric exceptional bun-
dle E, is even, then M (&) is isomorphic to an open subscheme of N*%,
where N** is the subscheme of N* consisting of 0-stable representations. In
particular, N*° is nonempty.

§6. Dimension Estimate

The following proposition is the quadric surface counterpart of [Le,
Lemma 18.3.1].

PROPOSITION 6.1. Let £ € K(S) be a semistable class with symmetric
c1 such that the height of the moduli space M (&) is positive. Consider a
complete family {F} of torsion-free coherent sheaves on S with K-class &
parametrized by a smooth variety T. Assume that Ext?(Fy, Fy(—1, 1)) =0
foranyteT.
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(1) The set of points t € T such that Fy is not stable forms a closed subset

of at least codimension 2.
(2) Ifr(§) =3, then the set of points t € T' such that F; is not a p-stable
bundle forms a closed subset of at least codimension 2.

Only in the proof of the proposition, we use the terminology “multi-
stable”: a torsion-free sheaf F' is said to be multistable if F' is semistable
and S-equivalent to G* with G a stable sheaf.

Proof. (1) By a similar argument as in the proof of [Le, Corollary 15.4.4],
we can see that the set of points t € T such that pmax(Fy) — ftimin(Fy) > 2
forms a closed subset of codimension at least 2. So we may assume that
Mmax(Ft) - ,umin(Ft) <2forany teT.

We first show that the set of points ¢ € T' such that F; is not semistable
is of codimension at least 2. To this end, it suffices to show that if F' = F}
is not semistable, then there exists a filtration

(6.1) O=FCkhC---CFH=F

satisfying the following conditions (i), (ii) and (iii):

(i) G;:=F;/F;_ is semistable, pg, = --- = pa,, pc, = pa,, and ji(Gy) —
wGr) < 1

(i) Hom(G;, G;) =0 for i < j;

(iii) Zi<j X(Gi,Gj) < —1.

In fact, if the filtration (6.1) satisfies (i), (ii) and (iii), then

dim Ext} (F, F) == > x(Gi,G;) > 2.
1<j
Using [DL, Propositions 1.5 and 1.7], we see that the subset of sheaves
having a filtration satisfying (i), (ii) and (iii) is of codimension at least 2.

In the following, we shall use repeatedly the fact that for the filtration
(6.1) satisfying (i) and (ii), we have x(G;, G;) <0 for i < j.

Step 1. We show that if F'=F, has a filtration (6.1) satisfying the
conditions (i), (ii) and the following condition (iv), then (iii) or (v) below
holds.

(iv) G1 and G are multistable.
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(v) x(G1,G;) =—1, and x(G;, G;) =0 for i < j with (7, j) # (1,1). More-
over, (3; is not multistable for ¢ # 1, [.

Suppose that the filtration (6.1) satisfies (i), (ii) and (iv), and the
inequality

(6.2 > (G Gy) > 1
1<j
holds. Let us show that (v) holds.

Claim 6.1.1. If G; is multistable, then A(G;) >1/2. In particular,
A(G1) 2 1/2 and A(G;) > 1/2.

Proof of Claim 6.1.1. Suppose that G; is multistable and A(G;) < 1/2.
Then G; is S-equivalent to E* with E an exceptional bundle. If i(G;) >
f(F), then we have

0>x(Gi, F) = > x(Gi, Gj) + x(Gi, Gi) + Y _ x(Gi, Gy)

j<i 1<J
> X(Gj,Gi) +X(Gi, Gi) + > x(Gi, Gj)
j<i 1<j

> 14 x(Gi, Gi) =—1+a2>0,

which is a contradiction. Here the first inequality follows from the assump-
tion that the height of M () is positive, and Proposition 3.6. If i(G;) <
f(F), then by considering x(F, G;), we obtain a contradiction as well.  []

Claim 6.1.2. If x(G;, G;) =0 for some i < j, then A(G;) + A(Gy)
where the equality holds if and only if (v/(G;), v"(G;)) = (V' (Gy), V(G

Proof of Claim 6.1.2. By x(G;, Gj) =0, we have

)

<1

7))-

(6.3) (V/(Gj) — V/<GZ') + 1) (I/”(Gj) — I/H(GZ‘) =+ 1) = A(GZ) + A(G])

Since —2+V(G;) +V"(G;) <V(G;) +V'(G;) <V(G;) +V'(Gi), we see,
by calculation, that the maximum of left-hand side of (6.3) is 1, and the
maximum is attained only when (v/(G;), v"(G;)) = (V'(G;), V" (Gy)). [

We have x(Gi,G;) <0. Indeed, if x(Gi,G;) =0, then Claims 6.1.1
and 6.1.2 imply that A(G1)=A(G2)=1/2 and (V' (G1),V"(G1))=
(V' (Gy), v"(Gy)). This shows that pg, = pg,, which contradicts (i).
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By the inequality (6.2), we have x(G1,G;) =—1 and x(G;, G;) =0 for
i < j with (4, j) # (1,1). If G; is multistable for i # 1, [, then by x(G1, G;) =
X(Gi, G;) =0 and A(G;) >1/2, as in the preceding paragraph, we obtain
PG, = PG, = pa,, which contradicts (i).

Step 2. We show that if F' = F}; is not semistable, then either F' has a
filtration (6.1) satisfying (i), (ii) and (iii), or F' has a filtration

(6.4) O0=FyCF,Clkh=F
SuCh that GO = Fl/FO and G2 = F2/F1 are Stable, pG1 — pG2 a.nd
x(G1, G2) = —1.
Let
(6.5) 0= FO cp) ... c ) _

be the Harder—Narasimhan filtration of F. We have k£ >2 because
F is not semistable. If F®/F0-1  1<i<k, is not multistable,
then insert a filter F(~D ¢ F() c F() guch that PFG) JFG-1) = PRG) /FG)
Hom(F® /F@-1 F®/F@®) =0, and moreover for 1 <i <k —1 (resp. for
i=k) FO/FED (resp. F®)/FF) is multistable (cf. [KO, Proposition
4.4]). The resulting filtration

(6.6) O=FCFk C---CF=F

satisfies (i), (ii) and (iv).

If k£ > 3, then at least 3 of the graded sheaves of the resulting filtration
are multistable. So the filtration satisfies (iii) by Step 1.

Next we consider the case k = 2, and at least one of F(1)/F(0) p(®2) /p(1)
is not multistable. We treat the case where F(1)/F(0) is not multistable.
(The case where F(?) /F(1) is not multistable can be handled similarly.) The
filtration (6.6) in this case is either

1) C ) C FQ@ —F
ODecFr®WcF@cr®=F

0=fF©

CF
(6.7) oo 0=FOcF
If the filtration (6.7) satisfies (iii), then we are done. If not, then the
filtration satisfies (v) by Step 1. Then F() must be stable because
x(G1, G;) = —1. Since FM) /F() is not multistable, we can find a subsheaf

FO cDcFY such that Pr))p =Pp/F(); Hom(D/FM F) /D) =0,
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and F1)/D is multistable. If Hom(FM, FM) /D)0, then FUM/D is S-
equivalent to a direct sum of some F(1)’s. Then we have x(F( /D, G;) <0
since x(G1,G;) = —1. On the other hand, we have y(F/F) G;) =0,
so we have xy(F(1)/D, G;) =0. This is a contradiction. Therefore, we have
Hom(F®, F() /D) = 0. Then the filtration obtained from (6.7) by inserting
D as a filter satisfies (i), (ii) and (iv), and at least 3 of the graded sheaves
are multistable. So it satisfies (iii) by Step 1.

Finally we consider the case where k=2, and both F(1)/F(©) and
F® /FM) are multistable. The filtration (6.5) satisfies (i), (i) and (iv).
If (6.5) satisfies (iii), then we are done. If not, it satisfies (v) by Step 1.
Since x(F(, F@/FMW) = —1, both F) and F® /F® must be stable. So
we obtain a desired filtration.

Step 3. To conclude that F' = F; that is not semistable has a filtration
(6.1) satisfying (i), (ii) and (iii), we have only to show that F’ does not have a
filtration (6.4) such that Go = F1/Fy and Gy = Fy/F are stable, pg, > pa,
and x(G1, G2) = —1.

Suppose that such a filtration exists. For i =1, 2, put

ri =1(G;), A = A(Gy), pi = u(Gi),
and define 9; by
(V'(Gi), V" (GY)) = (i + 64, fai — ;).
From x(G1, G2) = —1, we have
1
(68) (1+ﬂ2—ﬂ1)2—((52—(51)2:A1—|—A2—7.
rirs
Define a nonnegative integer k by
_ _ k
201 =209 + —.
T172
Since i1 — fizg < 1, we have k < 2ryre. By (6.8), we have

Eo\? 1 1
(1 - ) > A1+ Ag — >1- ,
2ri7ro 172 r172

where the last inequality follows from Claim 6.1.1. From this, we have

(6.9) 1>k<1_ k )2"’.

47‘1 T9 2
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Thus k < 2. If k=2, then the inequalities in (6.9) are all equality. Thus
r1 =re =1 and Ay = Ay =1/2. This is absurd because the discriminant of
a rank one sheaf is an integer.

Before we consider the case k =0, 1, we note that we have

(6.10) 7101 + 7909 =0

because ¢1(&) is symmetric.
Consider the case k= 0. We have fi; = fi2. From (6.8), we have

1
—— = A1+ Ay — 1+ (61— 6p)?
rr2

2
(6.11) > (61 — 85)2 = <T1:T2) 52,
2

If 61 #0, then |§1] >1/(2r1) because 2r1d; is an integer. We have
0> (r1 —r2)? from (6.11). Then 71 =79, and the inequality in (6.11) is
an equality, thus A; = Ay =1/2. Then we have A; + 67 = Ay + 63, which
implies pg, = pg,, a contradiction.

If 61 =0, then both ¢;(G1) and ¢1(G2) are symmetric. Thus A; > 1/2.
More precisely, we have

A >

N |

n 1
27“1-2'

From (6.8), we have
1 1 1
thus 0 > (r; — r2)%. Then we have r; =75 and A; = Ay, which implies a
contradiction as in the preceding paragraph.
Consider the case k= 1. From (6.8), we have

1 \? 1
(1— > —((52—51)2:A1+A2—7.
27’17‘2 T172

From this, we have

1
1—(6; —8)% = A Ay — ——
(0 2) L+ 52 41“%7"%
(6.12) S1-
' - 47”%7"2'

Therefore, ‘51 — (52‘ < 1/(27”17‘2).
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If §; = d2, then d; = d2 =0 by (6.10). Since both ¢1(G1) and ¢1(G3) are

symmetric, we have
1 1

6.13 Az -+ —.
( ) ‘72 + 27“12
From (6.12) and (6.13), we have 1 > 2r? + 272, which is absurd.

If |01 — 02| = 1/(2r172), then we have 2rq9de = +1/(ry + r2) by (6.10). This
is a contradiction because 2r2d9 is an integer.

From Steps 1 to 3, we can conclude that the set of points ¢t € T such that
F} is not semistable is of codimension at least 2.

Step 4. We claim that the set of points ¢ € T' such that F} is not stable is
of codimension at least 2.
If F = F} is semistable, but not stable, then there is a filtration

(6.14) 0O=FyCFC--CE=F 1>2

such that each G; := F;/F;_ is stable, and its reduced Hilbert polynomial is
equal to pp. Put r; =1(G;), A; := A(G;) and define 6; by (V'(G;), V"' (G;)) =
(L + 0;, i — 9;), where f:=p(§). Put A:=A(§). To prove the claim in
Step 4, we shall show that dim Ext}k(F, F) > 2 for this filtration.
We have
> (—1)" dim Ext’ (F, F) = > x(Gi, G;).

i i<j

By Ext? (F, F) =0, we have

dim EXti_(F, F)> - Z X(Gi, Gj) = Z Ti?"j(_l — 20,05 + 2A)

i<j i<j
(6.15) = Z rirj(2A — 1) + Z 0
i<j k

where we used Y, 7;0; = 0. This implies dim Ext} (F, F') > 0. Assuming the
value (6.15) is equal to 1, we shall obtain a contradiction.

Since each 2r;0; is an integer, we have r;7;(2A — 1) € %Z. So we must
have [ = 2. There are two cases:

1 1 1
(7“1?”2<2A— 1),7’1(51,7“252) :(1,0, 0) or <2vi27:F2>-
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Case (r1r2(2A — 1), r101, r202) = (1,0, 0). In this case, both G and Go
have symmetric ¢; and

1 1
A=A =Ng=—= <1—|—>-
2 r1ro
Since x(G1, G2) = —1, we have 1y = rg, so we have x(G1,G1) = —1. Then
dim M (ry, i, A) = 2. This does not occur by Lemma 6.2.
Case (r1r2(2A — 1), r161,1202) = (%, :l:%, $%) We have

(6.16) A=1 <1 +

1
=A;+ —.
2 2r1r2> it 47“1-2

We first consider the case 71 # rg, say r1 <rg. Then A; <1/2, so Gy is
rigid and we have Ay = (1 — 1/r12)/2. Combining this and (6.16), we have
r1 + ro = 0, which is absurd. Finally consider the case r;{ =re =1/2. Then
A1 = Ay =1/2. We have x(G;, G;) =0. Then

X(F, F) = x(G1, G2) + x(G2, G1) = —2.

We have dim M (£) = 3. By Lemma 6.2, i € €. Since the height of M(§) is
positive, we have

(6.17) A>5(ﬁ):% (1+‘;>,

Tl

where e is 1 or 2, depending on whether r; is odd or even. From (6.16) and
(6.17), we have

(6.18) ra>ryef2.

Since rfi is an integer, and since 7; is the denominator of the irreducible
fraction expression of fi, we have r > rz. Moreover, when rj is odd, r > 2rj
since r is even. This contradicts (6.18).

(2) By (1), we may assume that the complete family {F;} consists of
stable sheaves. Since r(§) > 3, the set of points t € T' with F; not locally free
has codimension at least 2 (see [Le, Section 17.1]). Thus we may assume
that F} is locally free for all t € T'.

If F' = F; is not p-stable, then there exists a surjection F' — G such that G
is a torsion-free sheaf such that u(F) = p(G) and x(F)/r(F) < x(G)/r(G).
Consider the dual map G* — F*. We have p(F*) = u(G*) and x(F*)/r(F) <
X(G*)/r(G). So F* is not stable. But applying (1) to the family {F;} of
dual bundles, we see that the subset of ¢ € T' such that F}" is not stable has
codimension at least 2. This proves (2). [
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LEMMA 6.2. Let € K(S) be a semistable class with symmetric ¢1 such
that the height of the moduli space M (&) is positive. Then dim M (§) > 3. If
moreover [i(§) ¢ €, then dim M (§) > 4.

Proof. We imitate the proof of [D, Proposition 33].
Put (r, @, A) := (r(&), (&), A()) and d := dim M (§) > 0. We have

1—d=x(& &) =r*(1-24),

thus

1 d—1
1 A=—-1(1 .
(6.19) s (1+957)

Take a € € such that g € I,. We may assume that o —z, < g < a. (If a <
i < a+ x4, then consider the dual of sheaves.)

Claim. If d <2, then we have i # a.
Proof of the Claim. If i = a, then

1 e
6.20 A>1—-Ay==[1+—
(6:20) S1-d0my (157)
where e =1 or 2 depending on whether r, is odd or even. By (6.19) and
(6.20), we have v/d — 1r, > r, thus r, > r. This is absurd because r, is the
denominator of the irreducible fraction expression of «. This is the end of

the proof of the claim. N

To prove the lemma, we claim that if @« — x4 < i < a, then d > 4. Indeed,
when a — x4 < i < a, we have z, > % Denoting by h the height of the
moduli space, we have

O<h=rrq (A+ A, —P(i—a)) <rry (A;)

~(d—=1)ry < (d— 1)1z,
2k 2
(d—1)e - (d—1)e

~X 4 Y
4(1+ 1—2f2>

where the inequality in the second line follows from P(g — a) — Ay > 1/2.
We have

4h
d>?+1>3. []
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87. Properties of the set ¢

The goal of this section is Theorem 7.4, a counterpart of [CHW, Theorem
4.16].

7.1 Notation of continued fraction expansion
We use the same notation as in [H, Section 3], and follow the presentation

there.
For real numbers ay, . . ., ai, we define the number [ag; a1, . . ., ai] by

1
lao; a1, . .., ax] :==ao + — 1
ap + ———
1+ - 1
. . + P
ag

when it makes sense.

Any rational number 0 < o < 1 has a unique continued fraction expansion
a=[0;ay,...,ax where a; are positive integers and k is even. This is called
the even length continued fraction expansion of a. If p, and ¢, are the
numerator and denominator of [0; ay, . . ., ay], the nth convergent of o, then
we have the relation

o (=) () ()

From this, it follows that ¢,pn—1 — gn—1pn = (—1)". Moreover, taking the
transpose of the above equation, we obtain the following fact [H, Lemma
3.1].

LEMMA 7.1. A continued fraction expansion [0;ai,...,ax] is palin-
dromic, that is, a; = agy1—;, if and only if pr = qr—1.

By the same reasoning, we have the following.

LEMMA 7.2. Assume that for continued fraction expansions o=
05 a1, ...,a;] and o/ =[0;a}, ..., a}], the inequalities a; = aj,_ ,_; hold. Let
Pn/qn and pl,/ql, be the nth convergents of a and ', respectively. Then we
have pp, =q,_.

7.2 Continued fraction expansion of symmetric exceptional
slopes

In the case of the projective plane, the even length continued fraction

expansion of an exceptional slope 0 < a <1 is palindromic (cf. [H, The-

orem 3.2]). In our quadric surface case, the behavior of the even length
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continued fraction expansion of a symmetric exceptional slope 0 < o < 1/2
depends on the parity of a.

THEOREM 7.3. Take v € €& with 0<~y<1/2. Let [0;c1,...,cy] and
[0;¢), ..., c,] be the even length continued fraction expansions of v and

2v, respectively. (If v =0, we understand n=n' =0.)
(1) We have ¢y =2 or 3, and ¢} = 1.
(2) If the symmetric exceptional slope 7 is even, then n' =n+ 2, and the

continued fraction expansions are palindromic.
(3) If the symmetric exceptional slope v is odd, thenn =n' and ¢; = C;1+17i'

Proof. We imitate the proof of [H, Theorem 3.2].
If v =0, then the theorem holds obviously.
Consider v € € with 0 <~y < 1/2. It is expressed as

(7.2) v =¢€(p/29)
with p odd and ¢ > 2. We proceed by induction on g. But we first treat
the case v =¢ (% — 2—1(1) separately. This ~ is an odd symmetric exceptional

slope. Since
11\ 1
‘lg=am1) =73
we have, by Lemma 2.6(2),
11\ 1 1
‘N2 7 271)) T2 644y

From this, by an easy calculation, we find

1 1 1 1
6<2—2q+1>_[0§271+7]7 2¢ <2_2q+1>_[0;1’2+27]'

Since €(0) = [0; 0], we have

€ (; - 21q> =[0;(2,1)77Y, 2 <; - 21q> =[0; (1,2)971]

for ¢ > 2. Thus the theorem holds in this case.
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Now let us consider 0 <y < 1/2 expressed as in (7.2). The case ¢ =2 is
covered by the above consideration, so we let ¢ > 3. Let

SUCORSICY

so that v = «.8. We put the even length continued fraction expansions as

follows:
a=10;a1,...,an, 200 = [0;a,...,a,],
B:[O;bly"'ablL 26 = [07b/177b;’]

Claim 7.3.1. The even length continued fraction expansions of vy and
2 are given as follows.

(1) If « is even, then

(7.3) vy=10;a1,...,am,1,1,b1 —1,ba,...,0]
(7.4) 2y = [0;a}, ... a3, b5+ 1,05 ..., 0]

(2) If v is odd, then

(7.5) vy=10;a1,...,am,3, b5+ 1,05 ..., b]
(76) 2"}/ = [O, a'l, .. .,a:ﬂ,, 1, 1,,b1 - 1, bg, ceey bl]

(3) If B is even, then

(7.7) vy =10;b1,...,00-1, 00 — 1,1, 1,a1,...,an]
(7.8) 2y = (0500, ..., by o, by +1,3,d),...,a,]

(4) If g is odd, then

(7.9) v =[0;b1,..., 02, bj_1+1,3,d),...,al.,]
(7.10) 2y = [0;0), ..., by, b — 1,1, 1 ay, ..., ap).

We first see that the claim implies the theorem. If ~ is even, then
both a and S are odd. Comparing the two expressions (7.5) and (7.9)
of the continued fraction expansion of v, we infer that the expansion is
palindromic, using the induction hypothesis. For the expansion of 2+, we
can argue similarly. If v is odd, then one of «, § is odd, and the other
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is even. Comparing (7.3), (7.4) and (7.9), (7.10), or (7.5), (7.6) and (7.7),
(7.8), we can see that the theorem holds in this case as well.

It remains to prove the claim. We give a proof for the equalities (7.4) and
(7.9); the other equalities can be proved similarly.

Assume that o is even. Let p) /g, be the kth convergent of 2c, that
is, p./q, =[0;a},...,a;]. We have ¢/, =r,/2 and p , = ar,. Since the
continued fraction expansion of 2« is palindromic, we have ¢/, |, =p/ , by
Lemma 7.1. By ¢/ ., —p.d,_1 =1, we have p/ , | =20a°rq +2/rq.
Using by Lemma 2.6(2), we have

29 =201 2 _ (4 —2B)ary + 2a%r, +2/r,
Ta(2+a_ﬁ) (4_2B)Ta/2+aro¢
_ (4 =28)p + Py
(4=28)dy, + a4
(7.11) =[0;a},...,a,,4—20].

Using 4 — 28 = [3; 1, —1, 2f3], the continued fraction expansion (7.11) can be
rewritten as (7.4), using b} = 1.

Finally assume that § is odd. Let p;/qx and pj},/qj. be the kth convergents
of § and 20, respectively. We have ¢ =rg and p; = frg. Since | =1" and
bi="b},,_;, we have q_1 =p; =2frg by Lemma 7.2. So we have p;_; =
26%rg +1/ra.

1  —(4+20)Brg +2B%5 + 1/rs
27’%(2 +a—p) —(4+20)r5 +2prs

_ —(4+20)p +pr-1
—(4+2a)q +q1
= [07 bla ey bla _(4 + 20[)]

(7.12) = [0; bl,...,bl_l,l,—(4+2a)].

y=08-

Using [0; 1; —(4 4+ 2a)] = [1; 3 4 2a], we can rewrite (7.12) as (7.9). [
Put C:=R\ U,ce la- Any x € C is irrational.

THEOREM 7.4. If x € C is not an endpoint of an interval I, then it is
not a quadratic irrational number.

To prove the theorem, we follow the argument in [CHW, Section 4]. In
our case, the argument becomes messier due to the parity of symmetric
exceptional slopes.
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To show that z € C in the theorem is not a quadratic irrational number,
we use the following fact : if [ag; a1, a, . . . ] is a continued fraction expansion
of an irrational number, then it is a quadratic irrational number if and only
if the continued fraction expansion is eventually periodic, that is, there exist
positive integers p and ¢ such that a; = a;4, for all i > c. So, we will study
the continued fraction expansion of x.

We need some preparation.

Put ¢'=Cn(0,1/2) and

Cn:(O,l/Q)\ U I

a€C, ord asn

Here the order of a symmetric exceptional slope a = €(p/29), where p is odd
if ¢ > 0, is defined by ord a = gq.

To each x € C', we associate an infinite sequence o, of letters L and R
as follows. We have Co = [x0,1/3 — 3] U [1/3 + 213, 1/2 — 219], and =
lies in one of the two intervals. If it lies in the left (resp. right) interval,
then the first term of o, is L (resp. R). If we denote by I, the interval of
(s containing x, then I, N C3 consists of two disjoint intervals, and x lies
in one of them. If it lies in the left (resp. right) interval, then the second
term of o, is L (resp. R). We can proceed inductively. More precisely, if we
denote by I,, , the interval of C), containing z, then I,, , N C)41 consists of
two disjoint intervals, and z lies in one of them. If it lies in the left (resp.
right) interval, then the nth term of o, is L (resp. R).

The correspondence x — o, gives a bijection between the set C’ and the
set {L, R} of infinite sequences of letters L and R. The following lemma,
is clear from the construction of o.

LEMMA 7.5. Forxz € C’, x is an endpoint of an interval I, o € €, if and
only if the infinite sequence o, is eventually constant, that is, there exists
an N > 0 such that all letters in o, are the same after the Nth term.

Consider a symmetric exceptional slope v € € expressed as v = ¢(p/29)
where ¢ >0 and p is odd. Let a=¢€((p—1)/29) and B=€((p+1)/27) so
that v =a.5. We define the symmetric exceptional slopes v- L and v- R
by v- L=« and v- R=~.p. If 0 =(51,...,Sy) is a finite sequence of
letters L and R, then we define the symmetric exceptional slope v - o by
(o ((7-81)-55) ) - S

Let @ be the set of symmetric exceptional slopes a with 0 < v < 1/2. If
we note 1/3 = ¢€(1/4), the following is clear.
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LEMMA 7.6. Denote by {L, R}* the set of finite sequences of letters
L and R (including the empty sequence). The map {L, R}* — & given by
o— % -0 is a bijection.

Continued fractions Take a€ &, and let 8 be a-L or a-R. Let
[0;a1,...,amn] and [0;b1,...,b,] be the even length continued fraction
expressions of a and [ respectively. Then from Claim 7.3.1, we see that
a;="b; for1<i<m— 2.

Take z € C' and consider the corresponding infinite sequence o,. Let
os™ be the finite sequence of initial n terms. Put ¢” = % -os™. We have
lim,, 00 ¢ = x. From the observation above, the following lemma is clear.

LEMMA 7.7. If [0;a1,...,ay] is the even length continued fraction
expansion of ¢, and [0; c1, ca, . . .| is the continued fraction expansion of x,
then a; = ¢; for i <m — 2.

Now assume that x € C' is not an endpoint of I, a € €.

By Lemma 7.5, o, is not eventually constant. Then we can easily see that
there are infinitely many even symmetric exceptional slopes in the sequence
{%}n=0. We say that an even symmetric exceptional slope ¢ is of Type A if
o< starts as RL*R ... for some k > 0; of type B if o7< starts as LRFL . ..
for some k > 0; and of Type C if o< starts as RRLL . .., where o< is the
infinite sequence obtained from o, by deleting the initial n terms. We can
see that for at least one type of A, B or C, an infinite number of even ¢ of
such type appear.

In the next lemma, we use the following notation. For a sequence a =

(a1, ..., an) of integers, we let
ta=(3,a2+1,0a3,...,am), Ta= (a1 —1,az,...,an),
at =(a1,...,am_2,am_1+1,3), a = (at,...,Qm—1,am —1).

We define Ta™, Ta~, and so forth obviously.

LEMMA 7.8. Assume that ¢ is an even symmetric exceptional slope.
Put v=¢". Express v=€(p/29) with p odd, and let « =¢((p —1)/29) and
B=¢€((p+1)/27). Let [0;c|, [0;a] and [0;b] be the even length continued
fraction expansions of v, a and B3, respectively, and let [0;c], [0;a’] and
[0; b'] be the even length continued fraction expansions of 27, 2a and 203,
respectively.
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(1) If 7y is of Type A, and o™< starts as RL*R ..., then the even length
continued fraction expansion of v - RLFR(= ¢nTF+2) is

(7.13) 0;¢,1,1,” bt (M) /T e/, T, (1, 1,¢7)2 1,1, ¢,

where when k =1, the last part Tb'=, (1,1,¢7)¥72,1,1, ¢ reads *b'.
(2) If v is of Type B, and o™< starts as LRFL ..., then the even length
continued fraction expansion of v - LRFL(= ¢nT++2) is

(7'14) [0; C_7 17 17 a’ (+C,)k_17 +C/+7 C/+7 al? (17 17_ C)k_l]'

(3) If v is of Type C, then the even length continued fraction expansion
of v+ RRLL(= ¢™*%) is

(7.15) [0;c,1,1,” b, ;" b/, 1,1, bt, T b].
Proof. (1) By (7.3) and (7.4), we have
v-R=10;¢c,1,1,” b], 2(y- R)=[0;c/,7 b'].
Using (7.9) and (7.10), we have

~v+-RLF = [0;c,1,1,” bt (c”')k_l, c],
2(y- RL®) = [0;¢/, 7 b/, (1,1,¢7)* 1 1,1, ¢].
Using (7.5), we obtain the result.
(2) The proof is similar as in (1).
(3) Using (7.3) and (7.4), we have
v-R=10;¢c,1,1,” b], 2(y- R)=[0;c/,7 b'].
Using (7.5) and (7.6), we have
v-RR=10;¢c,1,1,” b,T '], 2(y- RR)=[0;c/," b/, 1,1,” b.
Using (7.7) and (7.8), we have

v-RRL = [0;¢,1,1,” b, b~ 1,1,¢,1,1,” b]
2(y-RRL) = [0;c¢/," b/, 1,1,” b*, ;" b'].

Using (7.5), we have the result. 0
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We say that a sequence ay, as, . . ., a; is periodic with period p if a; = ai4p
for1<i<l—np.

LEMMA 7.9. Let A, B and M be sequences. Assume that the concate-
nated sequence AMBM is periodic, and let d be the minimum period.
Assume moreover that |M| > d. (Here | M| denotes the length of the sequence
M.) Then d divides |M B|. In particular, the last term of A and B are the

same.

Proof. Let M =(z1,...,2n). Suppose that d does not divide |M B]|.
Then considering the initial term of the latter M in AMBM, we have
21 =z with 2<I1<d. Then AMBM has period [ — 1, which contradicts
the minimality of d. [

Proof of Theorem 7.4. Take x € C’ that is not an endpoint of an interval
I,,, and suppose that the continued fraction expansion [0; z1, zg,...] of x
is eventually periodic with period p, that is, there exists ¢ > 0 such that
x; = xiyp for all fi>c.

Consider the case that infinitely many ¢7 of Type A appear in {¢?},>0.
Take a ¢ of Type A for n > 0. We use the same notation as in Lemma 7.8
(for example v = ¢ = [0; c]). Since n is sufficiently large, we may assume
m’:=|c’| > max{c, p}. By Lemma 7.8, the even length continued fraction
expansion of ¢"**+2 is given by (7.13). If we delete the initial ¢ terms and
the last two terms from (7.13), then the remaining sequence is periodic
with period p (see Lemma 7.7). In particular, the subsequence (c¢/," ¢’) is
periodic with period p. Put A = (¢, ¢5), M = (c5,...,c,,)and B=(3,¢c, +
1), where ¢’ = (¢}, ..., c,/). Applying Lemma 7.9, we see ¢, = ¢, + 1, which
is a contradiction.

Other cases can be handled similarly.

When infinitely many ¢ of Type B appear, by arguing as in Type A case,
the subsequence (*¢/t,c¢/*) in (7.14) is periodic. We put A = (3,c, + 1),
M=(c,...,c_5) and B=(cp_1+1,3,c],c).

When infinitely many ¢} of Type C appear, we see that the subse-
quence (Tc/, b’ 1,1, bt ) is periodic. We put A= (3,c¢)+ 1), M =
(¢4, ...,c,)and B=(Tb' 1,1, b", ¢, ). 0

§8. Resolution of sheaves

In this section, imitating the argument in [CHW, Section 5], we construct
a resolution of a semistable sheaf with symmetric ¢; on S.
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Fix a semistable element £ € K(.S) such that the height of the moduli
space M (&) is positive. In the (@, A)-plane, the parabola A =P(i + n(§)) —
A(&) intersects the line A=1/2 at two points. Let (fio,1/2) be the
intersection point with the larger ji coordinate.

LEMMA 8.1. There exists a unique v € € such that [ig € 1.

Proof. Once we have Theorem 7.4, the same proof of [CHW, Theo-
rem 3.1] applies. [

There are 3 cases:
Case (1) P(y+ a(§)) —A(§) > A
Case (2) P(y+ p(§)) — A(§) =

Case (3) P(v+ () — A(§) <
We express v = €(p/29), Where q >0, and p is odd if ¢ > 1. If ¢ =0, then

put a =+ —1/2 and S =~+ 1. If ¢ > 0, then put

() a5

Then we have v = «.f.
In Case (1) and Case (2), we put

my = X(E—"/v 5)7 ma = _X(E—Oé.’}’? 5)7 ms3 = _X(E—Oév 5)7

and U:=E"® , and V := ETE @ ET;. Here we have mo >0, mg > 0; and
my > 0in Case (1) and m; = 0 in Case (2). (See Notation 4.6 for the notation

X-)
In Case (3), we put

my = _X(E—’Yaé.) >07 mo = )Z(E,B,{) >O7 ms3 = X(Ef’yﬁ’?g) >07

and U = ETWLZ GE™ ,andV = ETE Using Lemma 8.3 below, we can see
that Hom(U, V) is globally generated. By a standard dimension estimate, we
can see that there is a closed subset Z of codimension at least 2 in the affine
space Hom(U, V') such that for any point [¢: U — V] € Hom(U, V) \ Z, ¢
is injective and Coker ¢ is torsion-free. Put Y := Hom(U, V) \ Z, and Fy :=
Coker ¢ for p €Y.

One can see that the family {F4} parametrized by Y is a complete family
of sheaves with K-class £ (cf. the proof of [CHW, Proposition 5.3]). More-
over, using Lemma 8.3(2) below, we can see that Ext*(Fj, Fy(—1, —1)) =0
for any ¢ € Y. Let Y’ be the open subset of Y consisting of ¢ with Fy stable.
Then by Proposition 6.1 (1), the codimension of Y\ Y/ in Y is at least 2.
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REMARK 8.2. When r(£) >3, if we let Y” be the open subset of YV
consisting of ¢ such that Fy is a u-stable bundle, then by Proposition 6.1(2),
the codimension Y \ Y” in Y is at least 2.

LEMMA 8.3. Let

2
1
[a)
VN
S
N——
=
1

()

(1) The sheaf Hom(Eg_2, Ey) is globally generated.
(2) We have Ext*(Es_1, Eq) = 0.

with ¢ >0

Proof. (1) The proof is identical to that of [H, Lemma 5.4]. For ¢ =0,
E,=0(p,p) and Eg_o=0(p—1,p— 1), thus Hom(Eg_s, E,) ~ O(1,1).
The lemma holds.

Assume ¢ > 1. When p is odd, put n=¢((p — 1)/27), and

€ (p+3 —2> if p=1 (mod 4),
5={ V7

p—3 .
e( 5 ) if p=—1 (mod 4).

Then we have an exact sequence (cf. Lemma 4.7)
(8.1) O—>E5—>E3;‘(E”’E") — Ey — 0.

So we have a surjective map Hom(Esz_g, Ey)X X(En,Ea) — Hom(Eg_2, Ey)
and Hom(Es_2, Ey) is globally generated by the induction hypothesis, so
Hom(Eg_q, E,) is globally generated. When p is even, considering the
isomorphism Hom(Es_z, Eq) ~ Hom(E_n—2, E_g), the proof is reduced to
the case p odd.

(2) For ¢ =0, 1, the vanishing of Ext! can be checked directly. Assume
q>2. As in (1), we may consider only the case where p is odd. We have a
short exact sequence (8.1). From this, we obtain an exact sequence

Ext!(Eg_y, E)XEnE) 5 ExtY(Es_y, E,) — Ext?(Es_1, Es).

By the induction hypothesis, we have Ext'(Ez_i, E,)=0. We have
Ext?*(Es_1, E5) ~ Hom(E;s, Eg_3)* =0 since § > 8 — 3. The result follows
from the above exact sequence. 0
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89. Rational map to moduli of quiver representations

Retain the notation &, «, 8 and + in the previous section. In this section,
we define three kinds of quivers, and construct a rational map of M (&) to
the moduli space of representations of a quiver.

9.1 Quivers

To describe a quiver (), we use the notation

Q = (Qos {Now }v,0)eQoxQ0 )

where Qg is the set of vertexes of the quiver, and N, ,s is the number of
arrows having v as the source and v’ as the target.

We define quivers R®, R® and R as follows.

When « is even, the quiver R* = (R{,{Ny.}) is defined by Rf =
{v1,v2,v3} and Ny, oy = Nyg oy = X(E_a—2, E_g) and N,, ,; =0 for other
pairs (v, vj).

When S is even, the quiver Rﬁz(Rg,{Nv’v/}) is defined by Rg:
{v1, v2, v3} and Ny, vy = Ny wy = X" (E—a—2, E_g) and N, ,; =0 for other
pairs (v;, vj).

When v is even, the quiver R” = (R}, { N, }) is defined by R} = {v1, vo}
and Ny, », = X(E_a—2, E_g) and Ny, ,, = 0 for other pairs (v;, v;).

In summary, the quivers R, R? and R? are the quivers obtained from
the quivers Q%, @° and Q" in Section 5.2 by reversing the arrows. (See
Figures 10-12.

Figure 10.
R".

We define moduli spaces M?®, MP and M? of representations of
quivers as follows. M (resp. MP) is the coarse moduli space of 6-
semistable representations of the quiver R® (resp. Rﬁ) with dimension
vector (0(v1),d(ve), 6(vs)) = (ma, ms, mg) (resp. = (ms, ma, my)), where
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U3

Figure 11.
R",

Vg ——= U1

Figure 12.
R

the weight vector
(0(v1), 0(v2), 0(v3)) = (2m3, —m2, —ma)

(resp. = (—2mg, m3, m3)). M7 is the coarse moduli space of #-semistable
representations of the quiver RY with dimension vector (§(vi1),d(v2)) =
(mg, ms3), where the weight vector (6(v1), 6(v2)) = (ms3, —ma). The nonemp-
tyness of these moduli spaces will be verified later.

9.2 Rational map
We define a rational map from M (€) to M, M? or M? depending on
which one of «, 5, v is even.

Case (1) or (2) A general sheaf F' € M (£) has a resolution of the form
Brs_, L9 g g g

Let M(&)° be the open subscheme of M (&) consisting of stable sheaves
having the resolution of this form.

Subcase (1 or 2, ). If « is even, then E_,_o=FE' _,® E”__,. Giving
the map
f = f/ + f// : E/JZB,Q @ EZZLEQ — ETE
is equivalent to giving linear maps
(9.1)
C™3 — Hom(E' E_g)™m? and C™3 — Hom(E" E_g)™m2,

—a—2 —a—2»

https://doi.org/10.1017/nmj.2016.50 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.50

SHEAVES ON A QUADRIC SURFACE 147

which are obtained from f’ and f” by applying Hom(E’ , o, —) and
Hom(E”,_,, —), respectively. The linear maps (9.1) determine a representa-

tion of the quiver R, denoted by 7(F’), with dimension vector (mg, ms, ms).

Subcase (1 or 2, B). If B is even, then E_g :E’_ﬁ @Eﬁﬁ. As in the
previous case, the map f determines a representation of the quiver RP,
denoted by 7(F"), with dimension vector (mg, ma, ms).

Subcase (1 or 2, v). If v is even, then both E_,_5 and E_g are simple
bundles. Giving map f is equivalent to giving a linear map

(9.2) C™ — Hom(E_q_2, E_3)™?,

which is obtained from f by applying Hom(E_,_2, —). The map (9.2)
determines a representation of the quiver RY, denoted by =(F), with
dimension vector (mg, ms).

Case (3). A general sheaf F' € M () has a resolution of the form
(9.3) E™_, @ Em_, T g

Let M(&)° be the open subscheme of M (&) consisting of stable sheaves
having the resolution of this form. We consider the map f: E™? , — ET;
As in the preceding cases, we see that f determines a representation of the
quiver R*, R® or R?, denoted by 7(F'), depending on whether «,  or 7 is
even.

For x € {a, 3,7}, let M** be the open subscheme of M* consisting of
f-stable representations, where the weight 6 is the one defined before. Let
M(£)°? be the open subscheme of M (£)° consisting of such F' that 7(F) €
M**. The rational map 7 from M (&) to M*, M? or M7 is defined to map
F e M(£)° to n(F). The following proposition guarantees that the domain
of definition of the rational map 7 is nonempty.

PROPOSITION 9.1. M (&)°? is nonempty. Moreover, in Case (2), we have
M(&)° = M(&)*.

Proof. In Case (2), F € M(£) fits in a short exact sequence
0-E™ , L E™ 5 F 0.

So the result follows from Proposition 5.7.

Next we consider Case (3). We have only to show that M** is nonempty
(x€{a, 8,7}). Consider f: E™? , — ETE For general f, f is injective and
the rank of F':= Coker f is positive.
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Claim 9.1.1. We have (F) > —vy — .
Proof of Claim. Let (fi1, A1) be the intersection of the parabolas
A=P(+a€)~AE) and  A=PE-7-2)-A,
in the (1, A)-plane. The point ((F'), A(F)) lies on the parabolas
A=P(i+v)—A, and A=P(a+f)— A

By calculation, we have

= =2, A—A,

w(F) = + =
(F) 2 2(fi1 =)
-tz -2 (A/2)-4A,
= 2 T, T T
This is the end of proof of the claim. 0

So for the K-class n:=[F], we can apply Proposition 5.7 and conclude
that M*S £ ().
Finally we consider Case (1).

Claim 9.1.2. We have —f(§) <.

Proof. Recall that (fip,1/2) is the intersection point with larger f-
coordinate of the parabola A =P(iu+ a(£)) — A(§) and the line A =1/2
in the (i1, A)-plane. Since A(§) > 1/2, we have —p(§) < fig. Let v € € with
—n(§) € I,. We have v <+. If v <+, then clearly —i(§) <~ and we are
done.

Consider the case v = 7. We claim that v — 2z, < —fi(§) < . Indeed, if v <
—a(§) <+ x4, then —y — 2, < fi(§) < —7, and since the point (zz(£), A(&))
in the (z, A)-plane is above the graph of the function 0(f), we have A(§) >
P((¢) +v) — A,. On the other hand, in Case (1), we have A, < P(a(¢) +
v) — A(§). This is a contradiction. This is the end of proof of the claim. []

Let (fi1, A1) be the intersection of the parabolas
A=P(i—7) -8, and  A=P(i+ (&) - AK).

Using Claim 9.1.2, we can easily check v — z < fi1. We consider three cases:
Case (1-i) v — 2, < i1 <7,
Case (1-ii). g1 =,
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Case (1-iil). v < fi1.
By calculation we can obtain

f1 =y +

and

H€) {1 - 28, — (P(A() +7) ~ AE) — A)}

1(€) — x(B™) = T

From these equations, we see that the cases (1-i), (1-ii) and (1-iii) corre-
spond to 1(E"5 ) >1(E"}), 1(E"; ) =1(E™3) and r(E”S_,) <r(E"3),

—a—2 —a—2
respectively.
Let n be the K-class [ETE] —[E™3 ).

Case (1-ii). In this case, we can apply Proposition 5.9 for the K-class 7
and conclude M*S # ().

In cases (1-i) and (1-iii), put fi2 = fi(n) and Ay = A(n). Since the point
(fi2, Az) in the (@, A)-plane lies on the parabolas

A=P(i+m)-Ar and  A=P(a+7y) - A,

we have, by calculation,

1-2A,

Ho=—"7+ 77—
2(1 — )

Case (1-iii). In this case, we have —vy < fia. So we can apply Proposi-
tion 5.7 for the K-class n and conclude that M* #£ ().

Case (1-1). In this case, we consider the dual map
[ ER? — B,
Let ' be the K-class [E'%)] — [E75%]. We have

1-2A, 124,
— L sy
2(7_/1/1) 2x'y

pn') =g =~ + =7+2—x,.

Then we can apply Proposition 5.7 for the K-class ' and conclude that
M*s 7& @ D
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9.3 Moving curves
Let us see that there are moving curves in the domain of definition of the
rational map .

PROPOSITION 9.2. In Case (1) or Case (3), for a general point x of
M), there exists a complete curve C' passing through x in M(£)°° such
that w(C') is a point.

PROPOSITION 9.3. In Case (2), the map 7 is birational. More precisely,
it gives rise to an open immersion of M(£)° to M**. For a general point
of M (&), there exists a complete curve in M (§)° passing through x.

Proof of Proposition 9.2. We give a proof for Case (1). We first check
that the dimension of the fiber of the rational map 7 is positive. By
calculation, the dimension of the fiber of the rational map 7 is —x(&, E_,).
We need to show x(&, E_,) <0.

When —n(§) € 1, we have

A(§) >P(y =24 a(8)) — Ay

since the height of the moduli space M (&) is positive. From this, we have

X(§7 E—’Y) = X(E—W-‘r?v 5) <O0.

When —p(§) ¢ 1, we have —(§) <~ — z4. Moving upward the graph
A =P+ p(§)) — A() in the (i1, A)-plane, we can find a positive number
p such that the graph A =P(n + i(§)) — A(§) + p passes through the point
(v — 24, 1/2). Then by calculation,

P(—(€) =7) = A(6) = Ay +p = (zy = 2)2(v + il§)) — 7y) — Ay +1/2
< zy(zy—2)—A,+1/2=0.

By this, we have x(¢, E—) <O0.
We turn to the existence of a complete curve in M (§)°? passing through
a general point. Recall that we put U := E™2_, and V := ETE &) E’_”Wl. Put

H; := Hom(U, E™)) and Hy := Hom(U, £™%)

so that Hom(U, V) ~Hy @ H;. Take a general f € Hy. Then the represen-
tation of the quiver corresponding to f is O-stable. Consider the open
subset Yy C Hy consisting of g € Hy such that the morphism (f, g): U =V
is injective with stable cokernel. Since the open subset Y} is invariant under
the action of C* by multiplication, we can consider the projectivization
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P(Yy) C P(Hy). Since codim(H; \ Yy, Hi) >2 by the explanation before
Remark 8.2, a general line in P(H;) lies inside P(Yy) and determines a
complete curve in M (£)°?. This curve is mapped to a point by = because f
is fixed.

The argument for Case (3) is similar (and easier). [

Proof of Proposition 9.3. The argument goes as in the proof of Propo-
sition 9.2. We employ the same notation used there. In Case (2), we have
m1 = 0. In the last paragraph of Section 8, we considered the open subset
YY" C Hom(U, V) consisting of injective morphisms with stable cokernel.
By the action of C* by multiplication, Y’ is invariant. Consider the
projectivization P(Y’) C PHom(U, V). Since the complement of P(Y”) in
PHom(U, V') has codimension at least 2, a general line in PHom(U, V') lies
in P(Y”), which determines a complete curve in M (&)°. []

REMARK 9.4. Let M(&)"* be the open subscheme of M (§) consisting of
p-stable bundles. When r(§) > 3, substituting Y” in Remark 8.2 for Y’ in
the above proof, we can find a complete curve passing through a general
point in Propositions 9.2 and 9.3 inside M (£)°7 N M (§)H*.

§10. Effective cone of the moduli space

10.1 Line bundles on moduli spaces

We fix notation for line bundles on a moduli space of sheaves.

For a flat family £ of coherent sheaves on S parametrized by a scheme
T, we let Ag : K(S) — Pic(T") be the composition of homomorphisms

K(S) L5 KOs x T) 2 KO(5 x 1) 25 KO(T) % pie(T),

where p: S x T —T and q:S x T — S are projections, and K°(?) is the
Grothendieck group of locally free sheaves on ?

Fix a semistable class £ € K(S). Let H be a smooth divisor in the very
ample linear system |Og(1, 1)| and let h = [Op].

As in [HL, Definition 8.1.4], we put

Kei=¢t and  Kep:=&-n{1,h A%}

Since a class n € K(S) is in {1, h, R2}*+ if and only if 7 has symmetric cg,
we can also describe K¢ g as

K¢ g = {n € K¢ | n has symmetric ¢ }.

So, from now on, we write szm for K¢ p.
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By [HL, Theorem 8.1.5], we have a homomorphism
(10.1) A K™ 5 Pic (M(€))

such that if £ is a flat family of semistable sheaves with K-class £ on §
parametrized by a scheme T, then ¢¢ o A = Ag, where ¢g : T'— M () is the
classifying morphism.

As in [HL, Definition 8.1.9], we define a line bundle £; by

L= X (u;(§)),

where u;(£) = —1(€) - h' 4+ x(€ ® h)[O,] with z € S a closed point.
For m >0, Lo ® L}" is an ample line bundle on M (&) (cf. [HL, Remark
8.1.12)).

10.2 Edges of the cone

In the rest of this section, we assume that the semistable class £ € K(.5)
has symmetric ¢; such that the height of the moduli space M () is positive.
Let v be the symmetric exceptional slope determined by Lemma 8.1.

We denote also by A the map

(10.2) MK @R NS (M)
induced by (10.1).
LEMMA 10.1. The map X in (10.2) is injective.

Proof. When r(§) =1, the exceptional divisor of the Hilbert—Chow
morphism is effective but not ample, so rank A = 2.

When r(§) = 2, the divisor of M (§) consisting of nonlocally free sheaves
is effective but not ample, so rank A = 2.

The proof for the case r(§) >3 is postponed after the proof of
Theorem 10.2. [

Put V:=MK"®R). In this section, we determine the cone
Eff (M(&))NV.

We define (i*, AT) as follows (see the paragraph after Lemma 8.1 for
Cases (1), (2 )and( )):

In Case (1), we define (g*, AT) to be the intersection of the parabolas

A =P+ i(6) — Al€) amd A=P(— ) — A,.
In Case (2), we define (at, AT):= (7, A,).
In Case (3), we define (a*, AT) to be the intersection of the parabolas

A=P(i+a(€)) - A(€) and A=P(i— v —2) - A,.
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Let rT be the smallest positive integer such that r* € Z and r+(P(a") —
AT) € Z. We define {* to be an element of K™ such that r({%) =17,
A(ET) =p" and A(T) = AT,

THEOREM 10.2.

(a) The ray spanned by A\(—&1) in NS(M (€))r is an edge of Eff(M(£))NV.
(b) The other edge of Eff(M(£)) NV is spanned by X(n). Here n is the
element of szm @R with a(n)=—@p(€) and r(n) >0 when (&) =1;

ne szm ® R is such that fi(n) = —1 — (&) andr(n) >0 when () = 2;
and n=((§* ® Kg)*)* when r(§) > 3.

Sketch of Proof. The argument is the same as in [CHW].

We let x = a, 8 or v depending on whether «, S or v is even.

(a) Case (1). To show RuoA(—€T) C Eff(M(€)), it suffices to find F €
M(€) and F € M(NET) for some N >0 such that H(E® F) =0 for all
i. In fact, then, A\(—=N¢T) is the class of the effective divisor Op :={FE €
M(&) |H)(E ® F) #0}.

Consider F € M (£)°7 fitting in a short exact sequence

0 ™, L2, g o pm B 0,
and F € M(N¢T) fitting in a short exact sequence
0—>Eg”‘_2£>E§—>F—>O,

where m = —x(Ejg, F') and n = —x(E, g, F). Define two-term complexes C7,
C3 and D*® with terms in degree —1, 0 by

ot =(Em , Y pre g gm), o =(Ems, L B,
D*=[Ep, % E.
We have x(E ® F) =0 and H?(E ® F) = 0. Moreover, we have

H(E®F)~HY(C} ®F)
~ H'(C3 ® F)
=~ Homps)(D*Y, C3[1])
(10.3) =~ Hompys)(C3, D*' ® Ks[1])",
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where the second isomorphism follows from H'(E_, ® F) =0, for all i, and
the last isomorphism from the duality. D*¥ ® Kg[1] is the complex

(10.4) B, BT,

with terms in degree —1,0, where i’ is the morphism induced by h. The
complex C'3 corresponds to the representation 7(E) of the quiver R*, we let
7(F') be the representation of R* corresponding to the complex (10.4). Using
[DW, Theorem 1], we can see that for some N > 0 and general F' € M (N¢Y),
we have Hom (7 (E), 7(F)) =0, hence H'(E ® F) = 0.

By Proposition 9.2, we have a moving complete curve C' C M (£)°?. From
(10.3), it follows that C C O or C N O = () because 7(C) is a point. Then
the intersection number C' - ©p = 0. This implies that the ray RugA\(—£T)
is an edge of Eff (M (£))NV.

Case (2). In this case we have H(E ® E,) =0, for all 4, for any E €
M(£)°. The effective divisor O, ={E € M(§) |H(E ® E,) #0} has the
class A\(—¢™). Using Proposition 9.3 instead of Proposition 9.2, arguing as
in Case (1), we can see that the ray RooA(—¢™) is an edge of Eff (M (£)) N V.

Case (3). We can argue as in Case (1).

(b) In the case r(§) =1 (resp. r(§) =2), we can see, by calculation, that
the ray R>oA(n) is spanned by the exceptional divisor of the Hilbert—Chow
morphism (resp. the morphism to the Donaldson—Uhlenbeck compactifica-
tion). So it is an edge of Eff (M (£)) N V.

Consider the case r(§) > 3. By (a), for general E' € M (£* ® Kg) and F' €
M(N(¢* ® Kg)T) for some N >0, we have H'(E' ® F') =0 for all i. This
implies, by considering the dual, that for general E € M (£) and F € M(Nn)
we have H/(E ® F) =0 for all i. Then ZEp :={E € M(£) | H*(E ® F) #0} is
an effective divisor with the class A\(N7). Let us show that the ray R>o\(n)
is an edge of Eff(M(£))NV. Let M (&) and M(£* @ Kg)** be the open
subschemes of M (&) and M (£* ® Kg), respectively consisting of p-stable
bundles. We have an isomorphism

[ M — M(§" ® Ks)™

by f(F)=FE*® Kg. By Remark 9.4, we can find a moving complete
curve C in M(&* ® Kg)** that is orthogonal to the class A((£* @ Kg)*).
Then the moving curve f~1(C) is orthogonal to A(n). So the ray RxoA(n)
is extremal. [
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Proof of Lemma 10.1 in the case r(§) > 3. We first claim that £+ and
((¢* ® Kg)*)" are linearly independent in K| Ey ™ @ R. Indeed, by definition,
we have

AEH) > —1-a)  and (€ ©Ks)) > 1 (€ © Ks).

From this, we have

A6 ® Kg)™)") < =1 = a(€) < agh).

So ¢* and ((¢* ® Kg)*)" are linearly independent.

Now suppose that A is not injective. Then rank A =1 because Im A
contains an ample class. For TGKgym@)R, A(7) is proportional to an
ample class. So, if there exists a complete curve C C M(&) such that
the intersection number A(7)-C is zero, then A(7)=0. In the proof of
Theorem 10.2, we showed that for £ and ((€* ® Kg)*)", such a curve exists.
So A (¢H) =) (((¢* ® Ks)*)") = 0. But then, we have rank A = 0 because
¢t and ((¢* ® Kg)*)" span K™ This is a contradiction. [

REMARK 10.3. I mention related works. The effective and ample cones
of the Hilbert scheme of Del Pezzo surfaces are discussed in [BC]. Ryan [Ry]
studies the effective cone of the moduli space of sheaves on a quadric surface
without the assumption ¢; symmetric. The ample and movable cone of the

moduli space of sheaves on a surface is also studied by several authors [BM],
[CH1], [CH2], [LZ], [Y].

8§11. Strange duality

Let &, &' € K(S) be semistable class with symmetric ¢;. Assume that (€ ®
¢)>0and x(¢ ®¢) =0. Define a subscheme O of M (&) x M(¢') by

O ={(F, F')e M(§) x M(¢') [H*(S, F& F') #0}.
Assume that © # M(§) x M(£'). Then O is a Cartier divisor and we have
0©)~DPRT,

where D = A(&')* and D' = A\(£)*. The section defining © induces a linear
map

(11.1) HO(M (), D)* - HOY(M(¢), D).
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THEOREM 11.1. Assume that either M (&) or M(E') is of height zero.
Then the map (11.1) is an isomorphism.

Once we have Proposition 6.1, and a rational map to moduli spaces
of quiver representations constructed in Section 9, the proof of the above
theorem is quite parallel to that of [A15, Theorem 1.1]. So we omit the proof.

Appendix

From a full exceptional collection, one obtains a Beilinson-type spectral
sequence (cf. [GK, Section 4.5]). For readers’ convenience, we present a
spectral sequence obtained from a full d-block exceptional collection.

We let D =D(Y) for a smooth projective variety Y. Let

E=(EWY,. .. ED)

be a full d-block exceptional collection, where E*) = (Egk)7 ceey E](\Z)) We
define a block G*) = (ng), cey Gg\lfg) of exceptional objects by

G = Ry ... R+ (E(k)).

Then we have

(A1) Hom™ (G, B

):{C (k,i)=(l,7) and m =0,

0 otherwise.

Let F €D and put Fj:=F. Since the pair ((E®) (RG+D . RD))
is a semi-orthogonal decomposition of (E(k), R E(d)), we can define Fj,
(2<k<d),and C; (1 <k<d-—1) inductively by a triangle

(AQ) Fk+1—>Fk—>Ck—>Fk+1[1],

where Fjq € (EFHD . E@) and Cy € (E®)). Put Cy:= F;. Using the
triangle (A2), we can see that

Ch= P Ext/(GP,F)eEP[-]].

1<a<Ng, jJEZ

From the triangle (A2), we see that F} is quasi-isomorphic to the mapping
cone of Ci|—1] = Fi4+1. By considering inductively, we can see that F' is
quasi-isomorphic to a complex A® with filtration

A*=A1D---DAFDAY =0
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such that the graded complex A3 /A7, 41 is quasi-isomorphic to Ck. So we
have a spectral sequence

(43) = @ EI(GP, F)oi(ED)

1<a<Ny, jEZ

converging to HP4(F).
Now suppose in addition that d =dim Y + 1 and all Ei(k) are exceptional

sheaves. Put @Ek) = Gl(»k) [d — k]. Then égk) are sheaves by [BS, Theorem
4.5 and Lemma 5.2]. We have a spectral sequence

(A4) EM= @ Ext(GP, F)e EPtY

1<a<N,

converging to HP4(F).

We apply the above spectral sequence to symmetric exceptional triples.
Let £€=(EW,E®@ E®) be a symmetric exceptional triple on S. Put
(G3), G GN) .= rfirfirf (). Note the parity of E®) and G is the
same. Then for F' € D, we have a spectral sequence

(A5) EP = BExt4(GP+Y)| Y& EP+3)
converging to HPT4(F), where

Ext?(G®, F) @ B®) if G*) and E®) are odd,
Eth(G(k)/v F) & E(k)/ if G(k) = G(k)’ o G(k)//

® and E®) = k) ¢ gk
Extq(Gus)u7 F® E®"  are even.

Ext?(G®, F)QE® =
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