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Generating Some Symmetric Semi-classical
Orthogonal Polynomials

Mohamed Zaatra

Abstract. 'We show that if v is a regular semi-classical form (linear functional), then the symmetric
form u defined by the relation x>’cu = — v, where (o f)(x) = f(x?) and the odd moments of u are 0,
is also regular and semi-classical form for every complex A except for a discrete set of numbers depend-
ing on v. We give explicitly the three-term recurrence relation and the structure relation coefficients of
the orthogonal polynomials sequence associated with u and the class of the form u knowing that of v.
We conclude with an illustrative example.

1 Introduction

Let P be the vector space of polynomials with coefficients in € and let P’ be its dual.
We denote by (v, f) the action of v € P’ on f € P and by S(v)(z) the formal Stieltjes
function of v defined by

(V)

Zn+l’

(1.1) SW)z) ==

n>0

where (v), = (v,x"),n > 0, are the moments of v.
For any form v, any polynomial h and ¢ € Clet Dv = v/, hv, §, and (x — ¢) " 'vbe
the forms defined by:

<V/’f> = _<V7 f,>7 <hV’ f> = <V’ hf>7
= f(C)7 <(X—C)_1V,f> = <V795f>7

—~
[«%)
e
~-
>
i

where (0, f)(x) = L2=f© ¢ p,

X—cC

Then it is straightforward to prove that for v € P’, we have [17]

(1.2) x(x"1v) = v,
(L.3) x7Hav) = v — ()00,
(1.4) x72() = v — (V)obo + (v)15,.
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Let us define the operator o: P — P by (0 f)(x) = f(x?). Then we define the
even part, ov, by (ov, f) := (v, o f). Therefore, we have [6,16]
f@)(ov) = a(f()),
oV = 2(axv),.
A form v is called regular if there exists a sequence of polynomials {S, },>o with
deg S, = n, n > 0, such that
" SuSm) = 1wum, tm#0, n>0.

We can always assume that each S,, is monig, i.e., S,,(x) = x"+lower degree terms. Then
the sequence {S, },>o is said to be orthogonal with respect to v (monic orthogonal
polynomial sequence (MOPS) in short). It is a very well known fact (see, for instance,
the monograph by Chihara [6]) that the sequence {S,},>¢ satisfies the three-term
recurrence relation
(15) Sn+2(x) = (X - §n+1)8n+l(x) - pn+15n(x)7 n Z 0>
S1(x) = x — &, So(x) = 1.

with (&, pu+1) € C x (C — {0}), n > 0. By convention we set pg = (v)o = 1.

In this case, let {SV'},>¢ be the associated sequence of first kind for the sequence
{Su}u>o satisfying the three-term recurrence relation

(1.6) S (%) = (x = Lu2) S (%) — pusaSy (), n >0,
SV =x—6&, SP@=1, (s8x =0).
Another important representation of Sff) (x) is, (see [7])

Sn+l(x) - Sn+l(<)
x—¢

where the right-multiplication of a form by a polynomial is defined by

S (x) == <V, > = (V0oSpi1)(x),

) oxfx) = Cf(O\ & o m RN
V(x) = <v, S > - mgo(j;a](v)]_m)x ) = ;)a]x].
Also, let {S, (-, pt) }n>0 be co-recursive polynomials for the sequence {S, },>0 sat-
isfying [6]
(1.7) Sulx, 1) = Su(x) — pSy, n>0.

We recall that a form v is called symmetric if (v),+1 = 0,7 > 0. The conditions
(V)2ns1 = 0,1 > 0 are equivalent to the fact that the corresponding MOPS {S,,},>¢
satisfies the recurrence relation (1.5) with &, = 0,7 > 0 [6].

Let us recall that a form v is called semi-classical of class s when it is regular and
there exist two polynomials ®, a monic polynomial, and ¥, deg(¥) < 1, such that

(‘b(x)v) "y U(x)v =0,

where

[1(® (c) + T(o)| + |(v,62® + 6.T)|) 0.
cEZ
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Here, Z denotes the set of zeros of ® and s = max(deg(®) — 2, deg(¥) — 1).

The corresponding MOPS {S,},>¢ is said to be semi-classical of class s. When
s =0, vis a classical form (Hermite, Laguerre, Jacobi, or Bessel).

The semi-classical forms are a natural generalization of the classical forms. Since
the system corresponding to the problem of determining all the semi-classical forms
of class s > 1 becomes non-linear, the problem can only be solved when the class
s = 1 and for some particular cases [1,5,12]. Thus, several authors use different
processes in order to obtain semi-classical forms of class s > 1. For instance, we can
mention the adjunction of a finite number of Dirac masses and their derivatives to
classical forms [3,9-11] and the product and the division of a form by a polynomial
[2,4,8,14,18,19]. So, some examples of semi-classical forms are given in terms of
classical ones.

The whole idea of this paper is to build a new construction process of a semi-
classical form, which has not yet been treated in the literature on semi-classical poly-
nomials.

We study the form u related to a semi-classical form v by

ou=—-X\v, N#0, o(xu)=0.

The structure of the paper is as follows. In Section 2, an explicit, necessary, and
sufficient condition for the regularity of the new form is given. We will also give the
coefficients of the three-term recurrence relation satisfied by the new family of or-
thogonal polynomials. In the third section, we compute the exact class of the semi-
classical form obtained by the above modification, and the structure relation of the
orthogonal polynomials sequence relative to the form u will follow. In the final sec-
tion, we give a detailed study of an example. The regular form found in the example
is semi-classical of class four at most.

2 Algebraic Properties

Let v be a regular, normalized form (i.e, (v)o = 1) and let {S,},>0 be the corre-
sponding MOPS. For a A € C — {0}, we can define a new symmetric form u as

follows:

(2.1) Kou= -\, oxu=0, (u);=(u)=1.
From (1.2)—(1.4), we have

(2.2) xou = —Ax" v+,

(2.3) ou=—Xx"2v+0y — 0.

Proposition 2.1  The form u is regular if and only if A,S,(0, ) # 0,n > 0, where

n 520, )

. = ARG >
(2.4) A, 7,1</\+V2::O - ) n>0,
(2.5) =S =[Ip,, n=>0.

v=0

For the proof, we need the following lemma.
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Lemma 2.2 ([6,16]) If the form v is symmetric, then v is regular if and only if ov
and xov are both regular.

Proof of Proposition 2.1 Let u be given by (2.1). Since u is a symmetric form,
according to Lemma 2.2, u is regular if and only if xou and ou are regular. But
xou = —Ax~!v + & is regular if and only if S,,(0, ) # 0,1 > 0 (see [18]). So u is
regular if and only if S,,(0, A) # 0 and ou = —Ax~2v + &y — &, is regular. Or, it was
shown in [4] that the form —A\x—2v+ 6, — (5(; isregularifand onlyif A, # 0, n > 0.
Then we deduce the desired result. ]

If u is regular, let {Z, },,>¢ be its corresponding sequence of polynomials satisfying
the three-term recurrence relation
(2.6) Zn2(x) = xZp41(x) — Ynr1Z(x), n >0,
Zi(x) =x, Zy(x) =1.
Since {Z, } >0 is symmetric, let us consider its quadratic decomposition (see [16])
(2.7) Zon(x) = Pu(x?),  Zons1(x) = xRy (x*).

The sequences {P, },>0 and {R, },>¢ are respectively orthogonal with respect to ou
and xou.
We have, for instance,

Puia(x) = (x — Va2 — Yan13) Pur1 (%) — Vane172n02Pn, 12> 0,
Pi(x) =x—m, Polx)=1,

and
Rz (%) = (% — Yans3 — Vanta)Rui1 (%) — Yanr2VanssRa(x), n >0,
Rix) =x—v—m, Rox)=1.
Remarks (i) If w is the symmetrized form associated with the form v (ie.,
(W) = (), and (W)z,41 = 0,n > 0), then (2.1) is equivalent to x*u = —Aw.

Notice that w is not necessarily a regular form in the problem under study. In [13],
the authors have solved it only when w is regular.
(ii) From (2.2)—(2.3), we have ([4,18])

(2.8) Run1 (%) = Spp1(x) + a,Su(x), n >0,
(29) Pn+2(x) = Sn+2(-x) + Cn+lsn+1(x) + bnsn(x)7 n> 07
Pi(x) = Si(x) + cSo(x),
where
_ S‘rl+1(07 )‘)
(2.10) a, = 50N n =0,
A,
(2.11) b, = A:‘, n>0,

Snr1(0, X)S,(0, A
o ==E& —1, Cn+l:£n+1_%7 n>0

)
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and also we have ([18])

(2.12) &1+ An — At = Yanes + Vaneds An(§n — @) = Yane2Vansz, 12> 0.
(iii) From (2.7) and (2.8)—(2.9), we get
Zans3 (%) = xSp1 (%) + anxS,(x?), 1 >0,
Zonsa(%) = Sui2(8?) + i1 Sur1 (87 + buSu(x*),n > 0,
Zy(x) = S1(x%) + coSo(x?).

Proposition 2.3 We may write

=1 e AT, A
1 ) 3 )\+17 2n+5 n+1 bn )
(2.13)

b
Y2 =—=A—1, 72n+4=al, n>0.

n

For the proof, we use the following lemma.

Lemma 2.4
(2'14) <u7xZ1 (x)> = 17 <u7x2n+322n+3(x)> = _)\Tﬂanv nz 07
(2.15)  (u,x°Z(x)) = =X — 1, {u,x"*Zp4(x)) = =A1,b,, n>0.

Proof From (2.7), we have
(1, 5" Zyi3(x)) = (K ou, x"Ryy1(x)), n>0.

Taking (2.1), (2.5), and relation (2.8) into account, we get (2.14).
By applying the same process as we did to obtain (2.14) and using (2.7) and (2.9),
we can get (2.15). Finally, (1, x*Z,(x)) = ()4 — (u); = =\ — 1. [ ]

Proof of Proposition 2.3 By (2.6) and the orthogonality of {Z, },>0, we get

_ <Ua x2"+222n+2(x)> (u, x2n+1Z2n+1 (x)>
T e (%) (U, X21Z5,(x))

Then, from (2.14)—(2.15) and the above relations, we get (2.13). [ |

and Y41 = n> 0.

Corollary 2.5 When the form v is symmetric, then u is regular if and only if
)\AZnAZrHl # 07 n 2 07

with
(2.16) Agy = Ton(Nwwy + A+ 1+ w,—y), n>0,
(217)  Appt = TNy + A+ 1+ w,y), n>0,
n 70 n e
Wn—z ell7 wn_zl,nz(L w_lzw_lz(),
v=0 "p+1 v=0 Ty
n n
T; = H Py Ty = H Pout+1, N >0
h=0 1=0
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Moreover, forn > 0,

=1 =_-)\—-1 — )\72 — M
" ) V2 3 73 >\+15 Y4 A()\+1) )
T e A A+ LW,
Va5 = ¢ W N A+ Lt w, g
T w N ALt w
218 e a— -,
(2.18) Vante 70 W A2+ A+ 1+ w,
ey = )\T;H TN+ A+ 1+ wyy
Ant7 0w N+ A+1+w,
y _/\717',%1 Wy A2+ A+ 1+ w,
4n+8 —

TEy N A+ Lt w,

Proof Taking into account (1.5)—(1.6), with &, = 0, we get S,,42(0) = —p,+15,(0)
and S'),(0) = —p,125(7(0). Then

(2.19) Sont1(0) =0, S2,12(0) = (—=1)""" [] pavs1, n>0,
v=0
n
(2.20) S (0) =0, S3(0) = (=D"T] poy, n=>0.
v=0

Therefore S,,,41(0, ) = —)\SS,)(O) 2 0 and S3,42(0, A) = Sy,42(0) # 0. Hence, from
(2.19)—(2.20) and (2.4) we get (2.16)—(2.17).
By virtue of (2.16)—(2.17), (2.13) becomes (2.18). |

3 The Semi-classical Case

Definition 3.1 ([17]) The form v is called semi-classical when it is regular and its
formal Stieltjes function satisfies the Riccati equation

(3.1) D(2)S'(v)(2) = Co(2)S(¥)(2) + Do(2),
where ® monic, Cy, and Dy are polynomials .

It was shown in [17] that equation (3.1) is equivalent to
(3.2) (®ow) + W(x)v = 0.
with U(x) = —®'(x) — Cy(x).

Proposition 3.2 ([15]) Define r = deg(®) and p = deg(V). The semi-classical
form v satisfying (3.2) is of class s = max(r — 2, p — 1) if and only if

(3.3) [1(12" () + T()| + (v, 620 + 0.T)[) # 0,
c€Z

where Z denotes the set of zeros of ®.
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Corollary 3.3 ([1]1) The form v satisfying (3.1) is of class s if and only if
(3.4) [T (ICo()] + |Do(c)]) # 0.

ceEZ

In the sequel, the form v will be assumed to be semi-classical of class s satisfying (3.1)
and (3.2).

Proposition 3.4 Ifv is a semi-classical form and satisfies (3.1), then the form u de-
fined by (2.1) is semi-classical. It satisfies

(3.5) ®(2)8'(1)(2) = Co(2)S(u) (2) + Do(2),
where
d(z) = 2P(2),
(3.6) Co(2) = 22°Cy(2%) — 3z®(2%),
Do(2) = 2(2% + 1)Cy(2%) — 2®(2%) — 22Dy (2?).

Moreover, the class of u depends only on the zero x = 0 of .

Proof From (1.1) and (2.1), we obtain
(3.7) SV = =22A71S(uw)(z) — A2 = AL

Make a change of variable z — z? in (3.1); multiply by —2)\z and substitute (3.7)
in the obtained equation, we get (3.5)—(3.6).

From (3.6), the zeros of ® are 0 and those of ®.
Let ¢? be any zero of ®. Then, from (3.6), we get

(3.8) 60(6) =20Co(c?), Do(c) = 2(c2 + 1)Co(2) + 2ADy ().
Now, if ¢ # 0 and Cy(c?) = 0, from (3.8), we have Dyl(c) = 0, since v is semi-classical
(lf class s and so satisfies (3.4), and if ¢ # 0 and Cy(c?) # 0, from (3.8), we have
Co(c) # 0.

Thus, we cannot simplify the irreducible equation (3.5)—(3.6) byz—cifc # 0. H

The form u satisfies the distributional equation
(3.9) (&D(x)u) " Ty = 0,
where @ is the polynomial defined by (3.6) and
(3.10) U(x) = -9’ (x) — Co(x) = 2X°U(x2) + xP(x?).

Proposition 3.5 Let X(z) = Cy(z) — ®(z) — ADy(z) and Y (z) = 2Cy(z) — 3<I>l(z),
where the polynomials ®, Cy, and Dy are defined by (3.1). For every A € C — {0}
such that A,S,(0, \) # 0,n > 0, the linear functional u defined by (2.1) is regular and
semi-classical of class s satisfying (3.5). Moreover,

(i) ifX(0) # 0, thens=2s+4;

(ii) ifX(0) = 0 and ®(0) # 0, thens = 2s+ 3;

(i) ifX(0) = ®(0) = 0 and X (0) # 0, thens = 25+ 2;

(iv) ifX(0) = X (0) = ®(0) = 0 and Y (0) # 0, then s = 2s + 1;
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(v) ifX(0) = X (0) = ®(0) = Y(0) = 0, then s = 2s.

Proof (i) If X(0) # 0, then from (3.6) we obtain Dy(0) # 0. Therefore, it is not
possible to simplify (3.5)—(3.6). From (3.6) and (3.10), we have

deg(‘f’) =2r+2 and deg(\ff) < max(2p +3,2r+1).

Thus, § = max(deg(®) — 2, deg(V) — 1) = max(2r, 2p +2) = 25 +4.
(ii) If X(0) = 0, then from (3.6) we have Cy(0) = Dy(0) = 0; therefore, (3.5)—
(3.6) is divisible by z. Thus, u fulfils (3.5) with

B(z) = 20(22),
(3.11) Co(z) = 222Cy(2%) — 3D(Z%),
Dy(z) = 22C(2%) +22(09(Co — ® — ADy)) (2).

If &(0) # 0, it is not possible to simplify and thus the order of the class of u decreases

by one unit.
(iii) If ®(0) = X(0) = 0, then it is possible to simplify (3.5)—(3.11), by z thus, u
fulfils (3.5) with
O(2) = 0(2),
(3.12) Colz) = 22Co(2%) — 32(0,®)(2),

Dyo(2) = 2Co(2%) +2(0(Co — ® — ADy)) ().

Therefore, if Cy(0) + X (0) # 0, it is not possible to simplify, which means that the
class of uis s = 2s + 2.
(iv) If @(0) = X(0) = Cp(0) + X (0) = 0, then it is possible to simplify (3.5)—
(3.12) by z. Thus u fulfils (3.5) with
0(2) = 2(00P)(2),
(3.13) Co(z) = 2Co(2°) — 3(6o®)(2%),
Do(2) = 22(00Co)(2) + 22(62(Co — @ — ADy)) ().
IfY(0) # 0, it is not possible to simplify, which means that the class of uiss = 2s+1.
(v) If ®(0) = X(0) = Co(0) + X (0) = Y(0) = 0, then it is possible to simplify
(3.5)—(3.13) by z. Thus, u fulfils (3.5) with
B (2) = (6,2)(2),
(3.14) Col2) = 22(04Co)(2°) — 32(630)(2),
Dy (2) = 2(0Co)(2%) +2(03(Co — @ — ADy)) (2%).
Assuming that CT)(O) = ®'(0) = 0, from the condition Y (0) = 0, we obtain Cy(0) =
0. Thus, from the last result and the condition X(0) = ®(0) = 0, we get Dy(0) = 0,

which is a contradiction with (3.3). Then it is not possible to simplify (3.5)—(3.14),
which means the class of u is s = 2s. [ |

https://doi.org/10.4153/CMB-2015-041-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2015-041-9

Generating Some Symmetric Semi-classical Orthogonal Polynomials 885

Note that the sequence of orthogonal polynomials relative to a semi-classical form
has a structure relation [17]. Then if we consider that the form v is semi-classical,
its orthogonal polynomial sequence {S,},>¢ fulfils the following structure relation
(written in a compact form):

(3.15) ®(x)S,,,(x) = %(Cnﬂ(x) — Co(x)) Sus1(x) = pur1 D1 (x)Su(x), 1 >0,

where for n > 0,
Cn+1(x) = _Cn(x) + 2(X - fn)Dn(x)a
(3.16) Pr+1Dpi1(x) = =@ (x) + puDy—1(x) — (x — ,)Ci(x)
+ (x — fn)an(x)-

Here, @, Cy(x), and Dy(x) are the same polynomials introduced in (3.1); &,, p,, are
the coefficients of the three term recurrence relation (1.5). Notice that D_;(x) =
0,deg(C,) < s+ 1anddeg(D,) <s,n>0[17].

According to Proposition 3.4, the form u is also semi-classical and its orthogo-

nal polynomials sequence {Z, },> satisfies a structure relation. In general, {Z,},>¢
fulfils

(3.17) B(x)Z),,(x) = %(Eml(x) — Co(%)) Zus1(x) = Yue1 Dyt (0)Zu(x), 1> 0,

with

518) { fynm?m(x) = —§<x> + %51_1 (%) — xCy(x) + x°Dy (%),
Cur1(x) = —Cp(x) + 2xDy(x), ,n2>0,

where C~0(x) , 50(x) are given by (3.6) and 5_1(9:) =0.

We are going to establish the expression of C,, and D,, , # > 0 in terms of those of
the sequence {S, }»>o-

Proposition 3.6  The sequence {Z,, },>o fulfills (3.17) with

Con3(x) = —x®(x?) + 2x(% + Yans3 — @) (Cor (62) + 2a,D, ()
Pr+l

n

Dy (x%), n>0;

(3.19) + 2x('72n+3 - an)(CnH(xz) +2 Dn+l(x2))7 n >0,

pn+1

n

Dii3(x) = 26 (Cp1 (%) + @Dy (%) +

Comra(x) = xB(2) + 2x(x2 + @y — Yans3) (Co1 (62) + 2'0;“ Dyir ()

n

+ Zx(an - 72n+3)(cn+1(x2) + ZanDn(xz))7 n Z Oa

Donea() = (2 + @y — Yans3) (Co1 () + 220D, 1 (:2))
(3.20) an
+ (an - '72n+3)(cn+1(x2) + zanDn(xz))

+ (X% + Yant5 — Ane1)(Craz (62) + 285101 D1 (7))

+ (Vants — an+1)(cn+2(x2) + 22n+2 Dn+2(~x2))a n 2> 0;

n+1
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Ci(x) = —xP(x) + 2x(x% + 2)Co(x?) — 4AxDy(x2),
Ca(x) = x®(x) + 2x(x* — 2)Co(x?) — 4Ax(x* — 1)Dy(x?),

B2D0 By(x) = 22(Col) — ADo(2)),
Da(x) = —%@(xz) (2 — DCol) + A — 12 Do(2));

where C~o(x) and Dy(x) are given by (3.6) and 7,41 by (2.13).
To prove the above proposition, we need the following lemmas.

Lemma 3.7 ([18]) We have
(3.22) x5,(x) = Ryp1(x) + (§4 — a)Ru(x), n>0.

Lemma 3.8 We have
(3.23) B8,(x2) = (1 _ Yo
a

n

)ZZn+3(x) + %ZZW—Z(XL n > 0.
Proof Change x — x? in (3.22) and multiply by x; we obtain (3.23) by taking
(2.6)—(2.7) and (2.12) into account. [ |

Proof of Proposition 3.6 From (1.5), (2.7), and (2.8), we have

(3.24) Zayys(x) = ——2 x5n+2(x2)+{1+ e —an)}xsnﬂ(xz), n>0.
p p

n+1 n+1
After a derivation of (3.24), multiplying by x*®(x?), and using (3.15)—(3.16), we get
KO Zyy3(0) = { D) +22(28,D5(x3) + 1 (x2) — Co(32)) } 228,11 ()
+{a,®(x*) — a,* (Cu1 (x7) + Co(x?)) = 2pu11X° Dyin () }°S, (%),  n > 0.
From (2.6), (2.12), and (3.23), we can write
XSui1(x?) = (X + Y2ns3 — An) Zans3(X) — Yons3xZonsa(x), 1> 0.
Then
(3.25) B(X)Zyy15(%) = X (0) Zans3(X) — Yaus3Yu () Zania(x), 1> 0,
with forn > 0,
Xn(x) = x®(x%) + x(x* + Yans3 — an) (Cus1 (x7) + 2a,Dy(x*))
Pr+1

n

+ x(’YZnJrS — a,)(Chi1 (xz) +2 Dy (xZ)

and
Pn+1

n

V(%) = 25 (Cra1 (6%) + @, D (x%) + == Dy (x7).

From (3.17) and (3.25), we have

{Xn(x) - %(52%3(96) - 6o(x)) }ZZn+3(x) =

Yone3{ Yu(x) = Dani3 (%) } Zonia (), 1> 0.
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Since Zas3(x) and Zyne (x) have no common roots, Za,,. 5 (x) divides Y, (x) — Dayys (%),
which is a polynomial of degree at most equal to 2s+4. Therefore, we have necessarily
Y, (x) — Dypss(x) = 0 for n > s+ 1, and also X,(x) = %(52n+3(x) —Go(x)), n>s+1.

Then, by (3.6), we get (3.19) forn > s+ 1.

By virtue of the recurrence relation (3.18) and (3.6), we can easily prove by in-
duction that the system (3.19) is valid for 0 < n < s. Hence, (3.19) is valid for
n> 0.

Finally, using (3.6) and (3.18)—(3.19) we give (3.20)—(3.21). [ |

4 Illustrative Example
We study the problem (2.1), with v = J(—1 1) where J is the Jacobi form. The

272
form v is classical, and it satisfies (3.2) with ([16])
(4.1) Dx)=x—1, U(x)=-—2x—1.
The sequence {S, },>o fulfils (1.5) with ([16])
1 1
(4.2) §o = 5 Enr1 =0, pp1 = " > 0.

It also fulfils (3.15) with ([16])
(4.3) Colx) =1, Culx)=2(n+1)x, D,x)=2n+1, n>0.

First, we study the regularity of the form w.
From (1.5)—(1.6), and (4.2) , we can obtain the following by induction:

(=" (="

(4.4) S (0) = TR San+1(0) = S M >0,
,1)”

(4.5) s (0) = (T’ s.(0) =0, n>0.

Then, from (1.7), we get for n > 0,
(=" (="

(4.6) S0, 0) = == S (0,0) = (1= 20) Z5
Therefore, from (2.4) and (4.4), we have, for n > 0,
(=
D21S20(0,A) = Son (A+1+nb),
—1)"
A2p182041(0,A) = (26733(1 =20+ (n+1)8),

where @ = 1+ (2\ — 1)2. Then we distinguish the two following cases.
¢ = 0: The regularity means that we must have A = lTi’
e 0#£0: A,S,(0,)\) #£0, n> 0, means that we must have

A+1+n0#0 and (1 —-2M)A+n+1)8)#0, n>0,
which gives
)\7&1 A+1 A+0

23

MR — > 0.
97£n,97£n,n_0
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Now, we give the coefficients of the second-order recurrence relation satisfied by
{Z,}n>0. For this, first we calculate the coefficients a, and b,, n > 0, given by
(2.10)—(2.11) and (4.4)—(4.5):

22 -1 _ 1 .-
aryy = P ) Dn+1 = 2(1_2/\)a n-=>u,
A+ (n+1)0 A+1+(n+1)0
byy = by = "2 >0,
M 4+ 1+ n0) M ANt (e Do)

Using the above results and (2.13), we obtain, for n > 0,

7121, ’72:_>\_1a V3= )\2((2/\)\_'_1;)7
_ A+ (n+1)0
T = o DA+ 1+ 1)’
A+1+nb

TS = T o+ (n+ 1))
=200+ 1+ (n+1)0)
Yante = 20+ (n+ DO)
QA = DO+ (n+1)0)
200+ 1+ (n+1)0)

Yan+7 =

Since v is classical, according to Proposition 3.4, the form u is semi-classical. It
satisfies (3.5) and (3.9) with

dx) = P(x* — 1), U(x) = —x(3x* + 22 + 1),
Co(x) = x(=3x* +2x* +3), Dp(x) =2(—x*+x>+2 = \).

From (4.1) and (4.3), we have ®(0) = —1, X(0) = 2 — . Now we can use Propo-
sition 3.5 to obtain the following:

e If A\ # 2, then the class of u is s = 4.
e If A\ = 2, then the class of uiss = 3.

Finally, according to Proposition 3.6 and using (4.3), (4.6), we give the elements of
the structure relation of the sequence {Z, },>o.

C~o = x(—=3x* + 252 + 3),

51 = x(—x* +2x* + 5 — 4)),

Co = x(x* +2(1 —20)x> +4X — 5),
Dy = —2x* +2x2 +2(2 — \),

Dy = 2(1 — A\«

~ 2
D2:2x4+m((1—2)\)x2+)\—2),
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52,,+3 = (dn+3)x° + 4((211 + Da, +2(n+1)(Vanss — an)) X

2n+3
+ (1 + 4(21’1 + 1)(72n+3 - an)an + )X,

n

2n+3
)+
n

2n+3
+ (@ = 0e) (420 + Day + ==2) — 1),
a

n

2n+3)

Conpa = (4 +5)° + (8014 1)(an = 7ms3) +

52n+3 = 2x2(2(n + x>+ @2n+ Da, +

n

~ 1
Danss = 22n+3)x" + (2014 3)Qayn + 5 ) + 401+ 2) (a5 — )

n

2n+5
+ 4(“11 - ’72n+3)) x2 + (’72n+5 - an+1) (2(21’1 + 3)an+1 + a )
n+1
2n+3
+ (8 = 00) (220 + Day+ ).
2a,
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