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Abstract

In the paper we consider the density functions of random variables that can be written
as integrals of exponential functions of Gaussian random fields. In particular, we
provide closed-form asymptotic bounds for the density functions and, under smoothness
conditions, we derive exact tail approximations of the density functions.
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1. Introduction

Consider a Gaussian random field f () living on a d-dimensional compact set 7. We say
that f(¢) is a Gaussian random field if, for any finite subset {¢1, ..., #,} C T, (f(t1), ..., f(ts))
follows a multivariate Gaussian distribution. In this paper we consider the random variable

log(/ A dz?(t)) (1)
T

for some positive function o (¢) and a finite measure . Of interest is the tail behavior of the
density function of (1).

The integral of exponential functions of Gaussian random fields plays an important role in
both applied probability and statistics, such as spatial point process, portfolio risk analysis, and
option pricing (see [8] and [9]). As we focus on the theoretical development in this paper, we do
not elaborate the applications, a detailed discussion of which can be found in Section 2 of [14].

The literature of extreme behavior of Gaussian random fields focuses mostly on the tail
probabilities of supy f(¢). The results contain general bounds as well as sharp asymptotic
approximations as b — 00. A general upper bound for the tail of sup f(x) is developed in [7]
and [21], which is known as the Borel-TIS lemma. Several methods have been introduced to
obtain bounds and asymptotic approximations (see [4], [16], [18], and [19]), each of which
imposes different regularity conditions on the random fields. The density functions of sup f(¢)
have also been studied in [6] and [20].

The distribution of the random variable in (1) is studied in the literature when f(¢) is a
Brownian motion (see [10] and [22]). The tail approximation of the finite sum of correlated
log-normal random variables has been studied in [3]. The corresponding simulation is studied
in [5]. There are other general studies on heavy-tailed random variables that include the sum
of log-normal random variables as special cases (see [11] and [15]). Recently, Liu [13] derived
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the asymptotic approximations of PP( . T e/ dt > b) as b — oo for three times differentiable
and homogeneous Gaussian random fields. Liu and Xu [14] further extended the results to the
case when the process has a varying mean function.

The density function of (1) for a general Gaussian random field is still unexplored, which is
the main target of this paper. The results derived in this paper lead immediately to bounds and
approximations of the tail probabilities IP( fT e” D™ dy (1) > b) by integrating the density on
[b, 00). In addition, such a kind of local results provides technical support for the theoretical
analysis of simulation studies, in which one typically needs to simulate a discrete process to
approximate the continuous process. As shown in the technical development in [2] (focusing
on the simulation of the tail probabilities of supy f(¢)), to provide bounds on the bias caused
by the discretization, one needs local results (bounds of the density functions) of supy f(¢).

The contribution of this paper is to develop asymptotic bounds and approximations of the
density functions of (1). Our results consist of several theorems. Asymptotic upper bounds are
given in Theorems 1 and 2 under different conditions. An exact approximation of the density
is given in Theorem 3 when f (¢) is three times differentiable. In addition, during the proof of
the theorems, a bound of F’(a) for all a € R is derived (the results in Section 3.1.3).

The basic technique is to use the Karhunen—Loeve expansion f(¢) = Z?i] xi¢i(t) by
developing bounds for fy(¢) = ZlNzl x;¢;(t) and sending N to co. For fy(t), we consider
it to be a function of (x1,...,xy) and develop bounds of the integral on the surface
{(x1,...,xn): log f e OIN® dp(t) = a} (endowed with a standard Gaussian measure). Part
of the analysis technique is inspired by Tsirel’son [20], who presented a bound of the density
of supy f(¢). The current analysis is more complicated in that H is not a sublinear function
of f, which is a crucial condition in the proof of [20]. Sun [18] also used this representation to
derive an approximation of the tail probability of supy f(¢). In addition, a change-of-measure
technique is used to derive explicit forms of the bounds and the asymptotic approximations.

The organization of the rest of this paper is as follows. In Section 2 we present the main
results. Proofs of the theorems are given in Section 3. Technical proofs of several lemmas are
provided as supplemental material.

2. Main results

Consider a Gaussian random field, f (¢), living on a d-dimensional compactdomain 7" C R,
For a finite measure ¢ on T and a function o (¢) € (0, co) satisfying o7 = sup,.y o () < oo,
let

Hy = 10g</ SAAY dz?(t)), F(a) :==P(Hy < a).
T

Of interest is the probability density function F’(a). To facilitate the discussion, we present a
list of conditions that we will refer to in later discussions.

(C1) The index domain T is a d-dimensional compact subset of R?. The boundary 37 =
T — T? is a piecewise smooth manifold, where 7° is the interior of 7. The measure ¥
is positive and 9 (T) = 1.

(C2) The process f(¢) is almost surely continuous with zero mean and unit variance.

Furthermore, we impose two types of structures on the covariance function, under each of
which we derive more precise bounds or approximations of F'(a).

(C3) The variance is constant, i.e. o () = o. The measure ¥ has a positive and continuous
density function with respect to the Lebesgue measure. The process f(¢) ishomogeneous.
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The covariance function is C(t) = E(f(s) f (s 4 t)), which satisfies the following two
conditions.

(C3a) C(¢) satisfies the expansion
Ct)=C0) —|t|* +o(t]*) ast— Ofora € (0,2].

(C3b) For each t € R?, C(Ar) is a monotone decreasing function of A € R™.

(C4) The process f(¢) is almost surely at least three times continuously differentiable with
respect to #. The Hessian matrix of C(¢) at the origin is —I, where [ is the d x d identity
matrix.

Theorem 1. Suppose that conditions (C1) and (C2) are satisfied. Then, F'(a) exists almost
everywhere and

. _ 2 2
hmsupo%a L@ /29T Fl(q) < 1,
a—> o0

where o7 = sup,cy o (t) < o0.

Remark 1. Under conditions (C1) and (C2) (very weak conditions), Theorem 1 establishes
the existence and an asymptotic bound of F’(a). It also includes the case when ¢ is a
discrete measure and, therefore, this bound is applicable to the finite/infinite sum of log-
normal random variables. The following simple example implies that, without additional
assumptions, the bound in Theorem 1 is efficient up to a polynomial term of a. Consider
a constant field f(r) = Z, where Z ~ N(0,1). Let o(¢) take a constant value o. Then
F'(a) = exp(—a*/(20%))/(v/270).

Under more regularity conditions, we further improve the bound.

Theorem 2. Suppose that conditions (C1)—(C3) are satisfied. According to (C3), there exists
some continuous function ¢ (t) on T such that

dv(t) = —dr. 2
0= orog @)
For each € and a, let u, (as a function of a) be the solution to the equation
eougugs—d/Za — ea/ ep.f(t) dr. (3)
T
Then, for any ¢ € (0, 1/Q2a)),
ude=d2e=1u 2 B/ () 5 0 asa — oo. (4)

Remark 2. Note that, when a is large, (3) generally has two solutions. One is on the order of
a/o; the other one is close to 0. We choose the larger solution as our u,.

In (3), if we replace the integral f et dy by 1 (or any other constant) then u, will be
shifted by approximately a constant. Denote the corresponding solution by i.. Note that the
results hold for all sufficiently small ¢. For large enough u,, we have it < ug/2. Thus, the
bound in (4) holds by replacing u, with ii,.
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The exact asymptotic approximation of F’(a) can be derived when f is homogeneous and
three times differentiable (condition (C4)). The statement of the theorem needs the following
notation. Let ‘0’ denote the gradient and ‘A’ denote the Hessian matrix with respect to . The
notation ‘32" is used to denote the vector of second derivatives with respect to ¢, i.e. 92 (1) is
ad(d + 1)/2-dimensional vector. The difference between 8% f (r) and Af () is that Af () is a
d x d symmetric matrix whose diagonal and upper triangle consist of elements of 32 f (¢).

Itis well known that, for each givent € T, (f(¢), 92 f(¢)) is amultivariate Gaussian random
vector with mean zero and covariance matrix

1
= 20 i (5)
no2  HU22
where g is the vector containing the spectral moments of order two and pyy is the matrix
containing the spectral moments of order four. Both 179 and w97 are arranged in an appropriate

order according to the order of 82 f(r). See, e.g. the standard textbook [1, Chapter 5.5] for
more details of yg and wyo.

Theorem 3. Suppose that conditions (C1)—(C4) are satisfied (with the expansion in (C3a)
replaced by (C4)). Let ¥ be defined as in (2), and let |1 ¢ (t) be three times differentiable. Then
the following approximation holds as a — 00:

@ py@)/fo)

F'(a) = (1+o(1))o'a? / exp<
- 2

)CH(Mf, o, t)de.

Here u (as a function of a) is the solution to

)
<2_7r) 20t — e“f el @ dg,
o T

the function Cy is defined as

|F|—1/2
(zn)(d+l)(d+2)/4

1T popl + 35 85,C0) | dpg®) +Tr(Aps @) | 1ops @)
X exp + +
802 202 o?

1T Iuoomsys 2l 1
x/ exp(——[++ " —= dz,
ZeRI@+D/2 201 — poopyy Ho2

W20, 02, M22, and T are defined in (5), and

Cu(uy,o,t) =

1=(,...,1,0,...,0)".
e N—
d dd-1)/2

Remark 3. For condition (C1), if 9(T) # 1, we can always perform the transformation

1
log/ T O ap 1) = log<—/ A dz?(t)) +log ¥(T)
T W(T) Jr

and let 9/ (-) = 9 (-)/(T).

https://doi.org/10.1239/aap/1370870124 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1370870124

402 J.LIU AND G. XU

Condition (C2) assumes the zero expectation function. For any continuous function w(¢),
log/ eTOF D) g9 () = log/ T IO g/ (1),
T T

where do’ () = e*® d®(r). Therefore, this problem setting includes the situation when the
mean is not a constant.

Condition (C3b) is imposed for technical reasons to localize the integration around the
maximum t* = arg sup,.y f(¢). In particular, under condition (C3b), the integral on the region
|t — t*| > & can be ignored in the analysis when f(¢*) achieves a very high value. Condition
(C3) includes quite a large class of homogeneous processes. One of the widely employed
families is

Ccity=e""

for some « € (0, 2]. Another more concrete example is given by
f(t) = Zycos(t) + Z; sin(t)

for ¢ € [0, 2rr], where Z; and Z; are independent standard Gaussian random variables.

Condition (C4) implies that C(¢) is at least six times differentiable and the first, third, and
fifth derivatives at the origin are all 0. For the above exponential covariance functions, (C4)
is satisfied when o = 2. The assumption that the Hessian matrix is the identity is introduced
to simplify the notation. For any Gaussian process g(t) with covariance function C,(#) and
ACg(0) = —X and det(X) > 0, this assumption can be obtained by an affine transformation
by letting g(r) = f(='/?¢) and

log/ e?8WFrr ) qr = Jogdet(T~1/?) —i—log/ OO+ (E7129) g
T {s: ==1/25eT)

where, for each positive semidefinite matrix X, we let >2bea symmetric matrix such that
) 1/2 ) 172 _ 3.

3. Proofs

In this section we present the proofs of the theorems. We organize the proofs as follows.
In Section 3.1 we develop a proposition that is central to the proofs of all the three theorems.
The theorems are proved in Section 3.2 based on the results in Section 3.1. To streamline the
discussion, we present the statements of lemmas where they are applied and postpone their
proofs to Appendix A.

Throughout the discussion, we use the following notation for the asymptotic behaviors. We
say that0 < g(a) = O(h(a))if g(a) < ch(a) for some constantc € (0, co) andalla > ag > 0;
similarly, g(a) = o(h(a)) if g(a)/h(a) - Oasa — oo.

3.1. A general bound for F’(a)
Proposition 1. Under the conditions of Theorem 1, F'(a) exists almost everywhere. Choose
b < a (depending on a) such thata —b — 0 and a(a — b) — 00 when we send a to co. Then
<a;t§ +2(a — b)b

lim sup /2o exp Y
T

a— 00

)F/(a) =1, (6)

Wwhere o7 = sup,cy o (1), tp = O~ L(F (b)), and ®(-) is the cumulative distribution function of
the standard Gaussian distribution.
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We dedicate the rest of this subsection to proving this proposition. According to the
Karhunen-Loeve representation theorem (see Chapter 3 of [1]), f(¢) has the expression

f) = in¢i(t),

i=1

where {x;, i € N} are independent and identically distributed standard Gaussian random
variables and ) ; ¢; (t)> = 1. For any positive integer N, let fy(¢) be the partial sum of
the first N terms. Note that fx(¢) can be viewed as a function of (xy, ..., xy). We slightly
abuse the notation and write

N
NG )= xigi(),
i=1
where x := (x1, ..., xy). When writing fy (), we consider it to be a random function; when

writing fy (x, ) or fy(x, -) we emphasize that it is a function of x mapping from RY to C(T).
Similarly, we redefine function Hy,, : RN — Ras

Hpy():x = Hpy(x) = log(/ eI DN (x.1) dl‘}(t)).
T

Let uy be the standard Gaussian measure on the probability space (RY, B(RV), uy) with
density function
on () = 2m) "V exp(— 31 P?), (7)

that is, un(A) = fA N (x) dx, where | - | is the Euclidean distance.
We first establish a bound for the density of fx (¢) and then send N to co. On the probability
space (R, B(RN), uy), we define the sets

Vve={x eRY: Hp(x) <a), Wy = {x e RV : suplo (1) fy(x, )} < a}, (8)

teT
and the distribution functions
Fy(a) =P(Hypy <a) = unVy,a),
Gu(@ =P(suplo (1) fw(D) < a) = un (W.a).
teT
We prove Proposition 1 in four steps. In steps 1 and 2, we derive a ‘not-so-friendly’ bound for

F}(a). In step 3 we send N to oo and develop the corresponding bound for F’(a). Finally,
inequality (6) is proved in step 4 based on the results in step 3.

3.1.1. Step 1. Let V Hy, (x) be the gradient field of Hy, (x) with respect to x, and define

1
AV Hp )

L
Furthermore, let S, be the surface on which Hy, (x) = a, i.e.
Sa = {x: Hpy(x) = a}.

We write

v, )=o) fnx,1).
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For a € R, the density function F 1’\, (a) can be written as a surface integral as follows:

Fn(a+e) — Fy(a)
&

. mNVage) — un (Vo)

m

=1l
£—0 &

= / Lepn (x) dSa (x). €))

Sa

Fy(a) = lim

Here @y is defined as in (7) and dS,(x) denotes the surface integral element on S, C RV
The next lemma gives a basic inequality that bounds the surface integral by an integral on
the set Vv 4. Its proof follows a similar derivation as in [20].

Lemma 1. Consider the probability space RN, B@®RM), uy). Under the conditions in
Theorem 1, we have the bound
[ hen@ a8, < [ heo (e + D v, (10)
a V/s’.a

where Vy = RN\ VN ,a, h(x) = argminges, |x —z| is the projection of x onto the surface S,

¢y = (x, ny), Cj = max{cy, 0},

(-, -) is the inner product, and ny is the unit vector orthogonal to the surface S, pointing towards
the side where Hy, (x) has larger values.

3.1.2. Step 2. We start with deriving bounds for /;,(x) and cj(x), where h(x) is defined as in
Lemma 1. Note that

it () = e [ o@D oo
T
and, since h(x) € S,,

l/&i)Ch(x) = (h(x), VHy, (h(x)))

—e @ / Ty (h(x), NeNE©D qy (1)
T

< sup{fiy (h(x), 1))e / eIV g (r)
T

teT

= sup{ fv (h(x), 1)}. (11)

teT
This implies that
+

CZL(x) = lh(x)(szP{fN (h(x), t)}) (12)

The following two lemmas provide a bound for [jy,).

Lemma 2. Vy , is a convex set and Hy, : RY — R s a convex function.
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Lemma 3. Foreachb < aand x € S,,

Vv
L= \VHp ) < 2500
where Vi p = {z € RN : Hp (2) < b}and p(x, Vyp) = infevy, Ix — z|.

According to (12) and Lemma 3, for each x € V}y, , the integrant in (10) is bounded by

p(h(x), VN p) (,O(h(X), VN.b) (
a—>b a—>b

~ +
sup{ fiv (h (x), z)}) + 1),

I (e + 1) <
teT

which implies that

Fo@ = [ lhoo 6y + D dian (0
%

N,a

_ / p(h(x), VNp) (p(h(x» VN.b)
v

~ +
— (sup( 7y a0, 1)) +1> duy (). (13)

—b teT

By the fact that, for any x,

log(/ e /N 0D dl?(l)> < sup{ /v (x. D)},
teT

teT

we obtain Wy , € Vi, for all a, where Wy , is defined as in (8). Now, for some constant
M > 1, partition Vy , = RN \ Vy, into two parts:

c  _ yc c
VN,a - VN,a,l U VN,a,Z’

where
VN a1l = {x +Any: A >0, x €8,, and sup{fn(x,1)} < Ma}
o teT
and
Viaz =¥ +inc0=0 x €S, and suplfy(x, 0} = Mal
teT
with n, defined as in Lemma 1. Figure 1 illustrates the relative geometric positions of all the
relevant sets.
We split the integral in (13) into two parts:

! ,O(h(x), VN,b) p(h(x)v VN,b)
FN(X)S,/;/c a—>b < a—>b (

supl fiv (h (), 1)+ 1) dun (x)

N.a.l teT
h(x), V. h(x), V. y
+/ p(h(x), N,b)(p( (x) N’b)<sup{f1v(h(x),t)}>++l) dun ()
Va2 a—>b a—>b teT

=L+

‘We consider the integrals 11 and I, separately. When Gy (a) = P(supleT{fN M} <a) < 1 we
take M = 1. Note that in this case, by the fact that Wy , C Vy 4, the first term on the right-hand

side of the above display vanishes and we only need to consider the second integral. Then, for
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Vy. c
N,a,2 VN,a,Z

OVaa  “Wama  (CIWao L3V, YW,

FIGURE 1: An illustration of the relative positions of different sets used in the proof. The legends indicate
the boundary of each set.

the first integral, we only consider the case in which Gy (a) > % (note that Gy (a) > % implies
that a > 0).

A bound for 1. By the definition of Vlf,y
Ma and, therefore, we have, for a > 0,

I </ p(hx), VN,b)<P(h(x)a VN.b)
b= V,f, a—>b

X € VX)’M implies that sup,eT{fN(h(x), N} <

a,l’

o Ma + 1) dun ). (14)

a,l
The following lemma provides a bound for /;.

Lemma 4. For any a > b with Gn(b) > % and increasing function J (-), we have

o0
[ J(p(x, Vnp))dun(x) < / J(u —tnp) dDP(u),
V;\",a,l T™,a,b+IN,b
where
o = O e (V) _ab(azb )y
Nb = UN(VN b)), T™,a,b = Ma Ma N.b
with

thp =" (P(HfN <b, fgﬁ{f’v(’)} < Ma)).

According to Lemma 4, for any » < a such that Gy (b) > %, the right-hand side of (14)
satisfies the inequality

/ p(h(x), V) (p(h(X), VN.b)
VL‘

Ma + 1) duy (x)

a—>b a—>b
N,a,l
o —1 —t
5/ “ ’“’(” ’”’Ma+1) A (u). (15)
™abting 4T b a—>b

This integral can be further bounded by the following inequality, whose proof is given in [20].
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Lemma 5. For the standard normal distribution, we have

1
—Dri(t +r)t

00 k
W—ﬁfdQW)f(L—©0+mﬁWJZ;% fork eN, r > 0.

t+r
Applying Lemma 5 to (15) we obtain
L= —=®@mab+inp)Cia, b, Tyap), (16)

where
Ma 2 T™.a.b 2Maty qp+a—b

(a — b)? —b  (a—b)(Tmap+1inNb)

Cl (aa ba "-'M,a,b) =

2Ma
(a—b)*(tmap +INbp)?

+

A bound for I,. Choose another constant b < a. Given the fact that Wy 5 € Vy j» We have

Wy i Wy ~
e SO len(ot Iy’b)(sup{fzv(h(x),t)})++1>duN(X). a7

Nan A~ b a— reT

We use the following lemma to further bound 75.

Lemma 6. Consider the probability space RN, BRM), uy) and a positive measure set B.
For any increasing function J on R* and r > 0, we have

f J(o(x. BY) duy (x) < f T — 15) d(w),
BrC tg+r
where B = RN \ B, = {x: p(x, B) > r}and tg := @~ (un(B)).

In order to use Lemma 6 with B = W, ;, we need to derive a lower bound for o (x, Wy, )
forx € Vy , , (so that each x € V  , is reasonably far away from Wy j and VN.a2 S BY)
and an upper bound for sup, . { fnv (h(x), 1)}, h(x) € S,.

Let ¢N(t) = ($1(t), ..., dn(t)). Forany z € W, , any unit-length vector v and scalar 2,

sup{ fy (z + Av, 1)} = sup{o (t)(z + Av, o™ (1))}

teT teT
< sup{o (1) (z, ™ (1))} + sup{o (1) (Av, ¢™ (1))}
teT teT
< b+ hror. (18)

Let A < (Ma — b)/or. For any unit-length vector v, we have

~ Ma —b
supy fnv |z + v, t < Ma.
teT or

Thus, for any pointx € RV, if p(x, WN,E) < (Ma — l;)/oT then supt{fN(x, 1)} < Ma. There-
fore, for any x € Vlf/,a,z’ we have p(h(x), WN,E) > (Ma — b)/or. Given that WN,E C VN
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and that Vi , is a convex set, we obtain (h(x) — y, np)) > 0 forall y € WN,E' Thus, we
obtain

Ma — b
pOe, Wy 5) = ph(x), Wy ;) = .

Thus, we have derived a lower bound of p(x, WN’ ;) for x € V](\},a,Z' See Figure 1 for an
illustration.
For x € Vlf,’a and h(x) € Sg, let zx = arginfzew, ; p(h(x),z) and iy, = (h(x) —
Zx)/|h(x) — zx| (see Figure 1). An upper bound for supteT{fN(h(x), t)}is
sup{ fv (h(x), )} = sup{ iy (zx + p(h(x), Wi, )} < p(x, Wy)or + b,
teT teT

where the last step follows exactly the same argument as in (18). Thus, substituting the above
bound for sup, . { fnv (h(x), 1)} into (17), we have

[ teotey + Do

VN,a,Z

w W #
vac [(W—Z”)) (. W b)0T+b+)+(—g’b)} A ().

N.a.2 a-—

_ 5 c c
Then, by Lemma 6 (B = W N.b and VN’a’2 - B(Ma_};)/

f [(M) (o(x, Wy por +b%) + w} dp (x)
Vi an a—>b a—>b

0 u— tW tWNE
< / [(—) ((u —tw, Jor + bty + —~] dd(u),
rM,tlJ;+lWN_b~ a — b a — b

holds, where

), the inequality

- Ma — b
-1
tWN,}; =@ (Gy()) and rM’a‘l; = T
By Lemma 5, the above integral is bounded by
(= Dy 0+ 1wy NC2(a, b,y 4 ) (19)
where .
~ rM a,b
Cyla,b,r ) = —— =
Mab™™a—b ~ (@=b)tw,, +7y .5
P+ 2 ri] 1;2!
,a,
(a — b)2 2(; Q- i)!rjw W )
3 r3 31
—_ Moab . (20)
(a _ b)2 = 3 - l)!rM’a E(tWN.E + rM,a,E)l
Combining (16) and (19), we have, for a such that Gy (a) > Gy (b) > % and b < a,
Fy(a) < ﬁinl{(l — P (tpr a0 +tN.))Ci(a, b, Tir,ap)
+ (L= Dy, 5+ 1wy DC2(a, byryy ), 1)
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and, for a satisfying Gy (a) < 5 by taking M = 1 we have, for constant b < a,

h(x), Vy 7) / p(h(x), Vs i
Ff(a) S/C P f”’)(p( © ~N’b)<sup{fN(h(x),t)}>++l> dpn ()

Vian a—>b a—>b teT

< (1= ®(r, 5 +1tw, ;)Ca(a, b, r, p),

with Tl = (a — l;)/aT.

3.1.3. Step 3: extension to f(t). From the above derivations, the Fy(a) are continuously
differentiable on R. Let

Fl.(a+¢)—F(a
D" F}(a) := lim sup N )~ Fiy( ).
e—0 &

By Lemma 8 (presented in Appendix A), the total variation of F, on any interval [ay, a2]
satisfies

\/FN sup Fi(a)+2(a —ay) sup DVFy(a) <my+ma(ay —ay)

a€lay,az] a€lay,az]

for some constants m, mp > 0. Therefore, F 1’\,(a) is continuous on [aj, az] except for a
countable set. Also, F); ' (@) is bounded in the L' norm on the interval [a1, az]. Then, by Helly’s
selection theorem, there exists a subsequence {Fy ! }, such that it converges almost everywhere
(and also in the L! norm) to a function F’ of bounded total variation on [a1, az]. Note that
Fn (a) converges uniformly to F(a) on the interval [a;, a2] (see Theorem 3.1.2 of [1]). Thus,

ap a
F(az) — F(a1) = lim Fy, (a2) — Fy,(a1) = lim/ Fy. (b)db = / F'(b) db,
1 1 aj

aj
which implies that F/ = F’ almost everywhere on [aj, a;]. Therefore, by the convergence
result, we obtain an upper bound of F "(a) by sending N to oo on both sides of (21), i.e. for
G(a) > G(b) > % and b < a (where G(a) = P(sup, f(¢t) < a)), we have
F'(a) < ﬁiﬁ{(l — ®(tmap +1))C1(a, b, Tva,b)
+ (= ®(ry . 5+ tw;)Cala,bory ) (22)
and, for a such that G(a) < % and b < a s

F'(a) < (1= ®(r, ;+tw;)Cala. b, r, ).

where 1, = @~ (F (b)), tw, = ®" G (b)), ryy . ; = (Ma —b)/or, r, ; = (a — b)/or, and,
with a slight abuse of notation, '

-b —-b
™™ab = aMa (aMa + l)tl/, with 7, = dfl(IP’(Hf < b, sup f(t) < Ma)).
teT
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3.1.4. Step 4. Based on the result in (22), we now prove Proposition 1 in step 4.
By the Borel-TIS lemma (Lemma 9 in Appendix B; see also [7], [21], and Theorem 2.1.1
of [1]), we have

w, _ _
4 =UT1 and tw, —aTla = 0(1).

..ol .
liminf — > lim
a—>x0 a—>00

Now choose b = b(a) < a such that, asa — co,a — b — 0 and a(a — b) — o0, and

C\1p
M=or|l4+—])—>1
alb

with a large enough constant C (note that 7, > tw, > b/or + O(1)). In addition, let bbea
fixed constant. Under the above settings, as a — oo, we simplify the functions

t/2
Ci(a, b, tm.ap) = (1 +o(1))L—,
Ma
Cala. b y o M =By 2 M)
a,b,r )= ——— 0 = — 0 .
g Ma.b (a — b)203 o2

‘We now show that the second term in (22) is of a smaller order, that is,

(= ®(ry, .5 +1w;))C2a, b, i) =0MA = @(Tyap +1))Cia, b, thap). (23)

By choosing b as a constant and sending a to oo, for some A > 0, we have

2 2
pgap T tw)” — (o + Tab)

_ Ma—b+t 2 t+a—b a—b+1 t’2
- or W5 "7 "Ma \ Ma b

o @roma(Mb (b ),
- © “ or Wp —'b Ma Ma b

M(l 17
> 2+ o(l))a<— —tp + (tw; —op D) + 0(1)>
or

> @+ o(l))%a,

where the second inequality follows from the following argument. By the factthatty, <1, <1,
we have

a—b(a—-b>b , a—>b a—>b ,
Ma Ma or(a+ CO)tp/b ) or(a+ C)tp/b
— (1 +o(1))2

— tl;
orty
=o(1). (24)

Therefore, we obtain (23), and the second term in (22) can be ignored. Furthermore, by (24),
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we have

—b —b 2
(th + T.ap)® = %+Q+ a ) a %)
or(a+ O)tp/b ) or(a+ C)tp/b

(a—=b)b ,
or(a+C)

—b)b
zt2+2—(a ) + o(1),
b U%

> 1242

where the last step follows from the fact that #; > ty, = o b+ O(1). Therefore,

(1 —®(tmab + 1))Ci(a, b, T a.b)
nrol 1 (i+@m—mw¢)
exp| —

<U+o(l)2—nu—n—
Ma 27 Tmap+ 1t 2

1 (i+ﬂmwwm6
exp| — )
A/ 27tO'T 2

where the last inequality follows from the fact that #; < 7, < #, + Ty a,p and t;, < Ma/or =
(a + C)tp/b. This completes the proof of Proposition 1.

= (I +o(D)

3.2. Proofs of the theorems

In this section we prove our theorems based on Proposition 1. We propose a change of
measure Q which is central to the proof of our theorems. Let [P be the original measure. The
probability measure Q is defined such that P and Q are mutually absolutely continuous with
the Radon—-Nikodym derivative being

dQ _ / exp(—(f(1) —u)*/2)
AP Jr o exp(—f(1)?/2)

forsomeu € R. Note that Q depends on u. To simplify the notation, we omit the index of u in Q
when there is no ambiguity. One can verify that (25) is a valid Radon—Nikodym derivative. We
will provide further description in Section 3.2.2. See also [14], where this change of measure
was used to derive the asymptotic approximation of P( fT exp(o f(t) + uys(r))dt > b) with
u r(¢) being a deterministic function.

dv (1) (25)

3.2.1. Proof of Theorem 1. In order to use Proposition 1, we first derive a lower bound for ¢,.
For each u, we rewrite

dQ 2uf(t) — u?

— = — ) do ().

- Texp( : (®)

‘We have
o) (1) dP o) f 1)
Pllog [ e do() >a ) =Eqg| —=:;log | e do(t) > a
T dQ T

Y 1 . o (D) f (1)
=e EQ(fT FTCREInS log/Te do() > a,

where Eq is the expectation under measure Q. Note that

log/ OO 49 (1) > a
T
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implies that, for large enough a,

/ eorf(®) do (1) > / eSO do ()
T TN{f()=0}
S o / EICYIOP RN
TN{f(t)<0}
>e? —1.

Then by Jensen’s inequality we have, conditioning on log fT e” D dy (1) > a with large
enough a,

fT e O qy () > (e — 1)Hor, (26)

and, therefore,

1
P(1 cOF® g (¢ = MZ/ZIE —1 f eOIO gy (¢
<0g/Te (t) >a € Q fTe”f(’)d O og Te (t) >a

< euz/Z(ea o 1)—Ll/0']‘
=(- efa)fu/dreuz/qua/dr.

This bound holds for all u, and exp(u?/2 — ua/or) is minimized when u = a/o. Thus, for
sufficiently large a, the bound of the tail is

2
1—F(a) = }P’(log/ DS gy (1) > a) < (1 +4+o(1) exp(—a—z).
T 20

T
According to the above inequality, we have

) .
loga —lo o 1

L s o] (1 _ exp<_a_2>> _ 4 g lgazlogor  C +0<_>,
2053 or a a a

where C satisfies (1/+/27) exp(—C /o) = 1. Then, by Proposition 1, taking b = a — 1/4/a,

we have
24+ 2(a—b)b)c>
Fl(@) < (1+ 0(1)) exp(— pH2a—b) /GT)
JToT 2
< (1 +o(1)= ( “2>
0 —exp|l —= |,
- 0% P 20%

which completes our proof.

3.2.2. Proof of Theorem 2. Under the assumptions of Theorem 2, o(t) = o and dd¥(t) =
et de/ [ e ® dt. Then

]P’<10gf e’/ O dy (1) > a) = P(logf oSO qp > g —{-log/ ehr® dt>.
T T T

Similarly to the proof of Theorem 1, we prove Theorem 2 by deriving an upper bound for

]P’(log/ eSO+ qp 5 a),
T

which helps to get a lower bound for 7, (then replace a by a + log [ e/f O dp).
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Consider the change of measure:

dQ _ / exp(—(f (1) — u)? /2 4 / <2uf(t)—u )dt 27
dP ~ mes(T) exp(—f(1)2/2) N mes(T) ’

where mes(T') is the Lebesgue measure of 7'. It is more intuitive to describe the measure QQ from
a simulation point of view (see [14]). One can simulate f(¢) under the measure Q according
to the following two steps.

1. Simulate a random variable T uniformly over T with respect to the Lebesgue measure.

2. Given the realized 7, simulate the Gaussian process f(#) with mean uC(t — t) and
covariance function C(t).

The second step is equivalent to first sampling f (7) from N (u, 1) and then sampling { f (¢): ¢ #
t} from its original conditional distribution under the measure P given f(t). It is not hard
to verify that the above two-step procedure is consistent with the Radon—Nikodym derivative
in (27). Under QQ, arandom variable 7 is first sampled uniformly over 7', then f(7) is simulated
with a large mean at level u. This implies that the high value of the integral /. T e/ ® dr is mostly
caused by the fact that the field reaches a high level at one location #*, and such a location ¢*
is very close to t. Therefore, the random index t localizes the maximum of the field. We can
write the tail probability as

]P’(log / e/ DFrr® qp > a)
T

!
— mes(T)e"/? EQ(W; logf T di > a)
T T

2 1
=" /2/ Eg —F—:1lo / SEACRETAUN TS
T Q(fr et/ () dt £ T ¢

According to step 2 of the simulation, conditional on t and under the measure Q, the process

r) dr. (28)

f()=f@t) —uCt—1)

follows the same law as f () under P.

Let u be the solution to e~ y4/2a=dy — 1 with 0 < y < g, where ¢ is chosen as in the
theorem statement. Choose 8 such that e~ $UPrer s (1) yyd/2e+dy — meg(s € T': |s| < u®). Keep
in mind that § ~ 1/2« + y. Let

£L = {supf(t) < a1/2+’7}.

teT

For any n satisfying 0 < n < aé — %, by Jensen’s inequality we have (28) on L€

P(log[ e?f O+ qr 5 g, £C>
T

_ u2/2 1 10 N ¢
=mes(T)e EQ(f T d; log/ dt > a—suppuy(t) and L

teT
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2 - —
< exp(u _ula —sup;er pug(r) —log mes(T))>
o

X Q(log/ O dr > q — sup i (t) and sup f@) > a1/2+”>
T teT teT

— o(1)e /2,

Here the inequality follows thanks to (26) and the last step follows from the Borel-TIS lemma
(applied to f). Therefore, we have

P(log / e/ OH1r® gy > a)
T

2 1
< et /2/;EQ(W;10g/TleU) dr > a—suppy(t)and L

teT

r) dr
T o(1)e /2, (29)
In what follows, we derive an upper bound for the conditional expectation in (29). We first
consider the set {log fT e?fDdt > a — sup;cr 1 f(£)}in (29). Letg, = u~1/e+3 (recall that §

is some constant such that e~ SUPrer iy () yd/2e+dy — meg(s € T: |s| < u®)). We can split the
integral log /. T e/ ® dr into two parts:

/ T D dr = Ty + " T,
T

where
T — / IO gp — / oo F+ou(C—1)-CO) 4,
|t—7|<ey [t—7|<eu

and
Ty = / ol g — / oo O ou(Ca—1—CO) 4,
lr—7|=eu [1=7|=ey

Thus, log [ €7/ dt > a — sup, 7 ju£(¢) if and only if
Ty + Tp > e SWPrer iy () dy—d/2e 30)

For Ty, since C(0) —C(t —t) = |t — | + R(t — ), where R(t — t) = o(|t — T|%),
T, :/ o0 f (O +ou(Ct=1)~C0) 4,
[t—7|<éey
:/ exp(o f(t) —ou(|t —t|* + R(t — 1)) dt
[t—t|<ey
=y / exp(o f(t + u %)y — o|s|® — uo R(u="%s)) ds. 3D
|s|<ud

For T, by the condition that SUP;e7\ Ay C(t) < C(0) =1, where N is a neighborhood of 0,
we have, for large enough u,

T < e—ou™ / e/ g
T
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and on the set £ we have s ]
T, < mes(T)e”® " '—ou (32)

For the term | e dr in (29), we have
/ S gp — o / (T O+u(Ct—1)-CO) g
|[t—t|<ey [t—t|<ey

2
— el I/l_d/

1
mes(|s| < u?)

x/ expu(f(r +u""%) —|s|* —uRw™"%s))ds.  (33)
|s|<ud

“ mes(|s| < u®)

By Jensen’s inequality and (30), on the set {log | e/ dr > a}, we have
1

- expu(f(t +u""%) — |s|* —uR@w™"%s)))ds
mes(|s| < u®) Jisj<u

1 _ M/O'
> (—5 exp(o f(t +u"Y%) —ol|s|* —ocuRw™ %)) ds)
mes(|s| < u®) Is|<u®

Md/otT1 ujo
~ \mes(Js| < u)

ud/ot Tl ujo
T\ e Suprer 1f (1) yd/2a+dy

> (1 — e¥Prer wy () ,d/2a=dy Tz)“/g

> (1 — eSPrer wy(t) ,d/2e—dy mes(T)eaal/H”—Uua“)u/a' (34)

The first equality in the above display is due to (31); the second equality is due to the definition
of §; the second inequality is due to (30); and the last step is due to (32). Now, combining (31),
(32), (33), and (34), we obtain
)
1

< E ;
- (@(euze— Supser £ (1) u—d/2oz+d)/(1 — mes(7T)eSUPrer g () ud/th—dyeaal/2+’7—0u‘3"‘)u/o

1
Eg ————:1 of® gt - () and L
gammaoe > o= pmso

_ _ 1240 _ 5,08
w0V Ty 5 1 — mes(T)esPrer 17 (1) yyd/20=dy goal™H—ou™ ypq £>

< (1 4 o(1))esPrer 7 ® yd2a—dy g~

Note that u is the solution to e¢~“*y4/2¢=4Y = 1. Then following (29) we can obtain
]P’(log/ e qr > a) < (mes(T) + o(1))e*Prer 15 ®) ud/2a=dy g=u?/2.
T

which implies that

1—F(a) = P(log/ e OFr D qr > q 4 log/ etsr dt)
T T

< (mes(T) + o(1))esPrer 1 1)y d/20=dy g=uy*/2.
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where u,, is the solution to
/ eu._/(t) dtea—au,/ud/Za—dy - 1.
r 12

Then
ta > ®71(1 — mes(T)eS"Prer 17 u;’f/z"‘_dye_“%/z)

(d/20 —dy + 1)logu,  log(+v/2m mes(T)es\Prer 17 (1) N (1)
— — o .

_u]/

Uy Uy a

Therefore, by Proposition 1, taking b = a — 1/4/a, we have
F'(a) < (mes(T) + o(1))e*Prer W“)o*‘u‘;"/z“*dye—”i/z.
Then, for any ¢ € (0, 1/2«), taking y such that y < ¢, we have

lim sup ufs_d/z”‘_le”g/2 F'(a) =0,
a—> o0

which completes the proof of Theorem 2.

3.2.3. Proof of Theorem 3. We cite the following result (see Theorem 3.4 of [14]) that provides
an approximation of F(a) for three-time differentiable fields.

Lemma 7. Under the assumptions and notation of Theorem 3,

]P’(log / e/ OFrr® qp > a>
T

_ 2
=(1 +0(1))ud_1/exp(—%)C;{(uﬂa, 1) dt,
T

where u is the solution to

d/2
<2_7T) / M—a’/Zeou — el
o

By Lemma 7, for a three times differentiable Gaussian random field satisfying the conditions
in Theorem 3, we have

1= F(a) = ]P<10g/ e/ OFrr 0 gt > g +10g/ ehtr(® dt)
r T

~ . 2
= (1 +o(1)a~! / exp(—w)cmw,a, ndi, (39
T

d/2
(2_71) i—d/2e0h =e“/ et ™ dp.
o T
Therefore, we obtain

. 2
T 2 ’ a

https://doi.org/10.1239/aap/1370870124 Published online by Cambridge University Press

where #u is the solution to


https://doi.org/10.1239/aap/1370870124

On the density functions of integrals of Gaussian random fields 417

which implies that 7, /a — o ~!. Then, by Proposition 1, letting b = a — 1//a, we have
F'(a) < (1 + o(1))o%a(l — F(a)).

The right-hand side of the above display is precisely the approximation in the theorem.

In order to prove the theorem, we need to show that the right-hand side of the above equality
is also an asymptotic lower bound of the density. According to the approximation in (35), we
have

1— F(a) = foo F'(x)dx < (14 0(1)) /Oo o 2x(1 = F(x))dx = (1 + o(1))(1 — F(a)).
a a (36)

We prove the lower bound by reaching a contradiction to (36). If our conclusion does not
hold, there exists ¢ > 0 and {a;, { > 1} such that lim; a; — oo and

F'(a;)
<1—e¢.
o~2a;(1 — F(a;))
Then
/ [G*Zx(l —F(x) - F'(x)]dx > (1 +0(1))/a; %G,zx(] — F(x))dx, 37
where

a; = inf{x > a;: 0 72x(1 — F(x)) — F'(x) > $e07%a;(1 — F(a;))}.

We have a lower bound for a; as

a; = a; +

(e/2)0 "2a;(1 — F(a;))
SUp,=,, DTF'(a) + |00 =2a(1 — F(a))/dala=q;|

Following the result in Lemma 8 (see Appendix A), we derive an upper bound for D1 F’(a;)
as in steps 3 and 4 in the last section. Under the conditions of this theorem, we have M =
o(1+C/a)t,/a — 1;then, forb =a —1//a,
DT F'(a) < (1 — ®(tumab + 1))C3(a, b, ragap)
+ (A= DOmab+1tw,))Cala, b, ryap)

=1 +o)(A = P(Tpmab+ 1))C3(a, b, rmap)

= (I +o(1))o*a*(1 — ®(tyap + 1))

=14 o0(1))o*a%(1 — F(a)).

Therefore,

i st (g ogly ERO WA= F@) L eo
P= 20~4a>(1 — Fa;)) da;

Thus, for the right-hand side integral in (37), we have

a +0(1))/ i %072)6(1 — F()dx = (1 +o()ne(1 = F(ai)), (38)
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where 1, > 0 depends on ¢ and o. Then (37) and (38) indicate that, for all a;,
o0
/ [0 2x(1 — F(x)) — F'(x)]dx > (1 + 0(1))n:(1 — F(a;)).
a;
This contradicts the fact (implied by (36)) that
o
/ [o_zx(l — F(x)) — F'(x)]dx = o(1 — F(a)).
a

This completes the proof.

Appendix A. Proofs of the lemmas

Proof of Lemma 1. Lemma 1 follows from a similar argument as in [20]. For (9), the

inequality
t2 00 u2
exp(—E) < (t+ + 1)/ exp<—7> du
t

f Loy (¥) dSa(x)

2 2 2
:/ lx(27'r)_N/2 exp(—m—cx> exp<—c—x> dS,(x)
S, 2 2

N/ |)C|2 _ C2 o0 M2
5/ 1L,2m)~N/ exp(—TX>(cj+1)f exp<—?> du dS,(x)
a Cx

o0
=/ zx(cj+1)f N (x + Any) dadS, (x).
Sa 0

implies that

The last step is due to a change of variable # = ¢, 4+ A and the fact that
lx + )\nx|2 = |x|2 + )LZ + 2Ack.

The above surface integral can be bounded by a volume integral, i.e.

o0
/ L +1) / o (x + 2) A dS, ()
Sa 0

~ N-1
< [ [ er 0 [T+ Moo+ ams) dr s
. J0

i=1

- /V o (@ + Do) d,

N.a

where the k; (x) are the principle curvatures of S, at x. The above inequality results from the
fact that curvatures are nonnegative in that S, is the border of a convex set. Therefore, we
obtain

Fi(a) < /V (e + D i),

N.,a
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Proof of Lemma 2. For any two functions f and g, if log(f7 exp(f(1))d? (1)) < a and
log(f7 exp(g(1)) d? (1)) < a then

10g</ exp(M) dﬁ(t)) < log<l exp(a) + lexp(a)) <a.
T 2 2 2

Therefore, Hy = log(fT exp(f(¢)) dd(¢)) is a convex function.

Proof of Lemma 3. By Taylor’s expansion, the norm of the gradient can be defined as

[VHp, (x)] = sup lim Hypy(x) — Hypy(x —|—gv’).
I [v/|=1 €0+ A

Foreachb < a, Hyy(x) = a,and x* = arginf ey, , [x — z|,letv* = (x* —x)/|x* —x|. Then

. Hpy(x) — Hpy (x + &v%)
VH > 1 N N )
IVH y ()l _a—l>%l+ e

By the convexity of H (Lemma 2) and the fact that fx (x + ev*, -) is a linear function of ¢,
Hp, (x + ev*) is a convex function of & and, therefore,

Hpy (x) — Hpy (x + g0%)
€

is a positive and decreasing function of . We choose ¢ = [x* — x| = p(x, Vy ). Then
|Hpy (x) — Hpy (x + ev*)| = a — b. Thus, we obtain the bound

—b

IVHpy (x)] > ———.
I pCx, Vo)

As the proof of Lemma 4 requires Lemma 6, we prove Lemma 6 first.

Proof of Lemma 6. Lemma 10 (stated in Appendix B; see also [17] and Theorem 3.1 of [7])
implies that the following inequality holds:

/BC J(p(x, B))dun(x) = / J(u—1p) dP(u).

B

In view of this, we have
/B J(p(x, B))duy(x) < /B'[J(p(x, B)I(p(x,B)>r)+ J()I(p(x, B) <r)lduy(x)
—/ J@r) I (p(x, B) <r)dun(x)
B/\B

< /OO[J(M —tp)l(u—tp>r)+ J(r)(u—1p <r)]dd(u)
19:3

—J(Olun(By) — un(B)]. (39)

Note that

o]

I — un(By) =/ I(p(x, B) = r)dun(x) = / I(u—1p2r)d®) =1—-0@p +r).
BL‘

B
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Then, uy(B,) = ®(tp + r) and further uy (B,) — un(B) > ®(tg +r) — O (¢tp). Substitute
this result into (39) and note that

f Jr)I(u—tg <r)d®wm) =J()[P@Ep +r) — P@p)].
t

B

‘We then obtain

/ J(p(x, B)) duy (x) 5/ J(u—1p)dP(u).
Bf tp+r

Proof of Lemma 4. Let

—b
d=""Tp4b and V},= {z: Hy\,(z) < band sup{fy(z, 1)} < Ma].
teT

Ma

Thanks to the convexity of Vi 5, p(x, Vv ) = p(h(x), Vi p) forall x € V]L\},a,l' We want to
apply Lemma 6 by considering B = Vi, and Vy , | C By, . Thus, we only need to show
that, for each x € S, N {sup{fn(x,1)} < Ma},

a—ba
p(x, VNb) = TMab = Ma b Nb
By Lemma 3 and inequality (11), we have
a—>b

px, VNp) = (a —Db)l, >

Cy.

Ma

Therefore, we only need to show that

I
For any z € VN’b,

log/Texp<f~N<z%,t>>dt =log/Texp(fN(z+za,;b,t>>dt

< log / exp(fv (2. 1) df + sup{fN (z“ —b t>}
T

teT b

Thus, we have uy({za'/b: z € VI/V,b}) < Fy(a). Thanks to Lemma 11 (see Appendix B, and
also Theorem 1 of [12]), we have

q)(tz/v,b%> < MN({z%: zZ € VI/V,b}) < Fy(a). (40)

Consider an x € S, and its unit vector n, orthogonal to the tangent plane of S, at x, denoted
by Ty. According to the convexity of Vi 4, the entire set of Vi , lies on one side of 7, which
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is the side opposite to n,. The above statement is equivalent to Vy , C {z: (2, nx) < cx},
where ¢y = (x, ny). Thus,

Fy(a) = pn(Vna) = unv({z: (2, nx) < cx}) = $lex).

Combining the above inequality with (40), we obtain, for eachx € S, U Vlf,y als ) (tl/\,’ ba’ /b) <
Fy(a) < ®(cy) and, thus, ¢, > t,a’/b. Therefore,
—b a—bad

/
Cx > ———thy .,
Y= Ma b NP

p(x, Vnp) > (@ —b)ly > =

which completes the proof of Lemma 6.

The next lemma provides a bound for the second derivative of F(a):

Fl,(a+¢)—Fy(a
DT F\ (a) := lim sup N ) It ).
e—0 &

Lemma 8. Consider the probablllty space RN, B@RM), uy). Under the conditions of
Theorem 1, when G y(a) > E,forb < aandb < a such that G (b)) > §, we have

D Fy(@) = min{(1 = ®(tmap + tN.5)C3(@, b, Thr.ap)

+ (1= @y, 5+ 1wy )Cala, bory P,
and when G y(a) < % we have

D Fy(a) < (1 = ®(r, j + 1w, ;))Cala, b, r, ),

where tyy ,, = @~ (GN (b)), ry . = (Ma—b)/o, r, ;= (a—b)/o,

a—bfa—-b>b ,
TM,ll,b = — + 1 tN’bv

Ma Ma
1 [10¢ 2 2!
b man) = (? ; Q2= )Ty oy (IN + T p)
. 2 M2 Z“: | LA )
(@—=b)> = 4=ty oy N b+ Tap) )
8 2 rim};z!
Cala,b,ry ) = 3(a — b)2 ; Q- ")’Vfu,a,;;(fWN,g s
P2 & ry e
(a — by ; (4- i)!rngav};(tw s+ ap)
20h & rjsw a =k
(a — b)* ; G=try, swy s+ 0 5)
2 6 ro 6!

+ o M,ab
(@B O =DIr twy; + Ty )

1

https://doi.org/10.1239/aap/1370870124 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1370870124

422 J.LIU AND G. XU

Proof. Asin step 1 in Section 3.1.1, we have a volume integral bound for Fj (a):
+ g 2 10
DY@ = | Ui (@)’ + 5 ) dun o).
Vi.a

The proof the above bound follows an argument in [20] (in particular, pages 850-851 therein)
and is therefore omitted.

Similarly to the proof in Section 3, consider the partition of Vi ,: Vg , =Vy ., UVy
for M > 1. We have

10 10
DY F}(a) < /V B ((cj)2+ ?> duy (x) +/C lf,(x)<(cj)2+ ?> dun (x). (41)

N.a,1 N.,a,2

Similarly as in the above derivation for (14), we have, for a and b such that Gy (@) > Gy (b) >
1

10
/V” l]%(x)((c;')z + ?> dun (x)

2

N,a,l
h(x), Vn.p)? [ p(h(x), Vi p)? 210
< [ P R (O VR 1)+ ) e
lil,a,l - - te
*© (u—rNb)2<(u—rNb>2 1o>
- Ma do
S‘/';M,a,h‘HN,b (a—b)2 ( )2 ( ) + 3 (u)
= (1 — ®(tmapb +tnp)C3(a, b, raap)- (42)

Similarly as in the above derivation of (19), we have, for b < a,

10
[ fa(er+ 5 ) auwe

N.,a,2

h 2 ph
S/V p(h(x). Vy ;) (P( @), Vi)’ (sup{fN(h(x),f)}>2+?)dlw(x)

N.a.2 (a —b)? (a — b)2 teT

[ (u —tw, )* ((—1w, ;) 22 10\ o
- / (a —b)? < (a — b)? (= twypo 07 ?> o

rM.a,13+tWN,5

< (L= @y 05+ 1wy )Cala, bry ), (43)

where wy, ;= =&~ 1(G/\/(b)) "Mab = = (Ma — b) /o, and the last inequality follows from
Lemma 5. Note that, when G N(a) < % we take M = 1 and our conclusion holds.

Appendix B. Supplementary material
We present the Borel-TIS lemma that is proved by [7] and [21].

Lemma 9. (Borel-TIS.) Let f(t), t € U (U is a parameter set), be a mean zero Gaussian
random field; f is almost surely bounded on U. Then

]E(S}Ll,(p f(t)) < 00
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and

P(max f(1) — E(max (1) = b) <270,

where

0‘121 = ItIéé}li( var(f(1)).

The following well-known isoperimetric inequality is due independently to Borell [7] and
Sudakov and Tsirel’son [17].

Lemma 10. Let B be a measurable set of positive measure in RN, and let

un(B) = ®(a).

Then we have, for every r > 0,

I‘LN(Br) = <I>(a + }"),

where B, = B +rU = {x +ry: x € B, y € U} and U is the unit ball in RV .

The following result follows from Theorem 1 of [12].

Lemma 11. For any convex set B in R" and half-space H = {x € RN : (x, n) < a} with some
real number a and some unit vector n such that

un(B) = un(H) = ®(a),

we have, for everyr > 1,

un(rB) = un(rH) = ®(ra),

whererB = {rx: x € B}.
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