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LINEAR TRANSFORMATIONS ON MATRICES: 
THE INVARIANCE OF A CLASS OF 

GENERAL MATRIX FUNCTIONS 

HOCK ONG 

1. I n t r o d u c t i o n . Let F be a field, F* be its multiplicative group and 
Mn(F) be the vector space of all w-square matrices over F. Let Sn be the sym­
metric group acting on the set {1, 2, . . . , n). If G is a subgroup of Sn and X is a 
function on G with values in F, then the matr ix function associated with G and 
X, denoted by Gx, is defined by 

n 

G\X) = Z X(*) I l «MO, X = (*„) d Mn(F) 

and let 

^~(G, X) = { T : 7" is a linear transformation of Mn(F) to itself and 

GHT(X)) = &(X) for all X}. 

I t is of interest to characterize all linear maps in $~(G, X). For example, if 
G = Sn and X is a linear character on Sn, i.e., Sn

x is either the determinant or 
permanent , then <^~(Sn, X) has been obtained [3; 41. If G is transit ive and 
cyclic and X is a function on G[l] or G is regular or doubly transitive and X is 
a linear character on G[2] then 3/~(G, X) has also been characterized. In [2], 
it was mentioned tha t if G is singly transitive but not regular or doubly transi­
tive, then the techniques in [2] fail and the dihedral group of degree four was 
given as a counter example. In this paper we show tha t D 4 is, in fact, an excep­
tion, i.e., we apply the techniques in [2] and the results in [5] to characterize 
all linear maps \x\3/~{Dm X) where Dn is the dihedral group of degree n, n ^ 5 
and X is a function on Dn with values in F*. 

2. Def in i t ions and s t a t e m e n t s of t h e m a i n resu l t s . Recall t ha t the 
dihedral group of degree n is the subgroup of Sn generated by the two permuta­
tions g and h where g{i) = i + 1, i = 1, 2, . . . , n — 1 ; g (n) = 1 and h(l) = 1, 
h(i) = n — i + 2, i = 2, 3, . . . , n. If we write gt = gl~l, i = 1, 2, . . . , n, 
then Dn = {gu gth: i = 1, 2, . . . , n\ and the diagonals giy g{h are illustrated 
by the following diagram when n = 6, the solid lines denote the diagonals gu 
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938 HOCK ONG 

the dot ted lines denote the diagonals gth. 

gl g2 #3 gi go g6 

/y* /y* /y» /y* 'V* -V* 
«A/ */V «A/ *^v *^ *^ 

ge^ gi* gih gzh g4h gbh 

If n is a positive integer let Kn = {a Ç Sn: a- maps even integers onto even 
integers}. Clearly i£w is a subgroup of 5W and the permuta t ions in Kng map even 
integers onto odd integers. 

A subspace Z of Mn(F) is a O-subspace for Dn
x if dim Z = n2 — n and 

X Ç Z implies Dn
x(X) = 0. Then we have 

P R O P O S I T I O N 1. Let nbe a positive integer, n §: 5 and 

A* = {g*, g«A : i = 1, 2, . . . , n} 

6^ /Ae dihedral group of degree n. A subspace Z is a ^-subspace for Dn* if and 
only if there exist n distinct pairs of integers (ii, ji), . . . (in, j n ) , 1 ^ iu j t ^ ft 
and a permutation a £ Snif n is odd and a Ç Knif n is even such that 

gt(it) = ga{t)h{it) = j t 

and if X £ Z,xuu = 0, t = 1, 2, . . . , n. 

T h e group Dn
r = {gt: i = 1, 2, . . . , n) and the set Dn'h are regular and 

Dn = Dn' \J Dn'h. Hence for each pair of integers (i, j), 1 ^ i, j S n there 
exist exactly one k and one /, 1 S k, I ^ n such tha t gk(i) = j , gih(i) = j or 

gk(i) = gMi). We define 

<Pk(i) = l> 

If we work modulo n using {1, 2, . . . , n] as a system of distinct representatives, 
then it is known [5] t ha t 

cpk(i) = & + 2(i — 1 ) (mod n), i, k = 1, 2, . . . , ft 

and for ft odd, ^ are in >Sn and for ft even <p*(t) = ^ ( ^ + w/2), & = 1, 2, . . . , ft, 
i = 1 , 2 , . . . , n / 2 . For ft even, since <Pj{i), 1 = 1, 2, . . . , ft are even if and 
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only if j is even, we define ^ o ) - 1 such that 

1 è (Po(j)~lWj(ï) è n/2 if and only if 1 ^ i ^ n/2 

where a, /i are both in Kn or Kng and hence (pa(j)~
1fx(fj are in Sn. 

If a Ç 5W then the permutation matrix corresponding to a, P(a), is the 
n-square matrix whose (i, j) entry is 1 if a(j) = i and 0 elsewhere. If A = 
(a^) and 12 = fr(^) are n-square matrices then the Hadamard product of A 
and £, A * B, is the w-square matrix whose (i, j) entry is a^bij for all i and j . 
If A = (a if) G Mn(F) and a £ 5W. then the c-diagonal of A, Aa, is the n-square 
matrix whose (i, j) entry is a{j if a(i) = j and 0 elsewhere. If A = (a if) £ 
Mn(F), let X r be the n-square matrix whose (i, j) entry is ai>n-j+i for all i, 
j = 1, 2, . . . , n. Let i? be the linear transformation of Mn(F) to itself such that 
R{X) = X r for all X. If T: Mn(F) —> Mn(F) is a linear transformation which 
transforms the entries in o--diagonal of X £ Mn{F) onto the /i-diagonal where 
a, /x G Sn then we wTrite r(o-) = /x. It can be easily shown that i?(g*) = gn-i+ih, 
R(gih) = gn-i+u i = 1, 2, . . . , w. Now if n is odd, (a, /x) £ 5W. X Sn, the direct 
product of Sn by 5W, and X £ Mn(F) we define 

(2.1) ((7, /x ) (X) = J ] P(<P<T(i)~ V<Pi)XffiP(gi(<Pa(i)~ H<Pi)~ & , « ) " ) , 
f = l 

i.e., for i = 1, 2, . . . , w, (o-, ju) permutes the entries within the grdiagonal of X 
by <p<r{i)~lWi and then transforms the entries in g .-diagonal to gM(i) -diagonal or 
equivalently, (o-, /x) permutes the diagonals gu g2, . . . , gn by a and permutes 
the diagonals gij, g2h, . . . , gnh by /x. Then we have 

THEOREM 1. Let n be an odd positive integer, n ^ 5, 

L>n = {g<, g^ : i = 1,2, . . . ,n} 

be the dihedral group of degree n and X be a function on Dn with values in F*. 
Then T Ç 3T{Dn, X) if and only if there exist a matrix A = (a if) in Mn(F) and 
a linear transformation T' in the group Sn X Sn o {/, R} such that 

T{X) = A * T'(X) for all X 

with 

n 

i = l 

n 

FI ai(T'{ffkh)){i) = ^(gkh)(\(T'(gkh)))~\ k = 1, 2, . . . , w, 
2 = 1 

where o is //&e usual function composition and I is the identity transformation of 

Mn(F). 

Next suppose n = 2m is a positive even integer. Let Hn be the subgroup of 
Sn generated by the transpositions (i m + i), i = 1, 2, . . . , m. For \ u X2, . . . , 
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\n Ç Hn, let A(Xl ... x„) be the linear transformation of Mn(F) into itself defined 
by 

A(M K)(X) = t, PfrdXiiPkMr1) for all X 
1=1 

and let 

A = {A(Xl,...,xn) : (Xi, . . . , K) G Hn X . . . X Hn). 

Note tha t A is a group and A(xlf...?xn) is the linear transformation which per­
mutes the entries in g r d iagona l by X*, i = 1, 2, . . . , n, i.e., A(x1,...ixn) either 
interchanges the entries a t positions (k, gi(k)), (k + m, g*(& + m)) or fixes 
them, k = 1, 2, . . . , m; i = 1, 2, . . . , ». Clearly A(x1>...,xn) (a) = a for all 
a (z Dn. HA = (ciij) is an n-square matr ix we denote by A{) the n-square 
matr ix whose (i, j) en t ry is ai} if i + j is even and 0 elsewhere and Ae = 
/I — yl0. Let U, F be the linear transformations of Mn(F) into itself defined by 

U(X) = XP(g~l) for all X, 

V(X) = Xo + R(U(Xe)) for all X . 

Then it can be shown tha t 

£^(gi) = &KO, ^(g*M = gg{t)K i = 1, 2, . . . , W, 

^(g*) = g<, J7(g<A) = g<A if i is odd, 

br(gz) = gn-th, V(gih) = g„-i if i is even [5]. 

If for (a, v) £ KnX Kn and X £ M n ( / 0 , we define (tr, /x)(Z) by (2.1), then 
we can s ta te our 

T H E O R E M 2. Let n be an even positive integer, n ^ 0, 

Dn = {gt,gih:i = 1,2, . . . , »J 

fre //^ dihedral group of degree n and X fre a Junction on Dn with values in F*. Then 
T Ç ̂ f~(Dn, X) t/1 aw^ 0»/3> t / there exist a matrix A = (ai7-) in Mn(F) and a 
linear transformation T' in the group A o i£„ X Kn o {7, £/} o {/, 7̂ } o {/, Fj 

7\AT) = A * 7 V (Z ) for all X 
with 

n 

n «<(2"(̂ ))(o = xfe)(x(r'fe)))_i, 
n 

I I «<(2"(MA))(O = xfe/^)(x(r,(^)))"1, & = l, 2 , . . . , ». 

3. Proofs . For o- £ Snj let £>(<x) = {(*, <r(i)) : i = 1, 2, . . . , n} . If 5 is a 
finite set let | 5 | denote the number of elements in S. Then since Dn

f and TV g 
are regular, \D(g{) H £>(g,)| - |7}(g,/0 H D(gjh)\ = 0 if i 9* j . Fur thermore 
we have the following properties of Dn [5]. 
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LEMMA 1. For each pair gh gkh in Dn, 1 ^ j , k ^ n,if n is odd then 

\D{gl)r\D{gth)\ = i 

and if n is even then 

\D{gj)r\D(glth)\ = 0 if 2 I (j-k), 
|D(g,)nZ>(g tA)| = 2 if2\(j-k). 

Suppose Z is a subspace of Mn(F) and dim Z = w2 — n. By using the 
reduction of a basis for Z to Hermite normal form we can assume that there 
exist n distinct pairs of integers {(ii, j x ) , . . . , (in, jn)} = M such that the 
matrices 

Ai, = Eis + £ ct
ijEitjn ct

ij 6 F, (ij) $ M 
t=i 

form a basis for Z. Here Etj is the matrix whose (i,j) entry is 1 and 0 elsewhere. 
If G is a subgroup of Sn let G(i,j) = {a £ G: a(i) = j}. If G is transitive then 

|G| = np and |G(i, j ) | = p for all 1 ^ i, j ^ n where p is an integer and 
p ^ 1. 

LEMMA 2. 7/ G is a transitive subgroup of Sn and for some a Ç G, |^(o-) P\ M| 
= & > 1, //̂ en //&ere exist at least k — 1 elements /xi, . . . , /x^-i in G SWC/Ê //*a/ 
|£>(/x,) n M | = 0 , i = l , 2 i - 1 . 

Proof. If |D(<T) r\ M\ = « > 1 say £ ( , ) n M = {(ilf JO, . . . , fo, jk)\, 
then for/ - 2, 3, . . . , k, \G(iujx) C\G(iujt)\ è 1. Hence 

U G(ir,jr) £ Ê |G(ir,ir)|- E |G(ii,ionG(^,i,)| 

= w/> - (jfe - 1) = |G| - (jfe - 1). 

Therefore there exist MI> • • • , M*;-i £ G such that Mi $ U"=i G(it, j t ) , i.e., 
|Z>(M*) H M| = 0, i = 1,2, . . . ,fe - 1. 

LEMMA 3. / / w ^ 5 and |Z)(c) P\ M\ = 0 for some a £ Dn then there exists a 
matrix B in Z such that D^ (B) ^ 0. 

Proof. Consider the matrix 

n n 

(bTS) = S = E A ««•> = P(a) + £ c,Etljt 
1=1 t=l 

where ct = £*=i c * w \ * = 1, 2, . . . , w. Clearly £ Ç Z, /;rs = 0 if (r, 5) # 
£>0) VJ M and 

(3.1) £»X(£) = A Or) + E X(r) I l 6irco. 

If for all T 7e- G, n^ = i 6i7.(ï) = 0 then Dn
x(B) = X(o-) ^ 0. Hence assume that 

for some r 7̂  0-, I T U biT(i) j* 0. Then D(j) C #(<r) U M. By Lemma 1, 
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\D(<r) r\D(r)\ = 0 or 1 if n is odd and 0 or 2 if wis even. Hence \D(r) C\ M\ = 
n or n — 1 if n is odd and n or n — 2 if n is even. Since Dn is transitive and 
|D(r) C\ M\ ^ w - 2 ^ 3, by Lemma 2 there exists M Ç Dn, n ^ o- such that 
|2?(M) H M| = 0. Let 

(br/) = B' = E ^*«) = ^00 + Z c/£iti< 

where c,' = £%,i <VM(i)- Then B' t 2, 6, / = 0 if (r, s) (( D(p.) U M and 

(3.2) Dn\B') = XOx) + £ X(v) 11 6«r(i)'. 

We consider the cases \D(T) C\ M\ = n, n — I, n — 2 separately. 

(i) M = £>(r). Consider (3.1). Since for v ^ cr, r, |£>(» H D W I ^ 2, 
|£>(i/) C\ D(T)\ g 2, it follows that |£>M H (Z>(o-) \J D(T))\ ^ 4 and 
11^=1 biV(i) = 0 since n ^ o. Hence 

Dn\B) = X(a) + X(r) I l ^ 

with I r L i c* 7e 0. Similarly in (3.2) we have II^=i biv{i)
f = 0 for v ^ /x, r. 

If IT^i iMi)' = 0 then £>/(£') = MM) ^ 0. Hence suppose 

pw
x(^) = xw + xw n */ 

with II"=i c/ ^ 0 . Since Ci ^ 0 there exists ï such that C]""(f/) ^ 0. Consider 
the matrix 

n 

where x is an indeterminate over F. Then the (ii, ji) entry of A (x) is a nonzero 
polynomial of degree one; hence we may choose c £ F so that this entry is 
zero. Let 

n 

(ars) = A(c) = 2 i 4 M i ) + c4*v«'). 

Thena r , - 0 if (r, j) (Z P(<r) U {(i',fi(i'))} ^ ( ^ ~ \(uji)}) = QA. Clearly 
for p £ Dn, v 7± a, r, |D(^) H Î2A| ^ 3 if w is odd and \D{v) C\ QA\ ^ 5 if n is 
even. Since n ^ 5, IT*=i 6 M i ) = 0 for all v ^ a. Hence Dn

h(A (c)) = X(o-) ^ 0. 

(h) |D(r) H M\ = w - 1. Then w is odd and \D(a) P\ D(r ) | = 1. Consider 
(3.1). For ^ ^ a, r, since |Z>00 H D(a)\ S 1 and |Z>(*0 P\ M| ^ 2 it follows 
that | £>(*/) Pi (P((j) U I ) | ^ 3 and I T U biT(i) = 0 since n ^ 5. Hence 

Dn\B) = X(a) + \(r) I Î &M<>. 
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Applying the same argument to (3.2) we have Hn
i==i biv{i) = 0 if v ^ /i, r. 

Furthermore \D(n) C\ D(T)\ = 0 for otherwise \D(n) H M\ ^ 0 or M = <r. 

Hence (i, r ( i ) ) d D(^)U M for some i, i.e., &iT(j)' = 0 and J9n
xCB') = X(/x) 

(iii) \D(r) C\M\ = n - 2 . Then n is even and \D(a) C\ D{r)\ = 2. We may 
assume a = gk, T = gih for some k and / and 2| (k — / ) . Consider (3.1). For 
v ^ <r, r, since either \D(v) C\ D(a)\ = 0 or |Z>(*/) H D(r)\ = 0, it follows tha t 
\D(v) C\ (D(a) U I ) | ^ 4 and Iln

i=1 biv{i) = 0. Hence 

A, X (3 ) = X(cr) + X(r) I I 6ir(i). 

Since there are n / 2 ( ^ 3) g r diagonals with 2 j (i - /) which do not intersect 
with the diagonal r = gth and since there are only two positions in M which 
do not lie in D(T), we may choose /x = gq with 2 -f (/ — <?)• Applying the 
above argument to (3.2) we have 1T* = I bivu)' = 0 if v ^ M, T. Since 2 | (/ — g), 
| D ( M ) H D ( r ) | = 0 and Un

i=1 biT{i)
f = 0. Hence D£(B') = X(M) ^ 0. 

By Lemmas 2 and 3, we have 

LEMMA 4. / / Z is a 0-subspace for Dn
x, n ^ 5, then for every a £ Dn, 

\D(a) C\M\ = l. 

L E M M A 5. Suppose n ^ 5 cmd Z is a 0-subspace for Dn
x. Then Z consists of 

all matrices with n fixed positions {(ii, ji), . . . . (in, jn)) = M equal to zero. 

Proof. We need only to show tha t ct
ij = 0 for all (i, j) d M and 1 ^ t ^ n. 

Suppose the contrary, i.e., ct
13 ^ 0 for some (i, j) and some /. Since 

\Dn(itrjt)\ = 2\etDn(it,jt) = {a, v\. Let x be an indeterminate over F. 

(i) a(i) 9*j. Let 

B(x) = ] £ AkHk) + xAij. 

Then the (it, j t) ent ry of B(x) is a nonzero polynomial of degree 1 in x so we 
may choose c £ F so tha t the entry is nonzero. Let B(c) = (brs). Then 6 r s = 0 
if (r,s) $ MVJ D(a) U {(*,j)) a n d ô M 0 ^ 0, * = 1, 2, . . . , n. Now 

£»X(S(<0) = XWI1 W ) + E MM) I I 6*M(*). 

IÎ H ?* a-, then there exist/> 7e <7 such tha t M ( £ ) ^ °"(^)> M(<Z) ^ 0"(<z) a n d hence 
|£>(<r) n £ > 0 u ) | ^ n - 2. If there exists M ^ o- and 1 1 ^ i bkll(k) ^ 0 then 
D(ix) QM U D M U j (i, j)}. Since by Lemma 4, \D(jx) H M | = 1, it follows 
tha t |2)(o-) H Z^(ju)| = w - 2. If w ^ 5, this is impossible since by Lemma 1, 
\D(a) f~\D(jx)\ - 0, 1 or 2. Hence Dn*(B(c)) = \(a) H^b^) ^ 0 and 
5(<;) G Z, a contradiction. 
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(ii) a(i) = j and \F\ > 2. Let 

B(x) = X) Akaw + xAia{i). 

Then we may choose c Ç F* so that the (it,jt) entry of B(c) is nonzero. Again 
set B(c) = (brs). Then brs = 0 if (r, 5) ? I U D(a) and fcM0 ^ 0, i = 1, 
2, . . . , w. Since |£>(M) n M| = 1 for M G A* it follows that Dn*(B(c)) = X(a) 
n^=i 6fc(r(ft) ^ 0 and 5(c) Ç Z, a contradiction. 

(hi) o-(i) = j a n d F = {0, 1}. Let (bTS) = B = J^k^it Aka(k). If bUjt = 1 then 
Dn

x(73) = X(o-) ^ 0 and 73 É Z, a contradiction. Hence assume &iu-, = 0. 
Then ct

vr = 1 for some (if, j ' ) (j? M, i' ^ i and <r(*') = j ' . Since \D(a) C\ 
D(v)\ rg 2, it follows that at least one of (i, j ) , {%'', jv) is not in 7)(^). This 
reduces to case (i) with a replaced by v. 

Proof of Proposition 1. By Lemma 4, \D(gi) C\ M\ = 1 for i = 1 , 2 , . . . , n. 
Hence the pairs (it, j t ) y t = 1, 2, . . . , n may be arranged so that g*(i*) = j u 

t = 1, 2, . . . , n. Since \D(gih) C\ M\ — 1 for i = 1, 2, . . . , n there exists a 
permutation a such that ga(t)h(it) = j * , £ = 1, 2, . . . , n. If w is odd, it follows 
from |.D(gj) r\D(gkh)\ = 1 that a G 5W. Suppose n is even. By Lemma 1, 
\D(gj) H D(gkh)\ ^ 0 only if 2|(j - £). Hence 2|(/ - «(/)) and a Ç Xn. By 
Lemma 5 the result follows. 

LEMMA 6. If T £ J7~(Dn, X), w ^ 3, //zen 7" is non singular. 

Proof. Suppose T is singular. Then T(A) = 0 for some A 9^ 0. Hence 

A*(X - .4) = 7^nH7XX - A)) = DnHT(X) - T(A)) 
= 7)/(7XX)) = ZV(X) 

for all X. U A = (aif) then ai:j 9^ 0 for some i,j. We know that |A,(i, j)l ~ 2 
and let c G Dn(i,j). Set 

ci = x ) x w n «̂Ko» £2 = x ) A w n <*«"(«)• 
v£Dn{l,j) t=l v<tDn(i,j) t=l 

Then A*x(^) = ci + c2 = 0 since TV 04) = D*(T(A)) = D*(0) = 0. We 
consider two cases: 

(i) Cl = -C2 ^ 0. Let X = (lijEij. Then D*(X) = 0 and 

n 

Dn\X - A) = £ X00 I I ( « M » ) » ! * - « M « > ) + C * = 0 + CÏ MO 

since ô^^a^- — aiva) — 0. Hence we have Dn
K(X — A) 9^ D^(X), a contra­

diction. 

(ii) C\ = C2 = 0. Let X be the matrix whose (r, 5) entry is a a if cr(r) = 5 and 
zero elsewhere. Then D*{X) = X(a)a f/ ^ 0. Write 5 = X - A = (6^). Then 
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Dn*{B) = di + dt where 

n n 

di= £ \(v) n btvUh d2 = £ AI» I l btKt). 

Since 6 -̂ = atj — a^ = 0 we have d\ = 0. If d2 = 0 then Dn
x(B) = 0 and 

Dn
x(X — A) ?± Dn

K(X)J a contradiction. Therefore we suppose d2 ^ 0. Since 
c<i 9^ d2 there exists M (? Dn(i, j) such that 

(3.3) n &«,<«)* n 
*=1 *=1 

Since 4̂ and J3 differ only at positions in D(a) we have \D(a) r\ D(n)\ ^ 0 
and |Z)(o-) P\ P(/x)| = 1 or 2 depending on whether n is odd or even. If n is 
odd let (ft, 0 Ç D((r) nZ>(/x) and ̂  = a „ ( E „ + Eu). If n is even let (ft, /), 
(ft', /') G D W H P(/x) and ̂  = a „ ( E „ + £** + £ t ' r ) . In both cases we 
have ZVPfi) = 0 since w è 3. Now let Xx - A = (6 r /) . Then £>n

x(^i - 4 ) 
= di' + d2' with 

vÇDn(i,j) t=l 

since &*„(*)' = ^*/ = au ~~ aa = 0 an<^ 

<v = E xw ri w + X(M) n * «.«)' 
v$Dn(i,j) U Dn(k,l) 1=1 *=1 

since Z>w(ft, /) = {o", /*}• Note that 6^(*/ = a MO if ^ $ Dn{i, j) VJ Dn(k, I) and 
&*A*O/

 =
 &*M(«) for all £ = 1, 2, . . . , n. Hence 

«V = E XW I I a ^ o + XO*) I Î b»U) 
HDn(i,j) U Dn(k,l) t=l t=l 

n n 

= c2 - X(M) n am™ + X(M) n t>tllU). 
i=i t=\ 

Now c2 = 0 and by (3.3), d2' ^ 0. Hence Dv
K(Xl -A) ^ 0 and Dn*(X1 - A) 

^ D^(Xi), a contradiction. 

Now suppose T £ 3^ (Dn, A). Then by Proposition 1 and Lemma G, applying 
the same argument as in [2], it can be shown that for each pair 1 g i, j ^ n 
there exist 1 S P, g ^ n and a^ £ F* such that 

1 yHiij) (Ipqllipq 

and for distinct (i,i) we have distinct (p, q), i.e., the matrix representation of T 
with respect to the basis {Etj : i,j = 1 , 2 , . . . , n\ is a generalized permutation 
matrix. 

For a £ Dn, since D^(P(cr)) = \(a) j* 0, it follows that T(P(a)) = ̂  * P(/x) 
for some /x £ Au i-e., 2" transforms diagonals to diagonals. Furthermore 
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since Pn
x(r(P(o-))) = X(/x) II*=i aiM(i), we have I T U a*M<o = X ( » ( A ( M ) ) K 

By minor modifications on the proofs in [5], Theorems 1 and 2 follow. 
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