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1. Let

$)) f(2)=c+ gckz”"

be a power series with Hadamard gaps,
(2) Meer/me=q>1  (k=1),

convergent in |z|<1.
In 1963 G. and M. Weiss [1] proved that f(z) assumes every value infinitely

often in |z|<1, if the constant ¢ in (2) satisfies

> qo{ =100)

and

Dlee] = o

In 1964 Ch. Pommerenke [2] showed that f(z) assumes every value, at least

once, if (2) holds for some g>1 and
(3) lim Supg-» !¢zl >0.
The purpose of this paper is the proof of

TueoreM 1. Let f(2) be given by (1), let (2) be satisfied for some q>1 and
suppose that (3) holds.

Then f(2) assumes every value infinitely often in lz|<1.

2. The proof is based on a lemma whose simplest form (p = 1) was already
used by G. and M. Weiss and on the idea, due to Hardy and Littlewood, of
accentuating the dominance of the largest term of the series (1) by successive
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differentiations.
Lemma 1. If g(§) is holomorphic in |C| <R and if, for some positive integer p

lg®@OIsM  (¢I<R),
and
[g?(0)|=A>0,

then g(¢) assumes in || < R every value w lying in the disc
lw—g(0)| < KR?A?*'M ™2,
where K is a positive number depending only on p.

Proof. Replacing g(¢) by (g(R¢) — g(0))R™?, if necessary, we may suppose
that
R=1, g(0) =

By Cauchy’s formula for the derivatives of a holomorphic function

g2 (0 <k M.

Therefore, if

g(C) 2n=1(3n (!C‘<1))
then, for n>p,
el = L 1gm (@15 222 g .
(4) Mo
ﬂ_%llcnlr S g g (0<7<).

By a well-known Lemma on polynomials, due to H. Cartan, for every a >0
Il 1 Y4 ”I »
[P = | 2ent”| > a?,
C}) n=l
outside circles the sum of whose diameters is less than 4eax. Therefore, if

a<(1/10 e),
it is possible to find an 7,
(5) a<r<5ea<g —%-

such that on the whole circle |¢]| =7

6 |56t =lasl 1P| > o Aa?

n=1
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By (4), (6) and (5), on ¢! =7,

lg@I>1ep PO = > lealr™

n=p+1
1o, M
_1_ b _ ,.Z_M_ pt+1_p+1
>p1 Aa p+1(5e) «

with the choice

_ 1
T=20-11

(5e)™ 27 (A/M)
(7) proves the existence of a circle |¢| =7 on which
(8) lg(O) > KA* ' M~

and the Lemma follows from (8) by Rouché’s Theorem.

LemMma 2. Let {nr}%-1 be a sequence of positive integers satisfying (2). Let p

and v be positive integers. Put

amern (= pinh amemn| - o 1+ 220))

Let
So <s< S1
and write

wr=np(ng—-1)+ (g —p+1)s™

Then it is possible to find a p, depending only on q such that for p>py and all
large v
Wy > 4 D by We.

Proof. If nx<p, then

I
e

(9) W
If p <nk< Ny, then

Wi/ Whe1 < (k) M4 )25~ M K (mp/ g 41) sy eEH T
since

. i T (0<x<mp).
Re+1—X < Nk +1 < k

Substituting the valne of s, and noting (2),
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(10) we/we+ <sup exp {p(1 — ¢+ log )}
0<t<l/q

<exp{p(l—q'-log g}

Since

qg
logg= §1t_‘dt> (g—1)/q,

the right hand side of (10) can be made less than 1/10 by choosing

log 10 e a
> logg—14g—7 = pilq).
By (9) and (10), if p>pi(q),
(11) DarWr < Wy D=1 1077 = g‘ wy
If }2:__>D>llo(]'9), then
Per1 = % up Bty
ey <2% 7 (0<2<p)

Therefore, for all large » and k=v

Wee1/ W < 2(Bpsr /1 P50

(12) <2 (Mir /)P (k) Pl e
<2uP(sPPYPP = o(w),
where

U = Bps 1/ Ne=>q.

In u>q, ¢(u)<¢(g), Since

1 d -1 _1( logg
—p—duk)gso(u)— u 2<1+ q—1 )
_ 1 [ R2-wig=1) _
= 20g-1) (=4 log q)
1 ({g=-1 _
< 2(411)( p log q)<0 (u=q)

Therefore, if v is sufficiently large,

weri/ Wk <P(Q) = 2 exp { - %p (g—1-—log q)}
< =% (k=p),

provided
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2log20 _
P 1 logq ~ P\
Then
(13) Dl wp <wy 20711077 = w,/9.

The Lemma now follows with
po=max (pi(q), p2(q))
from (11) and (13).
3. Proof of Theorem 1. Put
lim supg.elcel = U.

If U< o, let N be the least integer such that

lal<SU  w>N)

If U= o, set N=0.
Let

2(7) =supg=y|celr™ (0<7r<1).

Let » =»(7») be the largest integer such that

fey|r™> —%— n(r).

Notice that

lelr™>1 (r>m), if U= «
(14) . :
levlr™> 3 U (r>n), if U<e

Note also that »(7) > o as r—»1—0.

This is obvious, if U= o, so that x#(») is unbounded. But it is also true

for U< =, since for some arbitrarily large %,
lel>3U>Lun (<)
4 24 :

We want to show that for any complex number ¢ and any p, 0<p<1,
fla)=¢

has a solution in p<|z/<1. Changing f(z) into f(z) —c, if necessary, it is
enough to consider the solutions of
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A2) =

The assertion is certainly true, if f(z) has infinitely many zeros in |z|<1.
We shall now prove it under the (untenable) assumption that f(z) has only a
finite number of zeros in |z|<1.

Choose p=max (N, po), where p, is the constant occurring in Lemma 2.
Now choose 7 so close to 1 that, with the notation of Lemma 2,

p<lrsy=re ™ (»=1(r)).

This is possible, since »(7), and so also 7., tends to e as 7-1. Consider
FP(rse®), where, as in Lemma 2, 5s<s<s;. By Lemma 2,
Skt —1) « « - (me — p+ Dlce [ (rs)™
< supsal| el 75) Dk, (e — 1) -+ (e~ p + 1)s™
<2lc,,lr”“-7]i—n\,(m— Dees(my—p+1)s™.

Hence

FP (rse™) = 2::1 ne(me—1) - - < (me—p+1) cr(rse’®) ™2
(15) =m(n, ~ 1) cee(m—p+De(rse)™ P+ E,
|E|l < n\.(nv ... G=p+Dlel(rs)™ 2,

Now we apply Lemma 1 to

g = f(r(sosl)‘/ze§+i9).

In view of (15) g(3) satisfies the hypothesis of Lemma 1 with

logg\ p
R= (1+ = 1)
(16) M < /Ki(p)ntle, | (rs))™ (7, >2p)

A= /K(p)nt|c, | (rs) ™.
Therefore, by (14), for all 7>,

RpAp+lM_p>Cl(p, q)!C\. 1(7'80)”" (So/Sl)n"p
an >Ci(p, Plovlr™
> Ca,
where C; depends only on p, ¢ and U.

The conclusion of Lemma 1 for our choice of g({) asserts that f(z) take§

on every value w in the disc
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w— f(r(ses) ™) < C,

where C depends only on p, ¢ and U.
In particular f(z) will take on the value 0 in > 7, if for some 7 arbitrarily
close to 1

(18) LF(r(sos1)e™)| < C.

Suppose that (18) were not the case.- We shall derive a contradiction with
the aid of the first fundamental Theorem of the Nevanlinna Theory. Since
f(z) has only a finite number of zeros in |z]<1,

N, 1/ =0(1). (#<1)

If (18) is not true for > 7, then

_ 1t io
mt, 1) = 5| "log"|1/7(te™)|do
<log*(1/0C).
Therefore, by the First Fundamental Theorem

m(¢, f) = m(¢t, 1/f) + N(¢, 1/f) +0(1)
=0(1);

That is to say that the function f(z) is of bounded Nevanlinna characteristic.
Then

(19) limy.1 f (re™)
exists for almost all ¢ (3, Th. 7.25, p. 276). But, by (3),
Dklerl?= .

This implies that the radial limit (19) does not exist for almost all § (8, Th.
6.4, p. 203).

Therefore m(¢, ) (and so m(¢, 1/f)) must be unbounded and (18) holds.
This completes the proof of Theorem 1.

4. The result of G. and M. Weiss quoted in the introduction makes it
likely that condition (3) of Theorem 1 could be replaced by

Sklee] = .

I have not been able to prove this.
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It would also be interesting to know whether every sector a < arg z<g
contains zeros of f(z) under the hypothesis of Theorem 1.
It is a pleasure to acknowledge the help of Dr. Linda Sons in the prepara-

tion of this paper.
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