ENUMERATION OF GRAPHS WITH GIVEN PARTITION

K. R. PARTHASARATHY

1. Introduction. In this paper we use a generalized form of Polya’s theorem
(1) to obtain generating functions for the number of ordinary graphs with
given partition and for the number of bicoloured graphs with given bipartition.
Both the points and lines of the graphs are taken as unlabelled. These graph
enumeration problems were proposed by Harary in his review article (4).
Read (7, 8) solved the problem for unlabelled general graphs and labelled
ordinary graphs.

The generating function obtained here for the number of bicoloured graphs
with given bipartition furnishes a formal solution of a problem on (0, 1)-
matrices mentioned by Ryser (9, p. 444) and Mirsky (6, p. 113).

2. Definitions and notations. An ordinary finite graph consists of a
finite set of points X together with a prescribed subset of the set of all un-
ordered pairs of points of X. The point pairs are called the lines of the graph.
Two lines are said to be adjacent if they have a common point; two points
x,, x; are adjacent if (x; x;) is a line of the graph. The line (x;, x;) is said to
be incident to the points x; and x,. The degree of a point is the number of lines
incident to the point. The partition (x,) of a graph with n points and ! lines
is the n-part partition of 2] (zero parts being permitted) formed by the degrees
of the points of the graph. Two graphs are said to be isomorphic if there is a
one-to-one correspondence between their points which preserves adjacency.

A bicoloured graph consists of a set X of points coloured blue (say) and a
set Y of points coloured red (say) together with a prescribed set of unordered
pairs of points (x; ¥;), x; € X, v, € Y. If a bicoloured graph with m blue
points and # red points has [ lines, then the degrees of the blue points form
an m-part partition (r,) of [ and the degrees of the red points form an n-part
partition (r,) of I, zero parts being permitted. We call the pair ({7,), (7))
the bipartition of the bicoloured graph. Two bicoloured graphs are said to be
chromatically isomorphic if there is a colour-preserving isomorphism between

them.
We denote by (7), the monomial symmetric function corresponding to the
partition (7) in a set of variables u, us, ..., #,; see (5). The term of the

symmetric function (r), in which the powers of the variables uy, us, ..., #,
are in descending order of magnitude is called the leading term of (r),. The
leading term of the symmetric function product (7,),(r,), is the product of
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the leading terms of (w), and (,),. The parts of a partition being arranged
in the usual descending order of magnitude, we say of partitions

(7)) = (p1p2. .. pn)
and (#2) = (¢1¢2...¢,) with an equal number of parts that (z!) precedes
(v2), written (x') > (7?) if there exists an index N such that p, = ¢, for
’i= 1,2,...,Nand pN+1>gN+1.
The direct product, Cartesian product, composition, and exponentiation of two
permutation groups are defined as in (3) or (4).

3. Polya’s theorem. We use the following generalized form of Polya’s
theorem given by de Bruijn (1).

Let D and R be finite sets and K be a permutation group acting on the
elements of D. Let f be the collection of all functions from D into R. Let
f1 € fand f; € f be called equivalent if and only if there exists a £ € K such
that f1(d) = fa(kd) for all d € D. Let the collection of equivalence classes in f
under this equivalence relation be denoted by §. Define a weight function
W (f) for the functions f € { such that it has a constant value W (F) for each f
belonging to the same equivalence class F € §§. Then the sum of the weights
over equivalence classes of functions is given by

(k)

2 W(F) = Z Z w(f)
e IK | %e

®

where |K| is the order of K and } indicates that we sum W(f) over those f
s

which are left invariant by k, that is, for which f(d) = f(kd) for all d € D.

4, Ordinary graphs. Let
D = {(xi,xj) L Xy E X,xj e X,'L<j}

where X is a set of # points. Let R = {0, 1}. Then there is a one-to-one
correspondence between functions f from D into R and the ordinary graphs
on the point set X. If further we take for the permutation group K the full
pair group acting on the points of X (that is, the line group I';(K,) of the
complete graph K,), the equivalence classes F induced in the set f of all
functions from D into R correspond to the isomorphism classes of graphs on X.

We define a weight function W(f) on the functions f € f as follows:

W) = 0owo(f) = 0 TT T1 Gouy)™ =2,

zi€X xjEX
i<j

where O is an unordering operator which replaces Wy (f) by the leading term
of the symmetric function (r,), corresponding to the partition (,) of the
graph presented by f. For example,

O(ur® g us® 14® us ue®) = O (w1 s 13® 1a 1053 162) = U1 1003 us® 2047 15 ue.
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This definition of the weight function clearly satisfies the condition of
Polya’s theorem, and it is easily seen that the sum of the weights over equiva-
lence classes of functions serves as a generating function for the number of
non-isomorphic graphs with the partition (,). Hence the generating function
is given by Polya’s theorem as

1 (k) .
2w = 2 20T IT ()™,
Fef ck€ET1(Kn) f Ti€X Zj6X
<
To simplify the generating function we compute the expression

®)
x(® =% T1 TT Gewy®=
J o zi€X zjeX
i<j

for a given k € T'1(K,). Now every permutation & € T'\(K,) is induced by a
unique permutation « € S,. We compute x(k) by considering pairs (4, B) of
cycles 4 and B of «. The computation is analogous to that of the cycle index
of T'1(K,) given by Harary in (2). If « has cycle structure (\) = 1M 22 phs
and Ui = #pi1 Upsa - . . Upsp denotes the product of the u-terms corresponding
to the 7th cycle of length p in «, then for the corresponding & we get

n n Ap q
(1) X(k) _H H H H (1 + Umq/(zz,q)qup/(p,q))(p,q)

A
p=1 ¢=1 i=1 j=1

n A Mp

xIIT I II 0+ U,: U,y

p=1 i=1 j=1
<j

x]1 H 1+ )" ] H L+ Upd (L + U, H* "
podd =1 peven =

where (p, ¢) is the greatest common divisor of p and ¢. Thus we have

TueorEM 1. The generating function for ordimary graphs on n unlabelled
poinis with given partition is

1
0 2 x(®
. k€T1(Kn)
where x (k) is given by (1).
A further simplification in the generating function is obtained when we sum

over the expressions x (k) corresponding to all «’s with the same cycle structure
(A\). Thus, if we write

XN = 2 x(k)

{kox€)}

X (\) turns out to be a linear function of monomial symmetric functions of the
form (m,),. In fact, if X’(\) represents the function obtained from X(A) by
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multiplying each symmetric function by the number of terms in the symmetric
function, the generating function may be taken as

1
— X'(A
n!%; )

where the coefficient of the symmetric function (w,), as such gives the number
of non-isomorphic graphs with the partition (m,).

Using the above method, the following generating function was obtained for
graphs on five points with at most five lines:

L (12) 4+ (219 4+ (19} + {(31%) + (29 + (21%) + (2212)
+ {(41%) + (32°1) + (321°) + (2*) + 2(2°1%)}
+ {(42°1%) + 2(32%1) + (3721%) + (2°) + (3%2%)}.
The corresponding graphs with their partitions are shown in Figure 1.

Graphs with more than five lines may be obtained from these graphs by
complementation.

a®
.egz /\ ~—s
» o *~—e
(212) (1®
£=3 . A /\
(313) (29 % (2%
RV i/ A e A
Y (32%1) (3219 &) @) (2%%)
vl &GO
(42213 (32%1) (32%) (52 21) (25) (322%)

Ficure 1. Ordinary graphs on five points with at most five lines.
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5. Bicoloured graphs on m blue points and » red points (m # =).
Let X and Y be the sets of blue and red points. Let D = X X YV be the
Cartesian product of X and ¥ and R = {0, 1}. Then there is a one-to-one
correspondence between the functions from D into R and the bicoloured
graphs on X \U Y. For the permutation group K acting on D we take S,, X .S,,
the Cartesian product of the symmetric groups S,, and .S, acting on X and Y.
The chromatically isomorphic bicoloured graphs on X \U Y correspond to
equivalent functions from D into R; see (3).

We define the following weight function for functions f from D into R:

W(f) = OWu(f) = 0 I] H (g w,) 700
Ti€X y5€
where the unordering operator O replaces Wy(f) by the leading term of the
symmetric function product (m),(r,), corresponding to the bipartition
((wm), (m,)) of the bicoloured graph represented by f. It is easily verified that
this satisfies the condition of Polya’s theorem.

The generating function for the bicoloured graphs is then given bv Polya’s

theorem as

Z VV<F> = Z % 0] H H (Mivj)f(“’”j),

e(smxsn) ! €KX yi€Y
Now each £ € (S,, X Sn) corresponds to a pair (g, #) where g € S,and k € S,
are permutations acting on X and Y respectively. To reduce the generating
function we compute the expression

()

olg, ) =2 TT II (uiw)™™ 2.

J  xieX yjeYy
The computation proceeds on lines similar to those indicated in the previous
section, by considering pairs (4, B) of cycles A € gand B € h. If g has cycle
structure (\) = 1M 222 s and b has cycle structure (u) = 1#1282 | gen
and if Uy = tpaa Upiz. . . Upep and Vi = 0y51 0452 . « . Uyj, are, respectively, the
products of the u-terms occurring in the ith cycle of length p in g and the
v-terms occurring in the jth cycle of length ¢ in A, then we obtain

n Ap kg

(2) ¢(g, h) — H H H H (1 + Umq/(p Q) V“p/(zz q))(p Q)

p=1 ¢=1 i=1
Thus we have

TeEOREM 2. The generating function for bicoloured graphs with given bipartition
on m unlabelled blue nodes and n unlabelled red nodes (m # n) 1s

= |0 Z H H H H 1+ Upiq/(p,q)qup/(p.q))(p,q)_
MIN. €S, heS, p=1 g=1 i=1 j=1

A symmetric function representation for this generating function is obtained
by using the fact that the expressions

3) (N, W) = 2, 2 ¢ h)

gEN)  hEW)
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are linear functions of symmetric function products of the form (=), (7,),. In
fact, denoting by @& ((\), (1)) the expression obtained by multiplying the co-
efficient of each symmetric function product in ®((\), (u)) by the number of
terms in the product, we may take the generating function to be

1
m! n!

22 22 (), ().
[CS IR D]

In this form of the generating function, the number of bicoloured graphs with
the bipartition ((zy), (7)) appears as the coefficient of the symmetric function
prOdUCt (Wm)u("rn) Ll

6. Bicoloured graphs on n points of either colour. The changes required
for this case from the previous one are in the weight function and the permuta-
tion group acting on the domain set D = X X V.

We define the weight function by

w(f) = O_Wo(f) =0 H H (uivj)f(“'”f)

ri€X yj€Y

where the effect of the operator O is to replace W, (f) by the leading term of
the symmetric function product (m,!),{n,%), corresponding to the bipartition
(7)), (m2) of the graph represented by f i (m}) > (m2); if, however,
(m2) > (myl), O replaces Wo(f) by the leading term of (m,2)u(m), Here (m,!)
and (%) denote two n-part partitions of the same number [ of lines.

Harary (3) has shown that the permutation group K appropriate for this
case is the exponentiation group 5,52 which is the line group of the complete
bipartite graph K,,. The point-group or automorphism group of K,, is the
composition group Sy[S,]. In Harary’s notation these groups can be written as

Sns2 (Sn X Sn) () P(Sn X Sn)-

Here S,-S, and S, X .S, are the direct product and Cartesian product of two
copies of S, acting on X and Y. The set #(S,-.S,) consists of (#!)? permutations
on X U Y of the form 7(g, &) where g € S, and & € S, and the effect of 7 is
to interchange corresponding elements x; and v, of X and Y. Each of these
permutations is obtained by interposing the elements of two permutations of
the two copies of S,. Thus, corresponding to each permutation g € S, with
cycle structure (A\) = 1*12*2 .| %=, there are n! permutations of 7(S,-S,) with
cycle structure (2\) = 2M4rz2 | (2n)*, Because of this law of formation,
r(S,-S,) is also written as .S,(2). The set of permutations p(S, X S,) are those
induced on the elements of D = X X ¥ by the members of S,(2).

Using Polya’s theorem with the above specifications, we obtain the number
of isomorphism classes of bicoloured graphs:

(%) (k)
@ Ewm-glnol T Swme+ % Swof.

SpX8n) < k€p(8nXSn) 1

It
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The first term within the brackets in (4) is obtained as in §5. To compute
the second term, we denote the contribution to the sum from a given
k€ p(S, X S,) induced by a « € S,(2) by

(k) (k)

$) =2 Wo(H) =22 TI TI Giw)’@?.
7 7 X yEv
If « is generated by a g € S, with cycle structure (\), then « has cycle structure
(2\). Let U,; and V,,; denote the product of the u-variables and v-variables
corresponding to the x and y letters occurring in the 7th cycle of length 2p in «.
Then straightforward computations give us

(5) 1//(1{) _ H H H H 1+ (Um Vm>1/(p q)(U“ V )p/(p q)}(p ,0)

p=1 ¢=1 =1

x 11 i ﬁ A+ Uy Vyi Uy, Vo 11 H L+ U, 7,57

p=1 =1 j=1 p even i=1
<j

A
X H H A4+ U, V) (1 4+ Um'2 Vm_2)(p—1)/2.
podd =1

Thus we have

THEOREM 3. The generating function for bicoloured graphs with given biparti-
tions on n unlabelled nodes of either colour is

20 |)20{ 2 2, eleh)+ 2 w(@},

7€8n  RhESn k€Sn(2)

where (g, k) s oblained from (2) by putting m = n and (k) is given by (5).

Here also we have a symmetric function representation of the generating
function. Let

Y(\) = K%) Y(x) and ®((\), ()

be the expression obtained from (3) by putting m = #n. Then it is observed
that these are linear functions in monomial symmetric function products of
the form (m,!),(r,%), and the generating function reduces to

N X X 20, W)+ \m)}

N W

1
2(n!)*

When each symmetric function product is multiplied by the number of terms
in it and after the interchange operation of rearranging the factors of the
symmetric function products (m,1),(m,?), such that (w,!) > (7,%) has been
performed, the above expression is reduced to

2—(;13{2 > # (), () +Z\m>}

a) W
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In this form of the generating function, the coefficient of the symmetric
function product (m,1),(m,?), gives the number of bicoloured graphs with the
bipartition ((m,1), (m,%)).
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