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Abstract

Let p be a prime. In this paper, we present a detailed p-adic analysis on factorials and double factorials and
their congruences. We give good bounds for the p-adic sizes of the coefficients of the divided universal
Bernoulli number B, /n when n is divisible by p — 1. Using these, we then establish the universal Kummer
congruences modulo powers of a prime p for the divided universal Bernoulli numbers B, /n when n is
divisible by p — 1.
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1. Introduction

Bernoulli numbers occur in many parts of number theory. Let n>0 be an integer.
Then the nth Bernoulli number is defined by the following formula:

! —i&t”. (1.1)

r_ 1" !
e  n!

From (1.1) one can see that By = —1/2 and B,, = 0 for all odd n > 1. The first few values
for even n are: By =1,B,=1/6, B4 =—-1/30, B¢ = 1/42, etc. The periodic behavior
of the divided Bernoulli numbers B, /n is closely related to the existence of a p-adic
zeta function [17]. The classical Kummer congruences [14] concern the congruence
relations among the divided Bernoulli numbers B,/n. In fact, they state that if p is
a prime and (p —1)tn and n=m mod p — 1, then B,/n = B, /m mod p. One can
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prove this congruence by means of p-adic measures and p-adic integration [21, 22].
In [4], Baker et al. established some global-local Kummer congruences. There are also
many other elegant and useful congruences, such as Wilson’s theorem [2, 15], Fermat’s
little theorem [13, 15], Wolstenholme’s theorem [23], Lucas’ congruence [19] and
Glaisher’s congruence [8—10]. In this paper, we will mainly be concerned with the
universal Kummer congruences.

In 1989, Clarke [5] introduced the concept of universal Bernoulli numbers. Assume
that ¢y, c,, . . . are indeterminates over Q. Then let F(f) =1+ ci?/2 + c,t3/3 + - - -
and let G(¢) = F~'(f) be the compositional formal power series inverse of F(¢), namely
F(G(?)) = G(F(t)) = . The universal Bernoulli numbers B, are defined by

00 N

t B, ,
— =)
G(1) nzz(; n!

Obviously we have B, € Qlci, ¢z, ..., ¢yl. Actually B, is a nontrivial Q-linear
combination of all the monomials of weight n, where c¢; has weight i. So B, is the
sum of p(n) monomials, where p(n) is the partition function. Recently, Tempesta [20]
introduced the universal higher-order Bernoulli polynomials and universal Bernoulli
Y-numbers.

Substituting ¢; = (—=1)’, we get F(¢) = log(1 + 1) so that G(f) = ¢’ — 1 and we obtain
the classical Bernoulli numbers B, = B,. Miller [16] investigated the specialization
where ¢; is the equivalence class of the complex projective space and proved that for
this specialization, if k is odd and k # 1, then lA?k/k € L, where L is the Lazard ring,
a subring of Q[cy, ¢y, ...]. Clarke [5] showed that the divided universal Bernoulli
number B, /n is p-integral if (p — 1) 4 n which forms part of his universal von Staudt
theorem. Adelberg [1] set up the universal Kummer congruences modulo a prime p
for the divided universal Bernoulli numbers B,/n when (p — 1) 1 n. Soon thereafter,
Adelberg [2] obtained the universal Kummer congruences modulo powers of a prime
p for the case (p — 1)1 n. Adelberg et al. [3] established the universal Kummer
congruences modulo a prime p for the divided universal Bernoulli numbers when
(p — 1) | n. Furthermore, Adelberg et al. [3] gave a simple proof to Clarke’s 1989
universal von Staudt theorem [5] which generalized the theorems of Dibag [7],
Ray [18], Katz [12] and Hurwitz [11]. It is natural to ask the question of establishing
the universal Kummer congruences modulo powers of a prime p for the divided
universal Bernoulli numbers when (p — 1) | n.

In the present paper, our main goal is to investigate the above problem. We will
exploit the universal Kummer congruence modulo powers of a prime p for the divided
universal Bernoulli numbers for the remaining case (p — 1) | n. This is divided into two
subcases: the even prime 2 and odd primes p such that (p — 1) | n. For this purpose, we
need to estimate p-adic valuations of the coefficients of the divided universal Bernoulli
number B,/n when n is divisible by p — 1. The paper is organized as follows. In
Section 2 we present notations and some preliminary results. In Section 3 we establish
the universal Kummer congruences modulo powers of odd primes p when (p — 1) | n.
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Then, in Section 4, we treat the even prime p =2 case. We provide a detailed 2-adic
analysis to many kinds of factorials and double factorials. Finally, in Section 5, we set
up the universal Kummer congruences modulo powers of 2. Our result extends and
strengthens the Adelberg—Hong—Ren theorem. It also extends Clarke’s theorem and
complements Adelberg’s modulo prime powers result.

2. Preliminaries

If u=(uy,uy,...)e N with u; =0 if i is sufficiently large and w(u) := )] iu;, we
identify u with a partition of w(u), where u; is the number of occurrences of part i in
the partition. If d(u) := )] u;, then d(u) is the number of parts in the partition. We call
w(u) the weight of u and d(u) the degree of u. If u; = 0 for i > n, we write u € N". Let
k>1and /> 1 be integers.

As usual, we let v = v, be the normalized p-adic valuation of Q, that is, v(a) = b if
p’la and p®*!' f a. We can extend v to Q[cy, c2, . . .] by (3 a,c*) = min{v(a,)} when

u=(u,...,u) €N"and ¢, =c{' ...c,". By the Lagrange inversion [5],
B
==, @.1)
n w(u)=n
where u = (uy, ..., u,) EN", d=du), " =ci' ...cy,
Ye=2" o (m+ Duy! g
and

= (=)t n+d- 2)!'
For any positive odd integer a, we define the double factorial a!! of a by a!! =
[Ti<k<a2p=1 k. That is, al!=a-(a—-2)-...-3-1. For a real number x, define [x]
to be the least integer greater than x and | x] to be the greatest integer less than x. Then
X1+ y]1=Tx+y], [n+x]=n+[x], |x] + y]<|lx+y]and |n + x] =n + [ x] for any
real numbers x and y and any integer .
We will freely use the standard results listed in the following Lemma 2.1.

Levma 2.1. We have

v((ab)!) = v(a!) + v(b!), 2.2)
v((Ip)D) =1+ v(!).
Moreover,
V(P =I(p" = D/(p = 1) +v(Y), (2.3)
v(a!) =v((la/plp)") = (a - s(a))/(p — 1), (2.4)
where s(a) := Y\_ a; is the base p digit sum if a = Y.!_, a;p' with digits 0 <a; < p — 1,
and
viah<@-1)/(p-1) ifa>0. (2.5)
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Lemma 2.2 [2]. If p is an odd prime and N = v(l), then
(Ipt/tph) = (=1)' mod p¥*'.

Lemma 2.3 [2]. We have v((3] hjpj)!) > 2.(jhj + v(h;!)).
Lemma 2.4 [2]. If p is an odd prime and 0 < k < p, then

v(a!) =2 v(a + k)

unless a = p — k, in which case v(a!) =v(a + k) — 1.

Clarke [5] proved some congruences about factorials. Clarke and Jones [6] obtained
some stronger congruences about factorials while Adelberg et al. [3] strengthened
Clarke’s congruence for the p =2 case. But for our purpose, we need the following
result due to Adelberg [2].

Lemma 2.5 [2]. Let v(I) = N. Then:

i) ((+ P!/ +g)'p™) = (=1) - (gp)!/(g!p?) mod p"*!;
(i) ((+@p+a)/([(L+ ') = (1) - (gp + @)!/(g'p?) mod p"*';
(iii) ifa > ep, then the congruence (ii) holds mod pN*¢;

(iv) ifa>(e+ 1)p, then
(A +q)p+a) /(L + P = (=1) - (gp + a)!/(g'p?*®) mod pV*!.

3. Universal Kummer congruences modulo odd prime powers

In the present section, we treat the odd prime case. We set up the universal Kummer
congruences modulo odd prime powers. We begin with the following concept. Note
that it is different from [2, Definition 4.1].

DerintTION 3.1. A partition u is called reduced if there is at most one part g € N such
thatgip"—1,Mg=1andifi#gandu,»;ﬁo,thenizp”_1.

Lemma 3.2. Assume that n=(m+)p—i=i(p— 1)+ mp where i >0. Let w(u)=n
and suppose that d(u) <i+ 1. Then there exists a reduced partition u’ such that
ww')=n,dw') <i+ 1 and v(t,) > v(T,).

Proor. We first define a partition u”’: if t # p* — 1, then u}’ := 0; if t = p* — 1, then

Ui
u;' = u;)lnf] = Z Ugpe-1 + 6(@) Z ([P _] 1-‘ - 1)’

cel*, pte ujzp, pf(j+1)

where 6(a) = 1 for @ = 1 and é(a@) = 0 for @ > 2. In fact, we construct u” as follows.
() If u; #0 withr =gp® — 1 and p t e and & > 1, let u;” = 0 and u} = uy + u, where
k = p* — 1, that is, transfer u, to part p* — 1.
(ii) If u, > p, where p { (t + 1), letu;’ = 0 and ”;;—1 =up_1 + [u/(p—1)] -1, that s,
transfer to part p — 1.
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(i) If O <u, < pand p f (¢ + 1), let u;’ = 0, that is, delete part ¢ from the partition.
The partition u;” is formed by considering all parts, and should be thought of as
loading the parts where i = p* — 1. All other parts of u where (i)—(iii) do not apply
are unchanged. The partition ;" can be constructed from u one part at a time or all at
once.

Clearly w(u"") < n, and if u; # O then i = p® — 1. Observe that v(y,) > v(y,) by (2.3)
and (2.5), and that d(u”) = d(u) if all modifications are of type (i), and otherwise
dw'"”) <du).

Nextletg=n—-w(”)>0.If g=0, letu’ =u”. Then «’ is just what we need.

If >0, let u, =ug + 1 and u’; = w7 if j#g. Then u’ is reduced, w(u') =n, d’ =
dw)=dW”) + 1and v(y,) = v(yy) 2 v(y,). fd”) < d(u), thend(u') < d(u) <i + 1.
Hence v(t,) = v(t,,). Finally, assume that d(u”") = d(u). In this case all modifications

are of type (i), so
n= Z iu; = Z(sp“ — Dtgpo_i

and d =) ugpe_1. But n=(m+ip—1i, thus i =) ugpe_; =d(u) mod p. Since 1<
d(u) <i+1, it follows that d(u) <i and dw')=du)+1<i+1. Alson+d-2=
2. epugpe_ — 2. Hence v((n +d —2)!) = v((n +d’ — 2)!) by (2.4), which means that
v(ty) = v(1,+). The proof is complete. O

Lemmva 3.3. Let n=(m+i)p —i with m=s(p — 1). Let u be reduced, with w(u) =n
andd <i+ 1. Thenv(t,) = s(p —2) — 1.

Proor. Let h; = u,i_; with j > 1. Consider the following cases:
Case 1. If u, # 0, then r = p® — 1. In this case, d = }. >, h; and

n:Zh,(pf—l):(m+i)p—i.
=1

Theni=} ., hj=dmod p. Since d < i+ 1, we may leti =d + kp with k > 0. Then

n+d—2=Zhjpj—2=(m+i)p—i+d—2=(m+i—k)p—2.
21
This implies that k=m +i— 3 ;5 hjpj‘l. It is easy to see that v(y,) = X ;> (jh; +
v(h;!)). Hence by Lemma 2.3,

V(@) =v(((m+i = k)p = 2)) = > (jhj + (k)

=1
=m+i—k=1+v(m+i-k=1)= Y (jh;+v(h)
21 3.1)

—mti—k—1+ v((z i - 1)!)— G = Dby + vy~ d
j=1 j=1

=m-1+k(p-1)+p8,

https://doi.org/10.1017/51446788712000493 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788712000493

[6] The universal Kummer congruences 111

where

B=v{(X hp ™ = 1)) = DG = Dy + vy

j=1 j=1
For j>3and h; # 0,
v((hip”™ = D) = hjp/2 = 1+ v((h;p" = DY)
>hip”? = 1+ v((hjp - 1)!)
> (j— Dhj+ v(h;!)

since p/~ — j+ 1 > 1. So if there exists a j > 3 such that h; # 0, then

(D i = 1)) 2 v + G + Y v = DY)
=1

23
> 3 = Dhj + v(h).
Thatis, 8> 0. Hence v(t,) >m—1> s(p —2)— 1 by (3.1).
If forall j>3,h;=0,since m=s(p — 1),
n=m(p=1+h(p*-)=mp+ip-1)=s(p-Dp+i(p-1).
This implies that iy + hy + hop = sp +i. Sinced = h; + h, =i — kp,
hop=sp+({—h —hy)=sp+kp.
Then hy; = s + k > 5. On the other hand,
V() = V(1 p + hap?) = D) = (hy + 2k + v(y ) + V(1))
=hy+hp—1+v((h +hyp— DY) = (h +2hy +v(hy!) + v(ky!))

>hy(p—2)— 1+ v((hap— D) —v(hy!)
>s(p-2)—1

as desired.
Case 2. If there is exactly one part g € Z* such that g # p* — 1, u, =1, and if t # g
and u, # 0 then 7 = p® — 1. In this case, we have d = } ;> h; + 1,

n= > hip =1 +g=(m+ip-i
=1

and
n+d—2:Zhjpj+g—1:(m+i)p—i+d—2.
=1

Theng=(m+ip—i+d—1-3 . h;p.
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Also we can check that
V() = D (i + (D) + (g + 1), (32)
21
Leto=i+1—-d=i-3 ;5 hj. Then >0 since d <i+ 1. We have

S+g=(i+1-dy+m+ip—i+d—1-> hp/=kp,
J=1

where K’ =m +i— Y h;jp/~!. Then
Z hip™ ' =m+i-k.
i1
Since g > 0 and ¢ > 0, we have £’ > 0. Furthermore, if § =0, then g = k’p.
On the other hand, since n = (m + i)p — i,

n+d-2=m+idp-(6+1)=(m+i—-k)p+g-1. (3.3)

Hence by (2.2), (2.3), (3.2), (3.3) and Lemma 2.3,

vit)=v({(m+i-kK)p+g-1D!) - (Z(jhj +v(h;!) +v(g + 1))

S
>v(((m+i—=k)p))) +v((g— DY
= DG = Dhy+ v = > hy=v(g + 1)
=1 =1

2m+i—k’—Zhj+v((m+i—k')!)+v((g—1)!)

jzl
- v((; hjpj_l)!) -vg+1D

>m+i—kK =Y hi+v(g-1)-vg+1)

=1
>m—-1+¢6
>s(p—-2)-1+6,

where
§F=6-kK+1+v((g—DH—-v(g+1).

Thus it is sufficient to show that ¢’ > 0.
If 6 — k' >0, then by Lemma 2.4,

dzvi(g-DH—-vig+DH+1>0.
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It remains to consider the case 6 — k&’ < 0. In this case, letd = xp + r with0 < r < p.
Then x =[6/p]. Clearly x <dunless6 =0=r=x,and x <6 — 1if § > 2 since p > 3.
Since0<g=k'p—6=("—x)p—r,wehave k¥’ — x> 1. But

g-1=K -x)p-(@r+D)=FK —x-Dp+(p-r-1).
So
W(g— DN =v((K —x—Dp)) =k —x— 1+ (K — x— 1))
Hence
F=6—K+1+k —x—1+w(K —x=1D)—wg+1)
=6—-x+v((k—x-1D)—v(g+1).

Ifptg+1,thenA’=6—x>0.Nowletp|g+1.Sinceg+ 1=k —x)p—-(r—1),
wehaver=1land g+ 1= —x)p. So

O=6—-x+v(k —x-DYH)—vk —x)—1.

Since r # 0, we have 6 #0. So 6 — x> 1. By Lemma 2.4 it remains to show that
6 —x=11is impossible. If § — x =1, then 6 = 1 and x = 0, and it is sufficient to show
that X’ —x# p. Butif ¥ =p then §+g=1+g=Kk'p=p?, so g=p*>— 1, which is
impossible since g # p* — 1. The proof of Lemma 3.3 is complete. O

COROLLARY 3.4. Let n=(m+i)p —i with m=s(p —1). Assume that w(u)=n and
du)<i+ 1. Thenv(t,) > s(p —2)— 1.

Proor. This corollary follows immediately from Lemmas 3.2 and 3.3. O
Let us now recall the critical bounds for B, /n.
Lemma 3.5 [3]. Let p be an odd prime. Suppose that w(u) =n, n=(p — 1)sy and
up—1 < so. Let e = v(y,) — v((pup-1)!) and n =n - (p — Du,_. Then
n+d-2>w,-1+e+1)p
except for the following cases where

(WUp—1+e+Dp>n+d—-2>,_1 +e)p:

i) p=23,up1=s0-1, and for 1 <i<(p-3)/2, we have u; =u,_1_;, or if i=
(p—1)/2, we have u; =2. In these cases, n=p — 1 and e = 0.
(i) p=3,uy=s59—4,ug=1. In this case, n = 8 and e = 2.

For any positive integer x, by Lemma 2.2,

(xp)!

pr —(-1)*=0 mod p*™@*!,
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Then associated to the prime number p, we can define an arithmetical function k, for
any positive integer x by

1 ()
k()= (x”

v(x)+1 x!px

- -17)

Clearly k,(x) € Z for any positive integer x and k,(1) is the usual Wilson quotient (see,
for instance, [15]). We call k,(x) the generalized Wilson quotient. On the other hand,
for any positive integer x, we define

=D)*"'(xp - 2)!

hp(x) = ol
Then ,
D!
hp(x) = i

We have the following result.
Lemma 3.6. Let s and | be positive integers such that v,(l) = N. If v(s) < N, then
hy(L+ ) = h,(s) = g,(1,s) mod p"*1,
where g,(l, 5) is defined by
gp(l, 5) = (=1)'sk,(Dp"*! = (=1)lkp(5)p" " = 1)/(psU +5))  mod p™*'.

Proor. First since v(s) < N,

(I+s)p-2 Ip—1 (I+s)p-2
[T=(TT 0 T1 4
i=1, pti i=1, pti i=Ip+1, pti
Ip-1 sp—2
=(TT ([T ar+n
i=1, pti i=1, pti
Ip—1 sp—2 sp—2 sp—2
=( [] z)( [] i+lp( [ z)( > j“)+(lp)2k1)
i=1,pti =1, pti i=1,pti ~ j=1,ptj (3.4)
p-1 sp—2 sp—2
=(TT(TT 1 +tw+apr Y, G+ o= )+ aprh)
i=Lpti *i=l,pti J=2, ptj
Ip—1 sp—2 sp—2
=(TTN(TT i +mw+imep2r Y, Gop =)+ apih)
i=1,pfi i=1,pfi J=2.ptj
Ip—1 sp-2
E(1+zp)( I z)( [T i) mod p"®*N+2,
i=Lpti " i=lpli

where k| is some positive integer.
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Consequently, by the definition of k,(s) we can easily show that

Ip—1
n i= (IL); = (=1 + k,()p"*! (3.5)
) ) l'p
i=1, pti
and
sp—2 S '
[T =00 = spy 6l = (= Y6 )1 + k). (G6)
i=1,pti j=0

Then by (3.4), (3.5) and (3.6) we can deduce that

hp(l+ 5) = hp(s)

(I+s)p-2 sp—2
=0 pa+ ! [ i-EDT e [
i=1,pti i=1,pti
Ip—1 sp—2 sp-2
=0 ey avip( [ [ )-coeo [
i=l,pti  i=l,pti i=1,pti
sp—2 Ip—1
=(—1)S_1(ps)_1( i)((—l)’s(1+lp)(l+s)—1 [ i—l)
i=1,pti i=1,pti

sp—2

- <—1>H(ps)‘1( i)((—l)’s(l FIp)+ 5 (=D + ky(Dp) - 1)

%
N

i=1,pti
sp—2
=0 ([ i)+ 97 D k@p* 4 1) =10+ 57
i=1,pti
sp—2
= (—1)H( [] i)((—l)lkp(l)pN(l +8) 10+ = Upsd+ )7
i=1,pti

= (D61 + kP D o Dp + DA+ 97 = 1t + )™
=0

= (1 +sp)(1 + (=D’kp()p" " N 'kp(Dp" + DU+ )™ = UpsU + $))™")

=g,(I,s) mod p"*!

as required. Thus Lemma 3.6 is proved. O

Using the generalized Wilson quotient, we can now establish the universal Kummer
congruences modulo powers of odd primes. This is the first main result of this paper.

Tureorem 3.7. Let n=m+ I(p — 1) and p"|l. Suppose that m=s(p — 1) and s>
[(N+2)/(p-2D.
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(i) Ifp=5, then

I+s

B,/n= cij_lfgm/m +gp(, 5)c, ', mod pN“Z,,[cl, sl
(1) Ifp=3, then
B,/n=ch B, /m+ g3l s)ch + Wb ey mod 3N Zs[ey, .. ., cul,

where Y =0ifs=1mod3, ¥ =-lifs=0mod 3, and¥ =1 if s=—-1 mod 3.

Proor. First consider the terms 7,c* of B,/n where up_1 > 1. Let ”;7—1 =u,.1—1l:=¢q
and u; = u; for i # p — 1. Then w(u’) = m and c”’cfp_l = c*. It follows from (2.1) that
2 N
L c;_l—m = Z (Tt — )" + Z T,c".
n m w(u)=n,u, 11 w(u)=n,up1 <l

Ifu,.1=n/(p—1)=1+s, then “;;—1 =s=m/(p — 1). Hence by the definition and
Lemma 3.6,
Ty = Tw = hy(I+ 5) = hy(s) = g,(l, s) mod pV*!.
Next assume that u,_; <[+ s. Now let #t,_; =0 and i&; = u; fori # p — 1.
Let v(y;) = e. Theny, = ep® where p t €. Since d’ =d(u') =d(u) —land d = d(ir) =
d' —q,
n+d-2=Ilp+m+d -2=Ip+qgp+n+d-2.

Alsoy, = (1 +¢)!p™ 9y, and v = ¢! pyi.
If e = 0, then (y;, p) = 1. So applying Lemma 2.5(ii) with a = 72 + d — 2 gives us

7,=7, modp"*tl.

If e >0, then by Lemma 3.5 we have 72+ d —2 > (e + 1)p with the exception of
case (ii) where n=8, e=2, and up =1+ s -4, ug=1. Hence by Lemma 2.5(iv),
7, =7, mod p"*! without the exceptional case.

We now turn to the exceptional term, which occurs if and only if p =3, u; =
l+s—4,ug=1.Inthiscase,d=1+s—-4+1=1+s—-3,d =s—3. Then

n+d-2=2(l+s)+l+s-3-2=3(+s)-5

and
W+d -2=m+d —-2=3s5s-5.
Also
V=30 (U4 s =!I =32( 4 5 - 4!
and

Y =39 (s =) =325 - ).
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Hence by Lemmas 2.2 and 2.5(ii),

T, = (DB +5) =B D1+ s - 47!
=(=DBU+5) =)D+ s-2) U+ 5-3)1+s5-2)
=(=DBU+ ) =)D+ s - 2N NP + 125 = 5) + (s — 2)(s — 3))
= (=D =135 - 51375 (s - 2)) 7 H(2s - 5)
+ (=D EDIBs - 51325 (s = 2D s - 2)(s - 3)
= (=) *Bs =513 (s -2))'2s=5) + 1, mod 3V

But by Lemma 2.1,

(Bs =353 (s -2 '2s = 5) =Bs - 6)!3* (s - 2)) ' Bs - 5)(2s - 5)
= (-D"?(=1)(2s-2) mod3.
So
7, = ()T @2s = )l + 1 = (=DI2s - 2) + 7, mod 3V

Thus 7, =7, mod 3¥*! if s=1 mod 3, 7, =17, — mod 3¥*! if =0 mod 3 and
7, =Ty + 1 mod 3V if s = —1 mod 3.

We can now deal with the terms where u,_; < /. In what follows we assume that
up—1 =1 —x with x> 1. To finish the proof, it is sufficient to show that if w(u) =n
and u,_; <[ then 7, =0 mod pM*' if s > [(N + 2)/(p — 2)], with the single exception
where p=3 and uis givenby u, | =1+ s5—-4,us=1.

If n +d — 2 > Ip, then there exists an integer k such that

(I+kp<n+d-2<(+k+1)p.
With our usual notation,
n=n—(I-x)(p—-1)=m+x(p-1).
Let e = v(y;). Since u,_; =1 - x </,
n+d-2>2(U-x+e+1)p (3.7)

with the exceptional case (ii) of Lemma 3.5 which was previously considered.
On the other hand,

vit)=viin+d-2))—(I-x)—v({(l-x)!)—¢
>v(({+bp))—-U-x)—v(({-x))—¢
=(U+k+v+))—(U-x)—v(-x))—e
>k+x+v()—e.
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Suppose now that v(1,) < v(Ip). Then e > k + x — 1, that is, ¢ > k + x. But by (3.7),
n+d-2>2(U-x+e+Dp>(U—-x+k+x+Dp=U+k+1)p

which contradicts ({ + k+ 1)p>n+d—2. Thus in this case we infer that v(r,) >
v(lp) > N + 1.
Now it remains to consider the case n + d — 2 < [p. In this case,

n+d=m+Il(p-1)+d<lIp+2,

thatis,m+d <1+ 1. Sinceu, 1 =l-x<d<l+1-m,x>m. One may let x=m + i
with i > 0. Then

wi)=n—up1(p-1)=m+x(p-1)=(m+ip—i

and
diy)=d—-(U-x)<x+1-m=i+1.

But u,_ 1 =1-x. So n+d-2>(-x)p+n+d-2 and v(t,) >v(r;). Since s>
[(N +2)/(p—2)], then by assumption and replacing n and u by n=(m +i)p — i and
i1, respectively, Corollary 3.4 gives 7, = 0 mod pV*!.

The proof of Theorem 3.7 is complete. O

4. Auxiliary results for powers of 2

In the current section, we deal with the even prime p = 2 case. In order to establish
the universal Kummer congruences modulo powers of 2, we provide a detailed 2-
adic analysis for many kinds of factorials and double factorials. First we give several
congruences modulo powers of 2 for double factorials.

Lemma 4.1 [3]. Each of the following is true.

() Ifkis odd, then 2k — D! = (=1)*D/2 mod 4.

(i) Ifk>1, then (4k — 3)!! = (=1 mod 16.

(iii) Ifk>1and N >3, then (k2V - 3)!! = =1 mod 2V*!,

Lemma 4.2. Letk> 1, N >3 and a > 2 be integers. Then:
(2a _ 3)” mod 2N+1+min[v(a),N—1} lf 2 | a,
(2a = 3)!! + k2N mod 2VN*! if 24 a;

2a-3)!! mod 2V if 2 a,

Qa-3)N+k2¥Y  mod 2N if 24 a;

@) (k2V+2a=3)1/(k2Y + Dl =
() (k2N +2a-3)!= {
(iii) Ifk is odd,

N gy = {1+ (DEDRIN mod 2V i N =3,
( =3P = —1 + (=D)®D2N+L od N3 jF N > 4,

In particular, we have (k2V — 3)!! = =1 + 2M*!1 mod 2N*2,
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Proor. (i) First
(k2N +2a = 3N /K2Y + DI = (k2N + 3)(k2N +5) - - - (k2Y +2a - 3)

=Qa-3)! +k2V Z(Za —3)!1/j + x(k2N)?
7es (4.1)

= (2a -3\ + k2N Z(Za -3)!1/j mod2?",
jes

where xe Nand S ={3,5,...,2a-3}. If je S, then2a— jeS§. Clearly j#2a—j
unless j=a€S.If2]|a, thena ¢ S. Therefore

Z (2a - 3)!! _ Z ((2a—3)!! N (2a—3)!!)

jes J jeS,j<a 2a-j J
2a - 3)!!
=20y, GO
JjesS,j<a ](Za—])

Then 5 T
v(k2N D &) >N+ 1+ v(a),
jes J
Hence by (4.1), Lemma 4.2(i) is true for the case 2 | a.
Now we consider the case 2 1 a, then a € S. Hence

Z(Za—?))!!_ (2a—3)!!+(2a—3)!!)+(2a—3)!!
jes J jeS,j<a 2a-j J a
_ 31 —_ N
o Z (.2a 3):. N (2a 3)..‘
jeS, j<a jQRa—j) a

Then v(} jes (2a — 3)!!/j) =0 since v((2a — 3)!!/a) =0. Thus by (4.1) we infer that
Lemma 4.2(i) holds for the case 2 1 a. Part (i) is proved.
(i1) Since N > 3, 2N > N + 1. Then by Lemma 4.1(iii),

2N + DI = k2N = 3)nE2N - k2N + 1)

= —(k2V - 3)!

=1 mod 2N,

So the desired result follows immediately from part (i).
(iii) If £ = 1 mod 4, then by part (ii),

(k2N =3 =2V 42V 31 =2V = 3)!11 mod 2V*3, 4.2)
where #; > 0 is an integer. If k = 3 mod 4, then by part (ii),

(k2N =) = (1282 + 3.2V 311 =32V = 3)!I!' mod 2V, (4.3)
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where 1, > 0 is an integer. By part (i),

G-2V-3n=M +2Y - M+ DIy
x 2N + 2V =31 + HIHH=DERN -3 (4.4)
=(2¥ -3)!1)* mod 2?V.

Since N > 3,2N > N + 3. Then by (4.3) and (4.4),
(k2¥ =3y = (2N =3)11)*  mod 2V*3, (4.5)
First consider the case N = 3. Clearly (2° — 3)!! = 15 mod 2°. Hence by (4.2),
k2> =N =15=-1+ (=D)*D22% mod 26
if k=1 mod 4. By (4.5),
(k-22=3)1=15=-17=-1+ (=D)*D22* mod 26

if k = 3 mod 4. Part (iii) is proved for the N = 3 case. In what follows we deal with the
N >4 case.

We claim that 2V —3)!! = -1 - 2¥*! mod 2¥*3 for N >4. We use induction
on N. Evidently (2* =3)!'=—-1-2 mod 27 if N=4. Assume that 2V - 3)!! =
—1 - 2N mod 2V*3 for some N >4. Since N >4, 2N >N +4. Then by part (i)
and the induction hypothesis,

@M 3=V + 28 - 3H1ERN + DIHTI=DERN -3
=—(2Y -3’

=—1-2"2 mod 2V,

Hence the claim is true. So the desired result follows immediately from the claim and
(4.2), (4.5). Part (iii) is proved. ]

Lemma 4.3. Let a > 0 and i > 1 be integers. Define

Ja(i, )i=(a+1)---(a+2D)/(a+))

for je{l,...,2i}. Then

V(ifa(i,j))z{f—l fl<is<3,
j=1

i otherwise.

Proor. First

v(f(1, D) + f,(1,2)) =v(2a + 3) = 0.
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So Lemma 4.3 is true for i = 1. For i = 2, we can easily check that

4
Zfa(z, H=2a@+1)+2=2 mod4.
j=1

Hence V(Z‘f}=1 f.(2, ))) =1 asrequired. Lemma 4.3 is true when i = 2. For i = 3, by the
fact that 8 divides the product of any four consecutive integers, we get 8 | f,(3, j) for
j=1,2,5,6. On the other hand,

£3,3)=d’(@+1>=0 mod 4

and
fu3. 4 =a*(a+1)°@+3)=0 mod 4.

It follows that

6
WD £:3. 7)) > minv(£,G. 1> 2
= ==

as required.
Now let i > 4. We may leta =2b + b’, where b € Z>p and b’ = 0 or 1. Then

V(£ (i, ) =v((2b +2) - - - (2b + 2i)/(2b + j+ b))
=i+v((b+1)---(b+01)/Q2b+j+D)). (4.6)

If2 4 (" + j), then
vib+1)---(b+i)/2b+ j+b"))>3.

If2] (" + j), then
b+(+b)/2elb+1,...,b+i).

Thus
Wb+ 1) (b+ Db+ +5)/2)" >0

since i > 4. Hence by (4.6), we have v(f,(i, j)) =i for all 1 < j <2i. Therefore
2i
(25 i ) i it p =1
J:

The proof of Lemma 4.3 is complete. O

RemMark 4.4. In fact, we infer that
Wb+ b+D2b+j+b) H>1

fori > 6 and
wWb+1)---(b+)Rb+ j+b) ) >3

for i > 8. Then v(fo(i, j)) > i+ 1 fori> 6 and v(f.(i, j)) > i + 3 for i > 8 by (4.6).
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Levmva 4.5. Let g,r,a €N, e€ Z* and v(l) = N. Define 6, =1 for r=1,2 and 5, =0
forr#1,2. Each of the the following is true.

A A+qg+20Y 1+ !r)=(g+2n/(q!r) + 6, mod 2V,
(i) Ifa=0or1, then

QU+ q+2r) +a)!/QRE (L + g)!r)
= Qg +2r) +a)!/QT g!r) + 6, mod 2N,

(iii) Ifa > 2e, then
QU+ qg+2r)+ )/ (L + ¢)r) = (g + 2r) + a)! /(297 g!r))  mod 2V*e.
@iv) Ifa=2e+ 1), then

QU+ g +2r) + a)! /@2 4 @)
= (2(q +2r) +a)!/ 27 q!r))  mod 2V

Proor. (i) For r = 0, the congruence is trivial. Now let r > 0. If r > N + 1,
v({+qg+201 [+ ) 2v(@2H) —v(r)=r=N+1

since
v+ g +2r)) = v+ g)!) +v((2r)!)

and v((2r)!) = r + v(r!). Similarly, we have v((g + 2r)!/(q!r!)) > N + 1. Then
(I+q+2n)/(({+'r)=(g+2n!/(g'r)=0 mod 2N*!
as required. If » < N, then v(r!) <r — 1 < N — 1. On the other hand,

A+q+20{A+ ) =U+g+ 1) +q+2r)r!

2r
=g+ D) g+ 20/ 4 Ur) Y g+ 1) (g +20/(g + )
f @.7)

2r
= (q +29)!/(q!r!) + (I/r)) Z f,(r, j) mod 2V,

=1

where f,(i, j) is defined as in Lemma 4.3. From (4.7) and Lemma 4.3 we deduce that
if r=1, 2, then

A+qg+20Y A+ 'r)=(g+2r!/(g'r) +1 mod 2V,
and if r > 3, then

I+ q+201 A+ ) = (g +2M)/(g'r) mod 2N,
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So part (i) is proved.
(ii) Since v(2l) = N + 1,
2L +2g+4r+ D= Qg +4r+1)!!' mod 2V (4.8)
by Lemma 4.2(ii). Then multiplying congruence (i) by (4.8) and noting that (2q +

4r = 1)!! = 1 mod 2, the desired result follows.
(iii) To deduce part (iii), let S = {2, 4, ..., 2e}. Then

ﬁ(2(1+q+2r)+x)=(ﬁ2(l+q+2r+i))( ﬁ (2(l+q+2r)+x))

i=1 x¢S,x=1
a

_ 2e(ﬁ(z fq+2r+ i))( [T @+2q+4r+ x)).

i=1 x¢S,x=1

x=1

Thus, using congruence (ii) mod 2" for a =0,
QU+ g +2r) +a)! /R (1 + g)!r)

= (]_[(2(1 +q+2r)+ x))(2(l +q+2m)/ QT+ @)
x=1

= Ze(ﬁ(q +2r+ i))( ﬁ g +4r+ x))(Z(q +20))1/ Q242 gIr))
i=1

x¢S,x=1
=22 +2r) +a)!/27%¢!r!) mod 2V,

(iv) To deduce part (iv), use the congruence (iii) with e replaced by e + 1 and then
divide by 2¢. Thus Lemma 4.5 is proved. O

Lemma 4.6. Letn=1+m, N>3and=k2N, ke Z*,2 t k. Let
g(@) = (-1D)""Q2a-3)!1/(2a)

for any integer a > 1. Then

(=D"=D2112 mod 2N if2 4 m,
gn)=gm) + 1+ 1/(2mn) mod 2V if2 | m, 4t m,
1—1/(2mn) mod 2V if4 | m, 8 4 m.

Proor. If 2 1 m, then applying Lemma 4.2(ii),
Qn-3)1'=Q2I+2m-3)"'=2m-3)!! +2] mod2V*2.
By Lemma 4.1(i),

Cm=3)"=2m-=3)2m-=2)- D= (=)"D?2 mod4.
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Since2tmandn=1[+m,
1/(mn)=1/m?> + ml) € 1 +4Z,.
Thus

gn) —g(m)= 2m = 3)N(-1/2mn)) + I/n
= (=)™ D2(—1)2) + 1
=(-D" Y212 mod 2V

If 2 | m, then by Lemma 4.2(i),
(2n =3\ = (21 +2m = 3! = —(21 = 3)!!(2m — 3)!!  mod 2N *+>+mintv(m.N},
Thus for v(im) < N,
gn) — gm)= (21 -3)N27' A+ m)™" + @2m)"H(2m - 3)!!' mod 2V*'. (4.9

If 2|m and 4 f m, then (2m — 3)!! =1 mod 16 by Lemma 4.1(ii). Thus applying
(4.9 ) and Lemma 4.2(iii) gives us

g(n) —gm) = (-1 + 2V 2271+ m)™' + Cm)™H(2m - 3)!!
=22 +m/2) " +12m(m + 1))™' mod 2N, (4.10)

Since I/2 + m/2 € 1 + 2Z;, we have by (4.10) that
g(n) — g(m) =1+ 1/(2mn) mod 2V*!,

If 4|m and 8 fm, then we may assume that m =441 with 2+ 1. Hence by
Lemma 4.2(iii),

Qm-3M=—-1+DD22% =1 +4m mod 2°. 4.11)
Also by Lemma 4.2(iii) and noting that N > 3,
QL=3) = (k- 2V — )11 = =1 + (= )*D/2pN+2 od 2N+, (4.12)
Thus using (4.9), (4.11) and (4.12),

g(n) — g(m) = (=1 + (=D D22V 221 + m))™ + 2m)~H(2m - 3)!!
= ((_1)(k+1)/22N+1(l+ m)—l + l(2m(l " m))_l)(—l + 4m)
= ((=D)ED2N Lo+ m)™! — 12mn)™!

=[—12mn)"" mod2N*!,

The proof of Lemma 4.6 is complete. O
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In the rest of this paper, we always let
e :=v(yu) = v(Qu1)!) = Quz + v(uz!)

and define i by: @t =3 =0and it; =u; fori #1,3. Let n=w(it). Thenn=n—u; —
3uz and v(y,) =e.

Lemma 4.7. Suppose that w(u) =n. Thenn+d — 2 =2(u; + 2u3 + e) + I, where:

i TI'=-2ifn=0;

i) T'=0ifn=7-2%and u; =2% a € N,
i) T'=1ifn=2;

(iv) T =2 otherwise.

Proor. If =0 that is, n=u; + 3uz, we have e=0 and n+d — 2 =2u; + 4uz — 2.
Then I = -2.
Now we assume that 7 >0. Let it; =3 =0 and &; =u; (i # 1,3). Then w(i) =
i, v(y;) = e and
n+d—-2=2u; +4us +n+d-2.

So replacing u by i, in what follows we can assume that u; = u3 =0. Note that
n+d=)" ,(i+u ande=3}], e, where

e; :=v(i+ Du; + v(u;!).

It follows immediately that e; > 0 if and only if either 2| (i + 1) or u; > 2.
First consider case (ii): n =7 - 2% and u; = 2%. Then

6 =327 +v(2°) =427 1.

Hence
(i+ Du; = 8uy =2(e7 + 1).

Since n +d — 2 = 8uy — 2 and 2(u; + 2u3 + e¢) = 2e7, we have I' = 0.
For case (iii): n=2,i=2,u; = 1. Clearly ¢; = 0. Since u; =u3 =e =0,

n+d-2=0G+Du; —2=1=2(u; +2u3z +e) + 1.

HenceI =1.
In what follows we deal with case (iv). We claim that

G+ Dy >2(e; + 1) +2 =200 + Dy + v(u;) + 1) +2 (4.13)

for all cases where i # 1, 3 apart from cases (ii) and (iii).
If24(@(+1)and u; > 2, then ¢; = v(u;!) < u; — 1. We can deduce that

i+ Duj—2>3u; —2>2u; > 2(e; + 1).
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If2|(i+ 1), we may leti + 1 = £2" for some ¢ € N with 2 t . Then ¢; = tu; + v(u;!),
i+ Du;—2=¢62"u; —2 and

2e;+ 1) =2(tu; + v((u)!) + 1) <2(¢ + Du;.
For t > 4, we have 2" > 2(¢ + 2). This implies that
G+ Du;—2>2"u; =222t + Du; > 2(e; + 1).

For t =3, we have i + 1 = 23s. If & > 3, then

G+ Duj—2>3-2%u; —2>23 + Du; > 2(e; + 1).

If e =1, then

G+ Duj—2=2%u;—2=8u; -2
and

e; =3u; + v(u;!) = 3u; + u; — s(u;).
Therefore

@+ Du;—2>2(e; + 1)

if s(u;) > 2. Butif s(u;) = 1, we have i =7, u; = 2%, which is case (ii).
Fort=1,2, we have i + 1 =2¢ or 22¢. Since i # 1, 3, we have & > 3. Then

(i+1)u,~—223-2’ui—222(l‘+1)u[.

Hence the claim (4.13) holds as specified.
Finally, if u; > 1, then (i + Du; > 2, while if (i + Du; > 2(e; + 1) and (j+ Du; >
2(e;j + 1), then

@+ Dui+(G+Duj—2>2 +e;+1).

So we have n+d —2 >2(e + 1) for case (iv), which follows by adding the ‘local’
inequalities for each value of i separately. O

Lemma 4.8. Let w(u) = n. Assume that n > 0. Then v(t,) > uz + [1n/2] — 1 except for
n = Tu; where v(t,) > usz + [n/2] - 3.

Proor. Let 11y =03 =0 and it; = u;(i # 1, 3). Then w(iz) = nn and
n+d-2=2u; +4us +n+d-2.
So
v(T,) =v((n +d =2)!) = v(y)
=v(Quy +4uz + i +d —2)!) — (uy + v(uy!) + 2uz + v(u3!)) — v(y;)
> v((4us)!) +v((n +d = 2)!) = 2uz — v(uz!) — v(ya)
=uz +v((n+d —2)") — v(y).

https://doi.org/10.1017/51446788712000493 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788712000493

[22] The universal Kummer congruences 127

Noticing that v(y;) = e = ), ¢;, it suffices to prove that

n

Wi +d—2)!) - Z e >[n/2]1—- 1.

i=1
We claim that
v(((i+ Du; —2))) —e; > [iu; /21— 1 (4.14)

foru;>landi#1,3,7.
If24(i+ 1), then
e; =v(i + Du; + v(u;!) = v(u;!)

and [iu;/2] = iu;/2. Thus
v((i + Duy —2) = v(u;!) + v((iu; = 2)) 2 v(u) + iu; /2 — 1 > e; + [iu; /2] - 1

as claimed.
If 2| (i + 1), we may let i + 1 = 62" where r€ Z* and 21 6. Then e; = tu; + v(u;!)
and
(i + Dui/2 = 627wy > [iug /2]

Therefore we obtain

v((( + D —2)!1) = v((2(62 u; — 1)) (4.15)
=627 = 1+ (627 ;= 1))
> [iu; /2] — 1+ v((82" 7wy — D).

Let § > 3. Then
V(827 — DD =B -2 = DY = v(Qtu)!) = tu; + v((tuy)!) > e

since 3 - 2/~'u; — 1 > 2tu; for t > 1 and u; > 1. So the claim holds for this case by (4.15).

Now let § = 1, thatis, i + 1 =2'. Since i # 1, 3,7, t > 4. Then by Lemma 2.1,
QR = DY =323 = 2+ (23w — DY) > tuy + v(ug!) > e

since 3 - 2'3u; — 2 > tu; and 273u; — 1 > u; for t > 4 and u; > 1. So the claim holds for
this case by (4.15).
On the other hand, if i # 1,3, 7,

V(@ + Du)) 2 v(((i + Du; = 2)D) + 1 > e; + [iu;/2]
by claim (4.14). If i =7, by Lemma 2.1,

v(8u)!) = Tu; + v(u;!) > e7 + [Tu7/2].
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Then fori # 1, 3,
v(((@ + Duy)!) > e; + [iu;/2]. (4.16)

Moreover, if u; > 1 for some j # 7, then by (4.14) and (4.16),

Wi +d-2)) = v((zn:(i + s — 2)!)
i=1

n

v(( G+ Du+ G+ 1)u,~—2)!)

i=1i#j

7 n

> e+ [2_1 Z iu,--| -1

i=1 i=1

N

as required. Finally, if 7 = 7u;, we can compute
v(ty) = uz + v(Bu7 —2)!) —e7 > uz + 4u7 — 3 — v(ug).
We can easily show that
4ur —v(ur) > [Tuz /2] = [1/2].

Then v(t,) > u3 + [1n/2] — 3. Lemma 4.8 is proved. O

5. Universal Kummer congruences for powers of 2

We are now in a position to give the universal Kummer congruences modulo powers
of 2 in the form of Theorems 5.1 and 5.2. This is the second main result of this paper.
We begin with Theorem 5.1.

TuEOREM 5.1. Let n > 2 be an even number.
(1) If v(n) = 1, then
B,/n= —c{/2n) + (n/2 - 1)0'1'_363 +3(n- 4)(3’1[_66%/4

- c’{_zcz + 26‘7_5(C2C3 +cics) mod4Zslcy, ..., cpul.
(1) If v(n) = 2, then

B,/n=(2n)"' = 2)ct = 3(n—2)c1c3/2 + (n— 40k /4 + (n - )23 /4
= 3¢ + 26 ea + AT + (n = DefPeacs(es + ¢))

mod 8Z2[C1, ey Cn].

Proor. By Lemma 4.8, and noting that 72 = };, 5 iu;, we have only to consider the
following cases.
(Dn=7,u;=1,u3 <1. Thenu; =n -7 — 3us.
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(2)n =06, u; =n— 6. In this case, we have u, =3, 0rup =us =1, or ug = 1.

B)n=5us=1andu; =n->5.

@A n=4,u; =n—-4-3uz and u3 < 1. In this case, either up =2 or us = 1.

O)n=2,u1=n-2-3u3,u =1and uz < 2.

(6) n=0, us <4. In fact, if uz > 5, we have v(t,) 2 v(Qusz — 1)!) —v(uz!) - 1>3
since 71 = 0. So for our purpose, we can assume that u3 < 4.

For cases (1)—-(3) and (4) with u3 = 1, by the definition of 7,, we can easily check
that v(t,) > 3. We omit the details here.

For case (4) with uz =0, if u, = 2, then

VT) =v(@2n =) —(n—4) —v(n-H) —v2) =1 +v(n—2)=2+v(n/2 - 1),
that is, 7, = 0 mod 8 for v(n) = 1 and 7, = 4 mod 8 for v(n) > 2. If uy = 1, then
7= (=1)"*2n = 5)1/Q2"*(n - 4)!5) = 2(n — 3)2n - 5)!!/5=(~=1)"*2  mod 8.
For case (5), if u3 = 2, then
V(T,) =w(@2n=T)) = (n = 4) = v((n - 8)!) = v(2) = w((n — 4)(n — 6)) — 1.
Hence 7, = 4 mod 8 unless 1 = 4 or —2 mod 8 where 7, =0 mod 8; if u3 = 1, then
7,= (D)2 =51/ (n-5)!-3-4) = (n - 3)(n - 4)(2n - 5)!1/3.

This implies that 7, = 0 mod 8 if v(n) = 2, 7, =4 mod 8 if v(n) > 2, and 7, = —n mod 8
if v(n) = 1; if uz = 0, then

.= (=1)"22n=3)/Q2"2(n-2)!-3)=2n - )H/3=3(-1)"*! mod 8.
For case (6), if u; = 4, then
7, = (=1)"°Q2n - 10)1/Q" B - 12)14) = —(n = 5) - - - (n — 11)2n — 11)11/(2*3).
Therefore 7, =0 mod 4 if v(n) = 1 and 7, = n/4 — 2 mod 8 if v(n) > 2; if uz = 3, then

V(1) =v((2n=-8)) = (n-=9+6)—v((n-9)) -v3!
=v((n-4)n-6)(n-8)—-2=>3

unless n = 2 mod 8 where v(t,) = 2; if u3 = 2, then we can derive that
T, =-2n—-6)12""(n-6))"' - 27 = —(n = 3)(n — H)(n - 5)2n - 7'/4.

So 7, =3(n—4)/4 mod 4 if v(n) = 1 and 7, = (n — 4)/4 mod 8 if v(n) > 2; if u3 = 1,
then
7, =—Q2n-H2""(n-3))" = ~(n - 2)(2n - 5)!1/2.
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Thus 7, =—-(n—2)/2 mod 8 if v(n)=1 and 7, =-3(n —2)/2 mod 8 if v(n) >2. If
u3 =0, then 7, = —(2n - 3)!/(2n). By Lemma 4.1, we have 7, = —-1/(2n) mod 4 if
v(n) = 1. By Lemma 4.2(iii), we deduce that if v(n) = 2, then

7,=2n) A + (-D)™PB16)=1/(2n) -2 mod 8,
and if v(n) > 2, then
T, = @) (1 + (=1)02""D2v W42y = 1 /2p) + 2 mod 8

since (—=1)“"Y/2 = @ mod 4 for any odd number a. So Theorem 5.1 is proved. mi

With similar methods, but in a far more complicated fashion, we have also obtained
the following theorem. For the sake of brevity we omit the proof.

TueoreM 5.2. Letn=m + 1, [ = k2N with2 {1 k. Let N > 3 and m > 2N + 1.
1) If2tm, then
B,/n Ecllém/m + l(c'l”lzcg1 + c'l”15c§ + c’f’sczq + c’l”gczcg + c'1”707)
(—1)(”'+1)/21(—c’1’ + c'1’_3C3 + c'1’_6c§ + c’l’_gcg)/2
mod 2V Zs ey, . .., ceal.

(1) If2|mand 4t m, then

B,/n Ecllém/m + (I +1/2mn))c| + l(c'l’_9c§ + c'l'_lgcg + c’l’_SCQC3 + c’l’_gczcg)
— 1"3c3/2 + 3103 /4 + 02y mod 2V Zs[cy, .. ., el
where 0 = —1/2 for N =3 and 6 =1/2 for N > 4.
(i) If4|mand 84 m, then
B, /n=c B, /m+ (1-1/Qmn)c! + I c3/2 + (e} 0c5 + 7123 /4

+ l(c’f‘gczcg + c’1’_562C3) mod 2V Zs [y, . .., cul.
@iv) If8|m, then
B,/n=c\ B, /m— (2n-3)HN/2n) — 2m - ) /Q2m))c"

+ 133 /2 + SIS 4 + 110 /A + (S + ey

+ c’]’_sczcg) mod 2V ' Zs[cr, .. ., ¢l
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