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1. Introduction. Let € be a group-theoretic property. We say a group has a finite
covering by &-subgroups if it is the set-theoretic union of finitely many €-subgroups. The
topic of this paper is the investigation of groups having a finite covering by nilpotent
subgroups, n-abelian subgroups or 2-central subgroups.

R. Baer [12;4.16] characterized central-by-finite groups as those groups having a
finite covering by abelian subgroups. In [6] it was shown that [G : Z_(G)] finite implies the
existence of a finite covering by subgroups of nilpotency class c, i.e. 9 -groups. However,
an example of a group is given there which has a finite covering by 3,-groups, but Z,(G)
does not have finite index in the group. These results raise two questions, on which we
will focus our investigations.

1. Can one characterize groups with [G:Z.(G)] finite in terms of certain finite

coverings by subgroups of nilpotency class c¢?

2. For a given property €, can one find a characteristic subgroup E of G such that G

has a finite covering by €-subgroups if and only if E has finite index in G?

Several other characterizations of central-by-finite groups can be given. A very
interesting one is due to B. H. Neumann in [11]: A group is central-by-finite if and only if
every subset of pairwise noncommuting elements is finite. Two other characterizations
can be easily given: A group is central-by-finite if and only if it has only finitely many
maximal abelian subgroups, and if and only if every maximal abelian subgroup has finite
index in the group. Theorem 2.1 summarizes these characterizations. Theorem 2.2
contains the affirmative answer to our first question together with the analogues of the
other characterizations given in Theorem 2.1. A slightly stronger result can be given for
2-Engel groups. However, a 2-Engel group can have a finite covering by J,-subgroups
even if the second center has infinite index in the group (Theorem 2.4).

Turning to our second question, Baer’s result shows that for ¢ abelian the center is
the desired characteristic subgroup. In [6], the question was answered for the property
2-Engel, denoted by €,. It was established that

L(G)={aeG|[a,x,x] =1Vx e G},

the subgroup of right 2-Engel elements, has finite index in G if and only if G has a finite
covering by €,-subgroups.

In Sections 3 and 4 we investigate the properties n-abelian, 2-central and nilpotency
of class 2 in the context of the second question. In all four cases where there is an
affirmative answer, the characteristic subgroups are what have been called €-embedded
normal subgroups for the respective properties €, [4]. There, A. Dietrich discusses
@-embedded normal subgroups in the context of finite groups with emphasis on
properties for which there exists a unique maximal €-embedded normal subgroup. In
reference to [4], we make the following definition:

DerinimioN 1.1, Let € be a group-theoretic property. A subgroup H of G is called
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C-embedded if (H,x) e € for all x in G. A property & is called rigid if there exists a
unique maximal €-embedded normal subgroup for every group G. This unique maximal
subgroup will be called the rigid €-kernel of G, denoted by K(G, €).

The margin of a variety 8 is always a 8-embedded normal subgroup, but it is not
necessarily maximal. It can easily be seen that the existence of an €-embedded normal
subgroup of finite index is equivalent to the existence of a finite €-covering of the group
(Proposition 3.1). Such normal subgroups need not be characteristic in the group, as we
will see in the case of the property 9, (Theorem 4.3).

For easier reference, we conclude this introduction with a quote of B. H. Neumann’s
Lemma, which is basic for our investigations.

THeorReM 1.2. ([10;4.4]) Let G = LnJ H,g; where H,,...,H, are (not necessarily
i=1

distinct) subgroups of G. Then if we omit from the union any coset H,g; for which [G : H;]
is infinite, the union of the remaining cosets is still all of G.

2. Groups with Z.(G) of finite index. In this section we characterize groups in
which a term of the upper central series has finite index in the group, analogous to the
characterizations given for central-by-finite groups in the following theorem:

THEOREM 2.1. For a group G the following conditions are equivalent:
(1) G is central-by-finite;

k
(i) G = H;, where H! =1,
i=1

(iii) any subset S of pairwise noncommuting elements of G is finite;
(iv) G has only finitely many maximal abelian subgroups;
(v) every maximal abelian subgroup has finite index in G.

Proof. The equivalence of (i), (ii) and (iii) is due to R. Baer [12;4.16] and B. H.
Neumann [11]. Obviously (i) implies (iv) and (v). Next, note that every x € G is contained

k
in a maximal abelian subgroup of G. Assume (iv). Then G =|J M;, where M, is a
i=1

maximal abelian subgroup of G. Thus (iv) implies (ii). Finally, assume (v). Let xe M, a
maximal abelian subgroup. Then M c Cs(x). Since [G : M] <, it follows [G: Cs(x)] <
., Thus G is an FC-group. By Lemma 2 in [11] it follows that G is central-by-finite.
Hence (v) implies (i).

A group having a finite covering by Jt,-subgroups does not necessarily have Z,(G) of
finite index [6]. However, the existence of finite coverings by N -subgroups which are
specially embedded in the group, is equivalent to having Z.(G) of finite index. Consider
the following set of subgroups of a group G:

H(G,c)={H=G;H' cZ._,(G)}.
Obviously, H € #(G, c) implies H € .. One can easily see that #(G,c) has maximal
elements. We denote this subset of (G, c) by M(G, c¢). Since Zy(G) =1, we see that the
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elements in #(G, 1) coincide with the maximal abelian subgroups of the group. If ¢ >1,
the maximal N -subgroups are not necessarily contained in #(G, ¢).

The following theorem characterizes groups with Z.(G) of finite index. The case
¢ =1 is exactly the statement of Theorem 2.1.

THEOREM 2.2. For a group G and a positive integer ¢ the following are equivalent:
() G/Z(G) is finite;

k
(i) G=U H;, H; e #(G, c);
i=1

(iii) any subset S of G, where [x,y] ¢ Z._,(G) for all distinct x,y € S, is finite,
(iv) M(G,c) is finite;
(v) the elements of M(G, c) have finite index in G.

For the proof of Theorem 2.2 and later results we need a lemma in context with
marginal subgroups. P. Hall in [5] introduced the margin y*(G) of a word y(x,, ..., x,).
For the definition of a partial margin and the margin y{(G) of a variety 8 defined by the
set of laws V, see [6].

LemmA 2.3. Let G be a group and H a subgroup of G. In addition, let B be a variety
and ¢3(G) the marginal subgroup of B in G. If H € B, then HP(G) € B. If G/ pAG) is
finite, then G has only finitely many maximal B-subgroups, each of finite index.

Proof. This is an immediate consequence of the definition of a marginal subgroup.

Proof of Theorem 2.2. Let G = G/Z._,(G). We will show that G satisfies (2.1.n) for
n=i,...,v of Theorem 2.1 if and only if G satisfies the corresponding condition (2.2.n)
of Theorem 2.2. Since (2.1.i) through (2.1.v) are equivalent by Theorem 2.1, it will follow
that (2.2.i) through (2.2.v) are equivalent.

Now [G:Z(G)]=[G/Z._,(G):Z(G)/Z._,(G)] =[G : Z.(G)]. Thus (2.1.i) holds for
G if and only if (2.2.i) holds for G.

Let H=#(G,c), h,,h,eH, x,,x,€ Z(G), &1,...,8.-1€G. Consider HZ.(G).
Then [x,h,, x:h5,81,. .. , 81l =[h1, h2, 815 - - -, 8e-1] =1, since Z(G) is the margin of
the variety M. and H' c Z._(G). Thus (HZ.(G))' = Z.—(G), and hence HZ (G)e
#(G,c).

k
Assume (2.2.i), i.e. G=|J H;, H;e #(G, ¢). Since Z._(G) c Z.(G) it follows by
i=1

k ~ ko
the above that H,Z._,(G) € #(G, ¢), and hence G =J H;Z._,(G). So G = U H;, where
i=1 i=1

H = H,Z._\(G)/Z._,(G), and hence (2.2.ii) for G implies (2.1.ii) for G. Similarly, (2.1.ii)
for G implies (2.2.ii) for G.

Suppose there exists an infinite set $ of pairwise noncommuting elements in G. This
is equivalent to the existence of an infinite set § of elements in G such that
[a,b] ¢ Z._,(G) for distinct a, b € S. Hence G satisfies (2.1.iii) if and only if G satisfies
(2.2.1ii).

To prove the equivalence of the last two statements, we observe that there is a
one-one correspondence between the elements in (G, c) and the maximal abelian
subgroups of G. Thus it follows that #(G, 1) is finite if and only if #(G, c) is finite, and
hence (2.1.iv) holds in G if and only if (2.2.iv) holds in G.
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Observing that for M € #M(G,c) and M/Z._,(G) =M e M(G, 1), we have
[G:M]=[G/Z._(G):M|Z._,(G)]=[G:M],
we obtain that (2.1.v) is satisfied in G if and only if (2.2.v) is satisfied in G.

For 2-Engel groups we can prove a stronger result. The existence of only finitely
many maximal J,-subgroups is equivalent to [G : Z,(G)] < . However, the existence of a
finite <M,-covering alone does not imply that Z,(G) has finite index even in the case of an
€&,-group. The following lemma is used in the proof of our theorem:

LeEMMA 2.4. Let G be a 2-Engel group. Then Cs(G') = Z,(G).

Proof. It follows from the Jacobi identity that for any group Z,(G) < Cs(G'). If
GeG@,and a,x,yeG, then [a,x,y]’=1 and [a, x,y]*=[a, [x, y]]. If a € C5(G"), then
[a,x,y]=1. Hence C;(G') = Z,(G).

THEOREM 2.5.' Let G be a 2-Engel group. Then G has finitely many maximal
N,-subgroups if and only if G|Z,G) is finite. In addition, each such maximal
N,-subgroup has finite index in G. A 2-Engel group possessing a finite covering by
9t,-subgroups does not necessarily have a second center of finite index.

Proof. Since Z,(G) is the margin of the variety o,, we obtain by Lemma 2.3 that for
any group G, the finiteness of G/Z,(G) implies the existence of only finitely many
maximal 9!,-subgroups. Assume now that G e €, and has finitely many maximal
N,-subgroups. Denote this set by M, = {H,}i_,. Fix x € G and let &, = {H, e M, | x € H;}.
For any y € G we have (x,y)eN,, since (x,y) is a 2-generator group in €,. So
(x,y) c H; for some i, and x € (x,y) implies H; € &,. Since y was arbitrary, it follows
that the elements in &, form a covering of G. Theorem 1.2 implies that %, =
{H; e o,;[G:H] <>} is already a covering of G. Let N,= (| H;and N= (1 H,.

Hie B, [G:Hi] <=
Then Nc () N,. Consider yeN,, geG, then y,x,geH; for some H;e B, so
x€G
[x,g,y]=1. Thus N, cCq([x, G]), where [x,G]=([x,g]|geG), and Nc (" N, c
xeG

M Cs([x, G]) = Cs(G'). Since [G:N]<x and Cy(G')=2Z,(G) by Lemma 2.4, it
xeG

follows that [G : Z,(G)] <. Another application of Lemma 2.3 shows [G : H;] <« for all
H; e M,.

The group H(3) constructed in the last section of this paper is a 2-Engel group which
has a finite covering by :,-subgroups, but as shown in Proposition 5.1, Z,(H(3)) does not
have finite index in H(3).

3. Finite coverings by n-abelian and 2-central subgroups. In this section we discuss
our second question for the cases of n-abelian and 2-central subgroups. The following
proposition, basic in this context, will be stated without proof.

ProrosITION 3.1. Let & be a group-theoretic property inherited by subgroups. A group
G has a finite covering-by €-subgroups if and only if G has an €-embedded normal
subgroup of finite index.

' We want to thank H. Heineken for his contribution to the proof of Theorem 2.5.
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Let n be an integer. Two elements x, y in a group G n-commute if (xy)" = x"y" and
(yx)" =y"x" [2]. A group is n-abelian if any two elements in the group n-commute. The
class of n-abelian groups will be denoted by %,. R. Baer in [1] introduced the n-center
Z(G, n) of a group as the set of those elements which n-commute with every element in
the group. In [8] it was shown that

Z(G,n)={aeG|(ag)"=a"g"Vg e G}.
By replacing Z(G) by Z(G, n), we get the following analogue to Baer’s result [12; 4.16].

THEOREM 3.2. Let G be a group and n a positive integer. Then:
(1) Z(G,n)=K(G,U,);
(2) G has a finite N,,-covering if and only if Z(G, n) has finite index in G.

Proof. We observe that (2) is a consequence of (1) and Proposition 3.1. Now
consider (1). Theorem 2.3 in [8] states that a € Z(G, n) if and only if {(a, x) is n-abelian
for all x € G. Thus Z(G, n) is an ¥ ,-embedded normal subgroup of G. Conversely, if N is
an A,-embedded normal subgroup of G, then {a,x) is n-abelian for all x € G and all
aeN. Hence N ¢ Z(G, n). Thus Z(G, n) is the unique maximal ,-embedded normal
subgroup of G, and Z(G, n) = K(G, U,,).

Groups with a finite covering by normal abelian subgroups are exactly the
central-by-finite 2-Engel groups [3; Theorem 2], or alternatively the central-by-finite
groups with all normal closures (x“) abelian. Thus our next proposition is a direct
analogue of Theorem 2 in [3] in the case n-abelian.

ProrosiTION 3.3. A group G has a finite covering by normal n-abelian subgroups if
and only if (G : Z(G, n)) is finite and (x) is n-abelian for all x € G.

k
Proof. Assume G =|J H;, with H;<\G and H;e,. By Theorem 3.2 we have
i=1

[G:Z(G,n)] <. Let x € H;, then (x®) c H,. So (x®) e, forall x € G.

On the other hand, assume [G: Z(G, n)] <, and (x¢) n-abelian for all x € G. In [8;
Theorem 3.1] it has been shown that Z(G, n) is the margin for the n-commutator word
B.(x,y)=(xy)"y"x™". Thus by Lemma 2.3 we have that (x“)Z(G, n) is an n-abelian
normal subgroup of G. By Proposition 3.1 it follows that G has a finite covering by
n-abelian normal subgroups.

In [7], the characterization of groups with abelian normal closures has been extended
to the case of groups with 3-abelian normal closures. Thus in the case n =3, a more
explicit characterization can be given than the one in Proposition 3.3. This leads to the
following corollary.

CoroLLARY 3.4. A group G has a finite covering by normal 3-abelian subgroups if
and only if [G:Z(G, 3)] is finite and one of the following conditions holds:
(i) Gis 3-Levi, i.e. [x,¥’]| =[x, y] forall x,y € G,
(i) Gis 3-Bell, i.e. [x,y’]| =[x, y] forall x,y € G;
(iii) G is 3-Engel and [x,y,y)’=1forallx,y€G.

Proof. This follows immediately from Proposition 3.3 and Theorem 1 in [7], where
each of the conditions (i), (ii) and (iii) has been shown to be equivalent to the statement
that (x®) € ¥, for all x € G.
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Let n be an integer. A group G is called n-central if [x,y"}=1 for all x,y € G. The
class of n-central groups will be denoted by 3,,. It is well-known that a group is 2-central if
and only if G is 2-Engel and G’ has exponent 2. In particular, 2-central groups are
nilpotent of class 2. We will show next that the property 2-central is rigid.

Tueorem 3.5. Let G be a group and 3, the class of 2-central groups. Then:

(1) L(G)N Cs(G?) = K(G,3y);

(2) G has a finite covering by 3,-subgroups if and only if L(G) N Cs(G?) has finite
index in G.

As a preparation for the proof of Theorem 3.5 we need a lemma which shows in
addition that the rigid 3.-kernel of a group is in general neither its 8,-margin nor a
partial 3,-margin, but it contains the J,-margin and is contained in one of the partial
margins.

Lemma 3.6. Denote with t(x,y)={x,y?] the 2-central word and let G be a
group. Let t¥(G)={a e G;[ax,y*=[x,y*]Vx,y € G} and t3(G)={a e G;[x, (ay)’] =
[x,y?]Vx,y € G} be the respective partial margins, and t*(G)=17(G)N715(G) its
3,-margin. Then:

(i) 71(G)=Cq(G?;

(i) 73(G) c Zx(G);

(iii) T*(G) < L(G)N Cx(G?) c 11(G), where containment in both cases can be

proper.

Proof. The proof of (i) is straightforward and will be omitted here. To show (ii), let
a € 75(G). Then [y, (ax)’] =y, x?) for all x,y € G. Expansion and cancellation leads to
[y,axax~']=1, and hence [y, [a~', x~')(¢*")*] = 1. Since [y, b?*]=1 for all ye G and
b € 13(G), we conclude [y,[a”',x"']]=1 for all x,ye G, and hence a e Z,(G). So
75(G) c Z,(G), proving (ii).

To show (iii), we first observe that the inclusion L(G) N C5(G?) < 77(G) is obvious.
To see that it can be proper, consider S;, the symmetric group on 3 letters. We have
T1(83) = A5 and L(S5) =1, hence 17(S;) N L(S5) # 17(S5).

To prove the left hand side inclusion, we observe 7*(G) < 75(G). Thus t*(G) <
Z,(G) by (ii). Since Z,(G) c L(G), we have t*(G) c L(G) N C5(G?).

To show that t*(G) can be properly contained in L(G) N C5(G?), we consider the
counterexample given in [6]. There, a p-group H of nilpotency class 3 was constructed for
every prime p, where [H : L(H)] <, but Z,(H) had infinite index in H. For our purpose
consider the case p =2. It can be shown that L(H)N Cn(H*) = L(H). Now t*(H) <
Z,(H) by the above. Thus [H:t*(H)] =, hence t*(H) # L(H) N Cy(H?).

Proof of Theorem 3.5. Observe that (2) is a consequence of (1) and Proposition 3.1.
Now consider (1). Let N be a 3,-embedded normal subgroup of G. Then (x, N) € 3, for
all xeG, hence [a,x*]=1 for xe G and ae N, thus N c C5(G?). Since 3,c€,, we
have [a,x,x]=1for all x € G and a € N. Thus N c L(G), and hence N c L(G) N Cs(G?).

Set T = L(G) N C;(G?). We have to show that T is 3,-embedded, i.e. [ax’, (bx/)?] =
1for all xeG,i,jeZ, and a,b e T. By Theorem 1 in [6] we can assume that T, as a
subgroup of L(G), is an €,-embedded normal subgroup of G. Thus (x, T) € €,. This
leads to the following expansion: [ax’, (bx')*] = [a, (bx')*"[x, bx'}* = ([x, b]*)¥ =[x, b]*.
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But [x,b]*=[b, x, x] for b € C5(G?) and x € G. Hence we obtain [ax’, (bx')?] =[x, b]* =
[b,x,x}=1. Thus T is a 8,-embedded normal subgroup and we conclude K(G, 3,) =
L(G) N C4x(GH).

The properties shown to be rigid so far are all varieties defined by a 2-variable law.
Specifically, in the case of the varieties abelian and n-abelian, defined by symmetric laws,
the rigid kernel turned out to be the respective margin. As shown in [6], in the case of €,
we have K(G, &,) = L(G), which is a partial margin for &,. In the case of 2-central we
have yet another situation. As shown in Theorem 3.5 and Lemma 3.6, K(G, 3,) can
strictly contain the 3,-margin and can be properly contained in one of its partial margins.
The outcome seems to depend very much on the structure of the individual law in
question. In the next section we consider a variety defined by a 3-variable law.

4. Finite coverings by subgroups of class 2. In this section we focus on the property
nilpotency of class 2 in the context of our second question. The main result is that %, is
not a rigid property. This does not preclude the existence of a characteristic subgroup in
every group whose finite index characterizes groups having a finite J,-covering. Our
result only says that such a characteristic subgroup is not the rigid kernel for the property
9t,. Here is the main result of this section.

THeOREM 4.1. (i) A group G can have more than one maximal N,-embedded normal
subgroup. (ii) If G is 3-torsionfree, then L(G) is the unique maximal N,-embedded normal
subgroup of G.

Proof. An example of a finite group having more than one maximal ,-embedded
normal subgroup is B = B(3, 3), the 3-generator Burnside group of exponent 3. We have
B € N3, B’ =Z,(B). It can easily be shown that (g, Z,(B)) is a maximal %,-embedded
normal subgroup of B for every g € B\B'.

The group H(3) constructed in the next section possesses maximal Jt,-embedded
normal subgroups of finite as well as of infinite index, as shown in Proposition 5.1.

(ii) We observe that by [6; Theorem 1] we have (g, L(G)) € €, for all g € G. Now
assume that G has no elements of order 3. Then (g, L(G)) € N,. Thus L(G) is an
N,-embedded normal subgroup of G.

Conversely, assume N<IG and (g, N) e N, for all g € G. Then [a,g,g]=1foraeN
and all g € G, hence N c L(G). If G is 3-torsionfree, then L(G) e N,, and thus L(G) is
the unique maximal M,-embedded normal subgroup of G.

A reformulation of Theorem 4.1.ii together with Proposition 3.1 gives us the
following corollary.

CoRrOLLARY 4.2. Let G be a 3-torsionfree group. Then G has a finite covering by
N,-subgroups if and only if L(G) has finite index in G.

The last result of this section shows that groups having a finite covering by
,-subgroups can be characterized by the existence of a suitably embedded normal
subgroup of finite index, though this subgroup need not be characteristic.

THEOREM 4.3. A group G has a finite covering by Ny-subgroups if and only if G has a
normal subgroup N of finite index with N c L(G) and N' ¢ Z(G).
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Proof. Assume G = U H;, H; e N,. By Theorem 1.2 we may assume [G:H;] <.

Then N —cor(ﬂ H, ) is a normal subgroup of finite index. Let n,n' € N, g € G. Then

g € H; for some i. Thus [n,g,g]=1and [n,n’,g] =1. Hence N < L(G) and N' < Z(G).

Conversely, assume N<IG, N c L(G) and N' c Z(G). By [6; Theorem 1] we have
(g,N) €€, for all g € G, since N = L(G). We need to show (g, N) € i,, or equivalently
[g"n,, g"n,,g%ns]1=1 for geG, iy, iy iseZ, and ny,n,n;eN. Let xe(g,N) and
n,n'€N. Since (g, N) € €, and N’ = Z(G), we obtain

[x,n,n']=[n,x,n']" "' =[n,n',x]=1.

Observing [g''n,, g”n,, ‘3n3] € Z({g,N)), we may expand linearly and obtain together
with the above that [g'n,, g"n,, g”ns] = 1. Thus (g, N) e |k, for all g € G. Hence N is an
N,-embedded normal subgroup of G. If in addition [G: N] <, it follows by Proposition
3.1 that G has a finite covering by :,-subgroups.

5. A counterexample. In this section a 3-group H(3) is constructed whose relevant
properties are stated in Proposition 5.1. The construction of H(3) follows usual practice,
and in this case it is similar to the one given in [6]. Starting from a group isomorphic to
the commutator subgroup of H(3), we will reach H(3) by three split extensions.

Construction of the Counterexample. Let E, denote an elementary abelian 3-group of
countable rank. Set V= (v, v,,...), W={(w;,w,,...) and Z=(z,,2,,...) with
V=W=Z=E, Define X =(u) XV X W x Z with (u) =C,.

Let A=[X](a), the semidirect product of X with a cyclic group {(a)=C;. The
automorphism induced by a on X has order 3, where the action of @ on the generators of
X is given as follows:

[u,a]l=[v;,al=[z,a] =1, [wi,a] =z, i=1,2,.... 1)

The defining relations of A are those of X, (1), and a*>=1.
Similarly, let B =[A](b) with (b) = C,, where b induces an automorphism of order
3 on A. The action of b on the generators of A is given as follows:

[a,b]=u, [u, b]=[w;, a]l=[z,b] =1, [vi, b]=27", i=1,2,... ()

The defining relations of B are those of A, (2), and b*=1.

For the last extension we set C = (¢, ¢, ...) = E;. Let H(3)=[B]C. The elements
of C induce automorphisms of order 3 on B. The action of the generators of C on the
generators of B is given as follows:

l[a,ci]= v, [b,ci]=w;, [u,c]=z, i=1,2,.”}
[vi, ¢l =[wi, ¢] =1z, ¢] =1, i,j=1,2,....

The defining relations of H(3) are those of B, (3), and those of C. This concludes the
construction of H(3).

©)

For the notation in Proposition 5.1 we refer to that used in the construction of H(3).
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ProrosiTioN 5.1. Let H = H(3) be the group constructed above. Then:
(i) H=(a,b,C) and c(H) = 3, precisely;

(ii) H is a 2-Engel group and exp H = 3;

(iii) H' = Z,(H) and [H : Z,(H))] is infinite;

(iv) H has maximal N,-embedded normal subgroups of finite and infinite index. In
particular, H has infinitely many maximal N,-embedded normal subgroups of
infinite index;

(v) H has maximal N,-subgroups of finite and infinite index. In particular, H has
infinitely many maximal 9t,-subgroups of infinite index;

(vi) H has a finite covering by N,-subgroups.

Proof. The verification of (i) is straightforward and will be omitted here.
(ii) Let h=abPcx, a,BeZ, ce C, x € X. By (i) we can expand linearly and, using
the relations of H, we obtain [c;, h, h]=([v;, b][w;, a]) " **=(z7'z)"**=1. Hence

C c L(H). Every c € C can be written as ¢ = [ ¢, where p;eZ and I, is a finite index
iel,

set. We write v =[] v¥ w=[1 w?, and z = [[ z#. Using the relations of H, we obtain

iel. iel, iel.

with this notation
[a,h, k] =[u,c)?la, c,b] = (z[v, b])P = (zz7")P =1,

and similarly [b, h, h]}=1. We conclude a, b € L(H), and hence H = (a, b, C) c L(H).
Thus H e €,. It follows that exp H = 3, since H is generated by elements of order 3.

(iii) By (i) we obviously have H' ¢ Z,(H). Let y =a®b’cy’' € Z,(H), where o, B € Z,
ceC,and y' e H'. Then [y, g, h] =1 for all g, h € H. By linear expansion this leads to

1=[a,g, h]°b,g, h]%[c, g, h]. 4)

Setting h=c, and g=b or g=a in (4), we obtain [a,b,c,]*=1 or [b,a,c|]?=1,

respectively. Hence o = =0 mod 3. By setting g =a and h = b, (4) becomes [c, a, b] =

1. It remains to be shown that ¢ = 1. Linear expansion together with the relations of H

yield 1=[c,a,b]=11 [¢;,a,b}? =TI zf"=2. Now z =1 implies p,=0mod 3. But then
el

ie iel,

c=1]I ¢?=1. Hence y =y’ € H', and thus Z,(H) < H'. It can easily be seen that H' = X.

iel,
Since [H: X] =, it follows that [H : Z,(H)] = .

(iv) Consider B; = (bc;, Z,(H)), j=1,2,.... We observe that (g, bc;) € N, for all
g € H as a 2-generator group in €,. Thus, by Lemma 2.3, (g, B;) € 9, for all g € H. Now
B;<IH by (iii). Hence B; is an Yi;-embedded normal subgroup of H. Assume B, is not
maximal in that respect. Then there exists g € H\B;, such that B;= (g, B;) is %,
embedded, i.e. (y,B;)eN, for all y e H. Without loss of generality let g =a",
«, B eZ, and c € C. By linear expansion we obtain

[g’ ij,y] = [a’ bvy]u[a9cj’y]a[b? Cj’ y]ﬂ[c’ b’y] (5)

If a#0mod3, let y=5b, and hence [g, bc;, b]=z;7*# 1. Similarly, if «=8=0mod3
and c#1, let y=a, and hence [g,bc;,a]=z""'#1. Thus we can assume g=b".c,
B#0mod3. Setting y=a, the relations of H and (5) yield [g,bc;,a]=2F2z"". If
[g,bcj,a]=1, we obtain z=2? and hence c=cf. This implies g=0b"/eB; We
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conclude that B; is a maximal J,-embedded normal subgroup of H, and obviously
[H:B;] = . Thus {B;};~, is an infinite set of J,-embedded normal subgroups of H, each
having infinite index.

Consider N=CZ,(H). Then Ne%, and N<JH by Lemma 2.3 and (iii), and
obviously [H : N] = 3% To prove (g, N) e i, for all g € H, we need to show [x,, x5, x3] =1
for all x,,x, x;€{g,N). Let x;=g'n;, i;€Z and n;eN, j=1,2,3. Without loss of
generality we can assume n; € C. Then, observing (ii) and using linear expansion, we
obtain [x;, x,,x3]=1. Thus (g, N) e, for all ge H. If g¢ N, then (g, N) is a maximal
subgroup of H. By (i), it follows that N is a maximal Jt,-embedded subgroup of finite
index.

(v) From the preceding remark in (iv) we immediately see that (g, CZ,(H)) is a
maximal N,-subgroup of H of finite index, provided g ¢ CZ,(H). Consider M; = (a, B;),
j=1,2,.... By (iv), we obviously have M; € J,. We have to show that M; is a maximal
9,-subgroup, or equivalently (g, M;) e N, implies geM,. Let g=ab’cy’, a,BeZ,
ceC, y' eH’, and assume (g, M;) € N,. Using the relations of H, we obtain by linear
expansion 1=[a, bc;,g] =z . z;%. Thus zf = z, and hence ¢ =c/. But then g € M;. As in
(iv) we conclude that {M;}, is an infinite set of maximal N,-subgroups of infinite index.

(vi) By (iv), we have that CZ,(H) is an ,-embedded normal subgroup of finite
index in H. Thus Proposition 3.1 implies that H has a finite covering by M,-subgroups.
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