GENERATORS AND RELATIONS FOR
CYCLOTOMIC UNITS

HYMAN BASS
To the memory of Tapast NAKAYAMA

1. Introduction

We prove here an unpublished conjecture of Milnor which gives a com-

plete set of multiplicative relations between the numbers
e()=1-¢,
where ¢ =1 ranges over complex roots of unity. Information of this type is
useful in certain areas of topology as well as in number theory.
2. Statement of the theorem
Clearly

(A) &) = =Tl
Suppose ¢"x1. In

"—-1= 11 (¢t—17)

nm=

substitute ¢! for # to obtain

¢Th—1= M ¢ -¢p),

mMm=1
and then multiply by ¢”, yielding
(B) e(¢") = II €'(9¢) if ¢"=1.
Mm=1
MiLNor’s CONJECTURE. All multiplicative relations, modulo torsion, between
the e'(C), are consequences of (A) and (B) above.
The following theorem is slightly more precise.

Tueorem 1. Let Uj, denote the multiplicative group generated by all €'(C)
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=1=C with ™ =1, {x1. Let Un equal U, modulo its torsion subgroup, and
denote by e(¢) the image in Un of €(&). Let us, moreover, write Un additively.
Then a set of defining relations between the generators e(C) of Up is: For all
Cx1 such that (" =1

(A)m e(¢™h) =e(¢)
and,

(B)m if n divides m and ("= 1 then e((") = gle(vc).

3. U, as a Galois Module

We shall apply the following useful lemma extracted from Artin-Tate
([1], Ch. D.

Lemma (Dirichlet, Artin-Tate). Let K/k be a finite galois extension of
number fields with group G, and let S be a finite set of primes of k containing
all archimedean primes. Let Ks denote the group of S-units, i.e., elements of
absolute value one at all primes of K not above one in S. Then K is a finitely

generated G-module, and there is a G-isomorphism

QR z(KsPZ) =QQ® z( pngp).

Here G acts trivially on Z and Q, and My is the Z[Gl-module defined by the

permutation representation of G on the set of P above ».

Proof. Let E be a real vector space with the primes P which lie
above one of S as a basis, and let L : Ks—~FE be the Dirichlet map. Thus
L(a) = 2)g(log |algp)P, where | |p is the normalized absolute value at B. From
the Dirichlet Unit Theorem, ker L is the torsion subgroup of Ks, and im L is
a lattice of maximal rank in the product formula hyperplane: >jxp=0. G
permutes the 9¥'s and hence operates on E, and we now observe that L is a

G-homomorphism :

Liga) = 2g(log |oalg)B
= 2p (log loaleg)oP
=g (log lalg)eP
=gL(A).

If x=2>gP then Zx is a G-submodule of E, with trivial action, and
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L(K,) ©Zx is a lattice of maximal rank in E. Hence the natural map
R®Rz(L(Ks)®Zx) >E

is an isomorphism of G-modules.

If M=> 2% then R®zM - E is similarly a G-isomorphism. Hence Q® zM
and QR z(L(K) ®DZx) = QR z(KsDZ) are QLG]l-modules which become isomor-
phic after scalar extension from Q to R. They are therefore already isomor-
phic, and the lemma is proved.

We now apply the lemma to Qu, the field generated by all primitive m®™
roots of unity. Let @(m) = Gal (Q,/Q). If ¢ is a primitive m"* root of unity,
Q. =Q(¢+¢™") is the real subfield, and @ (m) = @(m)/(complex conjugation)
is its galois group over Q. The cardinality of @{m) is ¢(m) (Euler ¢), and
that of @'(m) is ¢(m)/2 if m>2.

COROLLARY. Let Vi, denote the group of units in the ring of integers of Qm.
Then QR z(Vimn®Z) is a free QLO'(m)1-module on one genmerator.

Proof. Let S be the archimedean prime of Q. @(m) permutes the archi-
medean primes of Qn transitively, with complex conjugation generating the
isotropy group of each. The corollary is now immediate from the lemma.

We require next some classical facts about cyclotomic units.

LemMa. Let ¢ be a primitive m'™ root of unity, m>1. (1) (see [2], Lemma
7.3). If N=Nq,q then Ne(&) =1 if m is not a prime power and Ne(l) =p if
m is a power of the prime p.

(2) (see [2], §7 and Corollary to Theorem 4) N : Uy —>Q* is @ homomor-
Dhism whose image is generated by positive powers of the primes dividing m,

and whose kernel is Um0\ V1 and has finite index in Vi,.

The preceding lemma and corollary yield :
TaEOREM 2. As a O(m)-module
Q® ZUm; Q[w’(m)]eBQn(m)_l-

Here 0(m) acts trivially on Q, and TI(m) is the number of prime divisors of m.
In particular Un is a free abelian group of rank ¢ (m)/2+ 11 (m) —1.

4. The prime power case

TueoREM 3. Suppose q =p" with p prime, n>0. Then Theorem 1 is valid
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for m=gq. Moreover

U,=2[0'(q)]
as a 0(q)-module, and e(C) is a generator for any primitive ¢ root of umnity, C.

Proof. If & =¢? is a primitive p'* root of unity with i< then relations
(B), yield e(&) =m§1e(nc), and each 7 here is a primitive »'*'#% root of unity.
By induction, then, (B), implies U, is generated by the e(¢) with ¢ a primitive
g" root of unity. Since ®#(q) permutes the latter transitively it follows that
any of them generates U, as @(q)-module. Choosing such a generator yields
an epimorphism Z[#(g)]1~U,. Relations (A), imply this factors through the
quotient, Z[@'(q)], of Z[®(q)]. Theorem 2 above shows that Z[®#'(g)] and

U, are free abelian of the same rank, so an epimorphism is an isomorphism.

5. The general case

Let Ux be an abelian group with generators €(¢) subject only to relations
(A)m and (B)m. Let Um—Um be the epimorphism sending 2(¢) to e(¢).
Theorem 1 asserts this is an isomorphism, and Theorem 3 proves it for m a
prime power.

If s= @(m) we let ¢ operate on Um by se(¢) =2(s¢). This is clearly com-
patible with (A),; and (B),, and it makes U, — U, a homomorphism of @(#2)-
modules.

Suppose m has prime factorization m = p{'- - <p7" =gqi- * - q» where q; =p}*
and »>1. Let mi=m/q;, 1<i<r. We assume by induction on 7 that Usm; - Usm,
is an isomorphism. It follows, in particular, that Um, can be identified with
a submodule of U, As such we have Uy’ = 1;;<rﬁm"c Un, which maps onto

W= 2 UnCUn.
1={=p

The following technical lemma generalizes Theorem 3.

Lemma. Let N; denote the ‘‘norm element” (i.e., the sum of the group ele-
ments) in ZLO(q)], and let M;=ZL[0(g))1/ZN;. We have @(m) = 1<I:I<r@(q;) 50

M'= ® M;is a ®(m)-module. Let M= Z[0'(m)]1® zroimy M, i.e., M' reduced

i,y

==

by complex conjugation. Then U — Uy induces an isomorphism Um/U 5 ~> Um/ U

and the latter are isomorphic to M as ®(m)-modules.

Proof. Let ¥,, denote the group of ™ roots of unity and @, the primitive
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m'™ roots. Suppose m = p"m' with p a prime not dividing m'. Then ¥m=¥pn
X W as groups, and @, = O X Om as sets.

If 7€ ¥yn and & ¥y, not both 1, then e(4¢) is a typical generator of Up.
Suppose 7 € @y with 0<i<n, so y =7’ for some 7 € @p+2. Likewise, we can
write ¢ =¢? with ¢, & ¥ since p doesn’t divide m'. Then from (B), e(4¢) =
z((9:£)?) =»§pE((vm)Cl), and each vy € Opinr since y € Opitr and 7=>1.

Now let ¢'=1 be any element of ¥,.. Letting p above range over the
prime divisors of the order of ¢, and applying the remark of the last paragraph
to each, we deduce easily that U, is generated by the elements e({) where ¢
has order Hl g; for some I<{1, ..., 7). In other words, each prime divides
the order loEf ¢ to the same power that it divides =, if at all. In particular,
Un=Un/UY is generated by the images, €(¢), of e(¢), where ¢ ranges over
Dom.

Set theoretically, @,, = 151‘ ®,;, and this decomposition is compatible with
the operation of @(m) =1y‘;072q,-) on the generators ¢(¢) of U,  Thus we

obtain, after fixing some ¢ & 0,;, an epimorphism

2ZLo(m) 1= @ 2[0(g)]~Un.

=r

==

To show that this factors through the quotient, ® M;, we must show that if

l<i<r

m=p"m', p a prime not dividing m', and if ¢ & O, then > () =0.
n

EPbpn
For =1 this follows from

> e(nt) = WEZW () —e(¢)

nEop _
=e(t?) —e¢) e Uy

Moreover, if 2>1, then

23 e(n¢) = 21 e(n0)
nsopt meEPYn—l 1P=17,
= >3 e(vpi¢)
nLELPI VETY
= 2 ?(mC").

nEPPH1L

Here 7} is a fixed solution of ()? =7, for each 7, and, of course, we have
invoked relations (B)» in the last equation. It follows now, by induction on
n, that >} &(»¢) =0, as claimed, so we have an epimorphism

nEopn

M= ® M->Un.

1=is=r
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Relations (A)m imply this factors through M= (M'-reduced-by-complex-com-
jugation).
We conclude the proof by showing that both epimorphisms
M -> ij m—> U m / U ;711)

are isomorphisms. For this it suffices to show that the rank of U,/Us is
not less than that of the torsion free module M, and for this we can tensor
with Q. Since @(g;) operates trivially on U, it follows that ®@(q:), for some
i, operates trivially on each irreducible submodule of Q® ;Uy'. It follows
from Theorem 2 that Q® ,(U./U%) must contain each irreducible @'(m)-
module for which this is not the case. The latter add up to exactly Q® M,

and hence rank (Un/Ul’)= rank M, as required.

Proof of Theorem 1: If IC{1, ..., 7} let mu =gqu. Filter Uy by

[7;’{): E ﬁml-

card [=)

Thus
Un=UWw2Up D+ -DUL V20U =0.

We similarly filter U,. To show that the (filtration preserving) map Un— U

is an isomorphism it suffices to show that it induces isomorphisms
URIUG" >UR UL, 0<j<r.
The lemma above shows this for j=0, and that both terms are isomorphic to

a certain module, M. Denoting the latter, more precisely, by M(m), we see,

from the same lemma, that there is an epimorphism

& Mom) U |TGH.

card I=j

M(m,;) here has the structure of a @(m)-module since ®(m;) is, from galois
theory, a quotient (and even a direct factor) of ®(m). Since QR z( 'HEBI_M (m1))
is the sum of those irreducible QL&' (s2)]-modules on which j, l;ut r_u]) more,
of the @(qi) operate trivially, and since, by Theorem 2 plus induction, Q® 4
(UP)UE™) must contain each of these irreducible modules, we obtain, as

above, the rank inequality necessary to conclude that the epimorphisms

® Mm)-URITE >UR UG

card I=j

are both isomorphisms. Theorem 1 is thus proved,
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Remarks. (1) By introducing a generator for each root of unity, accom-
panied by relations defining Q/Z, we can use Theorem 1 in an obvious way
to obtain a presentation for Uy itself, not merely modulo torsion. It would
be more interesting, however, to study the extension, 0 —torsion » Uj; — Uy, >0
of @(m)-modules.

(2) One could probably push the above arguments further and describe U
explicitly as a @(m)-module, not just modulo extensions. It is undoubtedly

much more subtle to analyze the remaining part of the group of units, V,/Ujn.
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