NORMAL-CONVEX EMBEDDINGS OF INVERSE SEMIGROUPS
by PEDRO V. SILVA

(Received 20 September, 1991)

Normal-convex embeddings are introduced for inverse semigroups, generalizing the
group-theoretic concept, due to Papakyriakopoulos [4]. It is shown that every E-unitary
inverse semigroup admits a normal-convex embedding into a semidirect product of a
semilattice by a group, a stronger version of a result by O'Carroll [3]. A general
embedding result for inverse semigroups is also obtained.

1. Preliminaries. The general terminology and notation are those of Petrich [5].

Let S be an inverse semigroup and let R ¢ S X S be a relation on S. We denote by R*
the congruence on § generated by R, that is, the transitive closure of {(aub, avb):a,b e
§' and (4, v) €e RUR™'}. The natural projection S— S/R* is denoted by (R¥)".

Let ¢ :5— T be a homomorphism of inverse semigroups and let R be a relation on .
The relation

Ro = {(ugp,v@):(u,v) € R}
is said to be the relation on T induced by R and ¢. It follows easily that
R%@ = (Rp)*. (1.1)

If @ is injective, we say that @ is an embedding of inverse semigroups.
Now let @:S— T be an embedding of inverse semigroups. We say that ¢ is
normal-convex if and only if, for every relation R on §,

(RP)* N (S X S)p = R*g.

Note that, by (1.1), the inclusion R*@ < (Re)* N (S X S)@ is always true. Also by
(1.1), we know that @ induces a unique homomorphism @g:S/R* — T/(Rg)* such that
the canonical diagram

s —2 T

(R#) 1 lI(Rw)"I" (1.2)
SIR®* — T/(Re)”

commutes. Now we have

LEmMa 1.1. Let @:S— T be an embedding of inverse semigroups. Then ¢ is
normal-convex if and only if @g is injective for every relation R on S.

Proof. Suppose that @ is normal-convex and let R be a relation on §. Let a, b € S be
such that (aR¥),,. = (bR¥),,. Since (1.2) commutes, we have (a@)(Rp)* = (b@)(Rp)*.
Hence (a@, bp) e (Rp)* N(S x S)@. Since @ is normal-convex, this yields (ap, bp) e
R*¥@. Thus aR” = bR* and so @p is injective.

Conversely, suppose that @y is injective for every relation R on S. Suppose that
(ag, be) € (Rp)* for some a, b € S. Since (1.2) commutes, we have (aR¥),, = (bR¥),,,
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and since @y is injective, aR* = bR*. Therefore (a@, bp) € R*¢p and so @ is normal-
convex.

The following result shows that the class of normal-convex embeddings is closed
under composition.

Lemma 1.2. Let @:S—T and ¢ :T— U be normal-convex embeddings of inverse
semigroups. Then @V is a normal-convex embedding.

Proof. 1t is trivial that @ is an embedding. Now let R be a relation on S. Since
(@y)g is uniquely defined, we certainly have (@y)r = QrYr, and so (@y)r is injective.
Thus, by Lemma 1.1, @ is normal-convex.

The next result shows an application of the concept of normal-convex embedding.
Given a semigroup S and a relation R on S, the word problem for R consists in
finding an algorithm which determines, for every a, b € §, whether or not (a, b) € R®.

THeoreM 1.3. Let ¢:S— T be a normal-convex embedding of inverse semigroups
and let R be a relation on S. Then the word problem for R is solvable if the word problem
for R is solvable.

Proof. Suppose that the word problem for Ry is solvable. Let a,b € S. By Lemma
1.1, @ is injective and so aR* = bR* < (aR*)pr = (bR™¥)@g. Since (1.2) commutes, we
have (aR*),, = (bR*),. < (a@)(Re)* = (be)(Re)*. Since the word problem for R is
solvable, we can determine whether or not this latter equality holds, hence the word
problem for R is solvable and the theorem is proved.

Now let S be an inverse semigroup with semilattice of idempotents E(S). The least
group congruence on S is defined by

(a,b)e 0> e € E(S):ae = be.
We say that S is E-unitary if
Vaes, ac=1>a e E(S).

Let M denote an inverse monoid with least group congruence 0. Then M is said to be
F-inverse if every o-class of M has a maximal element under the natural partial order. It
is well-known that every F-inverse monoid is E-unitary [5, §VIL.S].

Let G be a group and let K be a semilattice. An action of G on K by left
automorphisms is a map G X K—K:(g,A)—>gA such that, for every g,he G and

A,BeKk,
g(hA) = (gh)A,
8(AB) = (gA)(gB),
1A=A.
It follows easily that, for every g € G and A, B € K, we have
A<B>gA<gB.

The semidirect product of K by G induced by this action is the inverse semigroup
K x G with the operation given by (A, g)(B, h) = (A(gB), gh). When no ambiguity arises
about the action, we shall denote this semigroup by K X G.
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Now suppose that L is an ideal of K such that GL = K. Then we say that (G, K, L) is
a strong McAlister triple and

P(G,K,L)={(A,g)eLxG:g7'AelL}
is an inverse subsemigroup of K X G [1].

Lemma 1.4 [1). Let M be an inverse monoid. Then M is F-inverse if and only if
M =P(G, K, L) for some strong McAlister triple (G, K, L) such that L has a unity.

Let S be an inverse semigroup and let 7 be a congruence on S. We say that 7 is
idempotent-pure if, for every (a, b) e 1,

ae E(S)=>be E(S).
We say that 7 is idempotent-separating if, for every (a,b) € 1,
aeE(S)=>b¢E(S).

Finally, an inverse semigroup S is said to be quasi-free if T = F/t for some free
inverse semigroup F and some idempotent-pure congruence t on F.

LeMMA 1.5 [2). Let S be a quasi-free inverse semigroup. Then S = P(G,K, L) for
some strong McAlister triple (G, K, L) with G free.

2. Strong McAlister triples. In this section we show that, for every strong
McAlister triple (G, K, L), there exists a canonical embedding of P(G, K, L) into a
semidirect product of a semilattice by a group.

THEOREM 2.1. Let (G, K, L) be a strong McAlister triple. Then the inclusion map
@:P(G,K, L)y— KX G is normal-convex.

Proof. Let S=P(G,K,L) and let T=KX G. Let R be a relation on S, say
R={((A;,8),(Bi, h)):iel}. Without loss of generality, we can assume that R is
symmetric. Let (U, u), (V,v) € S be such that (U, u)(Re)* = (V, v)(Rp)*. We want to
prove that (U, u)R* =(V,v)R¥. Since R is symmetric, we know that there exist

(Wy, wo), - - ., (W, w,) € T such that
(“/()y WO) = (U’ u)
(W, wa) = (V, v)
V] € {13 .. »n} B(Phpj): (Qj’ q]) eT 3l] el
(vvj—l’ wj—l) = (Pj’pj)(Aii’ gi;)(Qj’ q])

(W, w)) = (B, pj)(Bii> hi Q) 4;)-
Now we show that, for every m e {0, ... ,n},
ar,,0,.,W,.eL:
(W, wa) €S,
(W o, W )R* = (U, u)R”,
(W s W) = (Pps D)(Wo, W )(Qs 1) ' 2.1)

and
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We use induction on m. Defining Py=U, Q¢=u"'U and W= U, we see that (2.1)
holds for m =0.
Now suppose that (2.1) holds for m =j —1, with je {1,...,n}. Then
(W/ 1 / l) (W/ 1» 1)(W/’ 1 j 1)(wj_llw; 1 1)
_(W] [ §] 1)(1)} 1’1)(W 1> ] 1)(Q; 1> 1)(W W]—l’ 1)
= (Wi—l’ 1)(Pj—1’ 1)( pj)(Al,7 g,,)(Q,, q})(Q/ 1s 1)(W W/ s 1)

It is clear that

Wi _<P;_P 2.2)
and so
(Wi, )(Pi—y, V(P p)) = (Wi_1, p)).

Similarly,

Wi =<(p;8;,Q0)(pigiq,Qi-1)
and so

g 'pi ' Wi1<0(q,Q/-) (2.3)

Hence
(Qp q/)(Q} 1s 1)(W W] | B 1) (gijlpj_lw;—h q/')'

Thus

(W; L W— 1)=(W; l,pj)(Ai,sgi,)(gi,_l '_lW; l,qj)
Since W;_,<p;A;, we have p; 'W; 1A, €eL. But L is an ideal of K and so

p; 'W, (e L. Slnce W/ eL,we obtam (W, 1,p,)€S Similarly, we have g 'p;'W,_, <
gx, P; I(P,Ax,) 8,, ]AIIEL and q, g, p, IW, 1= , 1W 1EL Hence

(8i,- 173 IW/-la ij) €S.

Let P/=W,,, Q/=w\W/,_, and W;=W_,(p;B,)(ww;',W,_,). Obviously,
P;,Q;eL and since L is an ideal of K, we have W;eL as well. We have
(W/,w)=(W,_1,p)(Bi, k)& 'p; ' W1, q;), that is, (W], w;) is a product of elements of
S. Therefore (W], w;) € S. Moreover,

(W; W)R#_[(W, l’pj)(Bi,-’hi,«)(gi,—-lpj_lw;—hqj)]R#
=[(W,_ hpj)(Ai,-’gi,-)(gi,_-l '_IW;—h CIj)]R# =W, wj—l)R# = (U, u)R*.
It follows from (2.2) that (W, L) =W, 1)(P,p;). Similarly, (2.3) yields
(& 'pi ' Wi-1,4) = (Q), g))(W"\W,_i, 1). Hence
(Wj,W,')=(Wj—1,Pj)(Bi, hi,)(gi,l Wil q))
=(W-, 1)(P, p)(B;, ki )X(Q), q)(wisi Wiy, 1) = (P}, )(W, w)(Q;, 1)

and so (2.1) holds for m =j.

Thus (2.1) holds for every me {0,...,n}. In particular, we have (W, v)R* =
(Wi, wOR? = (Uw)R*  and (W, v) = (Pl (Wi, w,)(Q% 1) = (P, D(V, 0)(@}, 1).
Therefore W,<V and so (W,,v)=(W,,1)(V,v). It follows that (U,u)R*=
(W,,, DR*(V,v)R* and so (U,u)R*<(V,v)R*. Similarly, we obtain (V,v)R* <
(U, u)R* and so (U, u)R* = (V,v)R*. Thus ¢ is normal-convex.

Now, Lemma 1.5 and Theorem 2.1 immediately yield
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CoroLLARY 2.2. Every quasi-free inverse semigroup admits a normal-convex embed-
ding into a semidirect product of a semilattice by a free group.

Since every free inverse semigroup is quasi-free, we also obtain

CoRrOLLARY 2.3. Every free inverse semigroup admits a normal-convex embedding
into a semidirect product of a semilattice by a free group.

3. E-unitary inverse semigroups. In this section we prove that every E-unitary
inverse semigroup admits a normal-convex embedding into a semidirect product of a
semilattice by a group.

Let S be an E-unitary inverse semigroup. Let M(S)={J¢AcS:E(S).AcAcao
for some a €S} with the operation described by AB={ab:acA and be B}. The
following result is due to O’Carroll.

LemMa 3.1 [3]. Let S be an E-unitary inverse semigroup. Then M(S) is an F-inverse
monoid and the map @:S— M(S):s— {t € S:t<s} is an embedding. Moreover, if o5 and
Om(s) denote respectively the least group congruences of S and M(S), then ops N
(S x8)p = os9.

We prove that this embedding is in fact normal-convex.

LemMma 3.2. Let S be an E-unitary inverse semigroup. Then the embedding ¢:S—
M(8):s— {teS:t=<s} is normal-convex.

Proof. Let R be a relation on S. Without loss of generality, we can assume that R is
symmetric. Let a,beS be such that (ap,be)e(Rp)*. We want to prove that

(a,b) e R*.
Since (a@, be) € (R@)¥, there exist W, . .. , W, € M(S) such that
Wy = ag;
W,=bo;

Vie{l,...,n} 3P, Q,e M(S)I(u;, v;) €R:
Wi = P(u@)Q; and W, = P(v,9)Q;.
We prove the following result. Let z € $ and C, D € M(S) be such that C(zg)D € S¢.
Then
dc,deS:cpcC, dpcD and (czd)p=C(zp)D. (3.1)

Since C(z@)D € S, there exists some w € S such that C(z@)D = we. Since w e we,
there exist ce C, z' €z@ and d € D such that cz'd=w. Since copcC, z'pcze and
dpc=D, we obtain wo=(cz'd)p = (co)(z'p)(dp) c (cp)(z)(dp) c C(zp)D = wep.
Therefore (czd)p = C(z@)D and (3.1) holds.

Since S is E-unitary, it is clear that

VA e M(S), AA 'cloc E(S). 3.2)
Now we show that, for every je {0,...,n}
dweS:wpcW, and (a,w)eR™ (3.3)
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Let w, = a. It follows that (3.3) holds for j =0.

Now suppose that (3.3) holds for j=i—1, with i >0. Then w;,_;p c W,_, and so,
since S is inverse, w;_,@ < W;_; W' (w,_,@). By (3.2), we also have W,_ W \(w;_,p) c
w;_1¢. Hence w;, @ = W Wi (Wi @) = P(u;@) QW (w;—,p). Now we can apply
(3.1) with z=u;, C=P, and D = Q;W " (w,_,@). Hence there exist p;, q; € S such that
poch, qpc QW i(wi_19) and (pug)e = P(u@)Q:W: \(w._19)=w,_,p. We de-
fine w; = pu,q;. Now w,p = (p;@)(vi@)(q:p) < P(v;@) ;W _i(wi_ 1 9) = WiW(w,_19)
W,W;\W._, and so, by (3.2), we have w,¢ = W;. E(S). For every s € S and e € E(S), we
have ae=aea 'a, and hence W;.E(S)c E(S).W,. Therefore wpcW,. E(S)c
E(S). W, c W,. Moreover, w;R* = (p,v;,q))R* = (piu;q;)R* =w,_,R* =aR* and so (3.3)
holds for j =i. Thus (3.3) holds for every j € {0, ... ,n}.

In particular, w,p c W, =bg and (a,w,) e R*. Hence w,<b and aR* =w,R* <
bR*. Similarly, we prove that bR* <aR¥. Thus (a, b) € R* and the lemma is proved.

Now we obtain

THEOREM 3.3. Every E-unitary inverse semigroup admits a normal-convex embedding
into a semidirect product of a semilattice by a group.

Proof. Let § be an E-unitary inverse semigroup. By Lemma 3.2, the embedding
@:S—>M(S5):s— {teS:t<s} is normal-convex. By Lemma 3.1, M(S) is F-inverse and
s0, by Lemma 1.4 and Theorem 2.1, there exists a normal-convex embedding vy : M(S)—
P, where P is a semidirect product of a semilattice by a group. By Lemma 1.2, the
composition @ :5— P is a normal-convex embedding and the theorem is proved.

4. Inverse semigroups. The results of Section 2 can be used to obtain a general
embedding result on inverse semigroups. We shall make use of the following result on
quasi-free covers, due to Munn and Reilly.

LeMMA 4.1 [2]. Let S be an inverse semigroup. Then there exists a quasi-free inverse
semigroup F and an idempotent-separating congruence t on F such that S =F|t.

Now we have

THEOREM 4.2. Every inverse semigroup admits a normal-convex embedding into an
idempotent-separating homomorphic image of a semidirect product of a semilattice by a
free group.

Proof. Let § be an inverse semigroup. By Lemma 4.1, we can assume that S = F/t,
with F quasi-free and 7 idempotent-separating. By Lemma 1.5, we can assume that
F=P(G,K, L) for some strong McAlister triple (G, K, L), with G free. By Theorem
2.1, the inclusion @:F— KX G is normal-convex. Therefore, by Lemma 1.1, the
induced map y:F/1— (K X G)/(t@)* defined by (at)y = a(r¢)” is injective. We must
prove that v is normal-convex and (tg)* is idempotent-separating.

First we prove that v is normal-convex. Let T = (K X G)/(1¢)*. Let R be a relation
on S. We want to show that (Ry)* N (S x §)y < R*y.

Let u be the congruence on F such that u/7 = R¥. It follows that, for every a, b e F,
(a, b) € u if and only if (at, bt) € R*. We prove that

(RY)* < (no)*/(r9)*. (4.1)

Since Tcpu, we have t@ cug and so (1¢)* c (up)”®. Hence (up)*/(1¢)* is a
congruence on T and we only need to show that Ry = (ug)*/(t@)*. Let a, b € F be such
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that (at,bt) € R. Then (at,bt) e R* and so, by definition of u, we have (a,b) e p.
Hence (a@, bo) € up = (up)®. Therefore (ap(t@)*, bo(tp)®) € (up)*/(tp)*, that is,
((at)y, (bT)y) € (up)*/(zp)*. Hence (4.1) holds.

Now suppose that a,b € F and ((at)y, (bt)y) € (RY)*. Then, by (4.1), we have
((@av)y, (b7)y) € (n@)*/(7@)*. Hence (ap(r9)®, bp(r@)*)e (up)*/(vp)* and so
(a@, bp) € (up)®. Since @ is normal-convex and u is a congruence on F, we have
(u@)* N (F X F)p c up. Hence (ap,bp)eup and so (a,b)eu and (at,bt)eR*.
Therefore ((at)y, (bt)y) € R*y and so y is normal-convex.

Now we prove that (t@)* is idempotent-separating. Obviously, E(K X G)=
{(A,1):A e K}. Suppose that A, B € K are such that (A, 1)(t@)* = (B, 1)(7¢)*. Since
GL =K, there exists ge G and Ce L such that gC=A. Hence g7'A=CeL and we
have

(87'A, D(t@)* = [(g7'A, g7)A, 1)(A, )l(z@)* = [(g7'4, 87 ) (B, 1)(4, §)I(rp)*
=((g"'A)(g™'B), 1)(z@)*.

Since (g7'A)(g"'B)<g 'A e L and L is an ideal of K, we have (g7'A)(g"'B) € L. Hence
(87'A,1),((¢7'A)(g7'B), 1) e F. But

[g'A, rly = (g7'A, )(z@)* = (g 7'A)(g™'B), )(z@)* = [((g~'A)(g™'B), )t]y

and so, since v is injective, (g7'A,1)t=((g"'A)(g"'B), 1)7. Since 7 is idempotent-
separating, we obtain (g7'A,1)=((g"'A)(g"'B),1), that is, g7'A=(g"'A)(g"'B).
Hence A =AB and A < B. Similarly, we obtain B<A and so A = B. Thus (4,1)=(B, 1)
and (tg)* is idempotent-separating.
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