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Projections in the Convex Hull of
Surjective Isometries

Fernanda Botelho and James Jamison

Abstract. 'We characterize those linear projections represented as a convex combination of two sur-
jective isometries on standard Banach spaces of continuous functions with values in a strictly convex
Banach space.

1 Introduction

Characterization of various classes of bounded linear projections is a basic problem
in Banach Space Theory, (see [2,3,7,11,12]). In particular, characterizations of
bi-contractive as well as bi-circular projections have received considerable attention,
(see [3,6,9,10,13]). Russo and Friedman showed that the bi-contractive projections
on C(), with © a compact Hausdorff space, can be written as the average of the
identity and an isometric reflection. Continuing this line of research, in [9], Fosner,
Ilisevic, and C. K. Li introduced a new class of projections, designated generalized bi-
circular projections (GBP). A GBP is a linear projection P so that P + A(I — P) is an
isometry, for some modulus 1 complex number A # 1. It follows that such an isom-
etry must be surjective. It can also be shown that these projections on C(£2) (with Q
a compact space) are given as the average of the identity and an isometric reflection,
(see [5]). Hence in this case, GBPs are precisely the bi-contractive projections.

Motivated by these results we are interested in projections that are in the con-
vex hull of two distinct surjective isometries. In this paper, we consider projections
acting on the Banach space, C(€2, X), of all continuous functions defined on a com-
pact topological space {2 and with values in a strictly convex space X. We denote by
I - |lco, the standard norm on C(£2, X). We classify all projections that are in the
convex hull of two distinct isometries. More precisely, any such projection must be
either a generalized bi-circular projection or a projection of multiplicative type, (see
Theorem[2.4). In either case, the resulting projection is bi-contractive. We also state
some minimal hypothesis on the isometries involved in order to assure that only gen-
eralized bi-circular projections can be expressed in this way.

We begin by recalling the form of generalized bi-circular projections on C(£2, X),
whenever X has the strong Banach Stone property. See [1, page 142] for the statement
and consequences of the “strong Banach Stone property.” For our work, it is sufficient
to note that every strictly convex Banach space has this property.

A generalized bi-circular projection P, on C(£2, X), has one of the following rep-
resentations, (see [4]).
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(i) There exist a bounded operator u: 2 — Isom(X) and a nontrivial homeomor-
phism ¢:  — Q so that ¢* = Id and, for every w € €, u,, 0 uy(,) = Id, with
u(w) = u, an invertible isometry on X. The projection P has the following
representation

P(f)(w) = 3(f(w) +us(f o p(w))),

for every f € €(2,X) and w € €.
(ii) There exists a generalized bi-circular projection on X, P, so that P(f)(w) =
P,(f(w)), for each w € Q.

We notice that in case (i), P is a convex combination of two isometries, the average of
the identity operator and an isometric reflection. This theorem relies on the charac-
terization of the surjective isometries of C(£2, X) and is a consequence of the vector
valued Banach—Stone Theorem, (see [1]). The following theorem is due to Jerison,
(see [1,8]).

Theorem 1.1 Let X be a strictly convex Banach space. T is a surjective isometry of
C(2, X) if and only if, for every w € Q and f € C(Q,X), T(f)(w) = u,(f(d(w))),
where ¢: Q0 — Q is a homeomorphism and u,,: 0 — Isom(X) is a continuous operator
valued mapping into the group of invertible isometries on X.

In the next section we characterize those projections that can be expressed as the
real convex combination of two surjective isometries. We show that every projection
given by the average of two isometries must be a generalized bi-circular projection or
a multiplicative projection.

2 Projections in the Convex Hull of Two Isometries

We first state a preliminary result concerning projections in the convex combination
of two isometries (not necessarily surjective) on C(£2, X), with X an arbitrary Banach
space.

Proposition 2.1 If P, is a projection in the linear combination of two distinct isome-
tries, Py = M1 + (1 — AL, with X a positive real number less than 1, then A = % or
P, = Id.

Proof If the kernel of P, is nontrivial, then there exists f € C(£2, X) with norm 1, so
that A\I;(f) = —(1 — A)LL(f). Therefore A = % If, otherwise, P, is injective we have
that Py, = Id, since P,(Id —P,) = 0. [ |

We consider two distinct isometries in C(£2, X), I; and I, given by
L(f)(w) =u,(fopw)) and L(f)(w)=v,(fop(w)),
with ¢ and ¢ homeomorphisms of 2 and u,v: 2 — Isom(X). For every w € €,

u(w) = u, and v(w) = v, represent invertible isometries of X. The symbol o de-
notes composition.
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We also consider an operator P on C(£2, X), given by

L()(w) + L(f)(w)

P(f)(w) = 5

and we derive conditions under which such an operator is a projection. We first state
a lemma to be used in the proof of the forthcoming proposition. This lemma is a
straightforward consequence of the strict convexity of X.

Lemma 2.2 If u and v are isometries of a strictly convex normed space X and u(z) +
v(z) = 2z # 0 for some z € X, then u(z) = v(z) = z.

Proposition 2.3 Let X be a strictly convex Banach space. The operator P is a projection
on C(Q, X) if and only if every w € §Q satisfies one of the following statements:

(i) w=o¢w)=vw)andq, = o ; Yo is a projection on X.

(i) o(w) =v(w)and u, = —v,,.

(iii) w = ¢p(w) # Y(W), P*(w) = w, p o YP(w) = Y(w), Uy = uyw) = Id and
Vw O Vyp(w) = Id.

(V) w = PW) # ow), P*(W) = w, Yo dp(w) = d(W), vy = Vgw) = Id and

U, O Uy = 1d.

Proof P isa projection if and only if

(2.1)  thy © ) F(97 (W) + 1y © V() [(1h 0 G(w)) + i © () f(§ © ()
+ ¥ © V() (f 0 9* (W) = 2uy, f(B(W)) + 27, f (D (W)).

We first consider w € 2 so that w # ¢(w) # YP(w) # w and select z € X of
norm 1. We define « a continuous function such that a(¢(w)) = 1 and a(¢(w)) =
a(¢?*(w)) = alg o P(w)) = 0. Now, we choose f(w) = a(w) - z. Equation 2.1)
reduces to

(1 0 P(w)) Uy © V() (2) + (P (W))W © Vi) (2) = 2u,(2).

This equation implies that Yo¢(w) = ¢(w) and ¥ (w) = ¢(w). Hence p(w) = (w),
contradicting our assumption.

Now, we consider w € (2 so that w = ¢(w) # Y (w). We select a continuous
function « satisfying the conditions: a(w) = a(p(w)) = a(¢$?(w)) = a(y?(W)) =0
and a(¥(w)) = a(y o p(w)) = 1. Given f(w) = a(w) - z, equation (Z.I) reduces to
U, 0 V,y(2) + (P oY) (W) - Vi © Uy (2) = 2¥,,(2). Thus ¢ o (w) = ¢ (w). Further-
more, for f(w) = a(w)-zand f(w) = (1 —a)(w)-z, withz € X, equation (2.1]) yields
the following: u,, 0 v,(2) + v, 0 Uy (2) = 2v,(2) and 2 (2) + v, 0 V() (2) = 21, (2)

respectively.
Therefore the Id is the average of the isometries u,, and u_! o v, 0 vy, or u,
and v, o uy(,) o v, '. This implies that u, = uy) = Id and v, o vy = Id, (see

Lemma[2.2). If « is such that a(w) = 1 and a(y)(w)) = 0 we have u, o u,(z) +
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a(P*(w)) - u, © Vyw)(z) = 2u,(z). This implies that 1/?(w) = w. Similar consid-
erations hold for w = Y(w) # ¢(w). fw # d(w) = P(w), then equation 2T is
factored as follows:

(1t + ) [ 190 (F(97 (@) + Vo) (f (@ (W))) = 2f($(w))] = 0.

This last equation is clearly true whenever u,, + v, = 0. If there exists z € X so that
u,(z) + v,(z) # 0, then we claim that w = ¢(w) = Y(w). Otherwise, p*(w) #
é(w) (hence ¢?(w) # 1(w)). Urysohn’s Lemma asserts the existence of o so that
a(P}(w)) = a(¢*(w)) = 0and a(¢p(w)) = 1. Hence, f(x) = a(x) -z does not satisfy
equation (2.I)), which leads to a contradiction. It remains to analyze the case where
w = ¢(w) = Y(w). Equation 2.1 now reduces to

(1 + o) [ 1o (f (W) + v (f(w)) — 2f(w)] = 0.

Since this is true for every f € C(£2, X), statement (i) follows, and the proof is com-
plete. ]

Theorem 2.4 Let X be a strictly convex Banach space. If a projection P is given by the

average of two distinct isometries on C(Q2, X), then either

(1) P(fHHlw)= %(f(w)+uw(foq5(w))) ,forevery f € C(Q,X) andw € Q, u, isan
invertible isometry on X such that u,, o ug,y = Id, and ¢: Q — § a nontrivial
homeomorphism so that ¢* = 1d, or

(i) P(f)(w) = qu(f(w)) forevery f € C(Q,X) and w € Q, u,, and v,, are invertible
isometries on X such that q,, = (u,, +v,,)/2 is a projection.

Proof We denote by P a projection given as the average of two distinct isometries,

U, (fop(w)) +vu(fo ww)).

P(f)(w) = 5

Proposition 23] allows us to define the following partition of : § = {w : ¢(w) =
YW} A ={w ¢ 8S: ¢w) =w}l,and A, = {w ¢ S: Y(w) = w}. It also follows
from Proposition 2.3 that ¢(A;) = A, and ¥(A;) = A,. If A; or A, is nonempty and
wp denotes a boundary point of either then wy = ¢(wy) = 1P(wp). We define

Py (w) = o) %fweéz and  u,(w) =14 ° %fwesz
P(w) ifw € Ay, u, ifw € A;.

It is also a direct consequence of Proposition 23] that ¢, is a homeomorphism and
u, is continuous. Therefore, we have that P(f)(w) = %(f(w) + (W) f(Ps(w))). The
statement (i) in Theorem2A4lnow follows from Proposition23] If A; and A, are both
empty, then S = Q. Thus, we have that g, = (4, +v,)/2 = 0, if w # ¢(w) = P(w).
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On the other hand, if w = ¢(w) = Y(w), then (u, + v,)[u,(f(w)) + v (f(w)) —
2f(w)] = 0and q,, = (u, +v,)/2, as stated in (ii). This concludes the proof. [ |

Definition 2.5 We say that two isometries L(f)(w) = uj(w)f(¢1(w)) and
L(f)(w) = uy(w) f(¢1(w)) are essentially distinct if and only if ¢; and ¢, are dis-
tinct homeomorphisms.

Corollary 2.6 Let X be a strictly convex Banach space. A projection P is given by the
average of two essentially distinct isometries on C(Q), X) if and only if it is a generalized
bi-circular projection.

Remarks In general we do not know if g, in Theorem [2.4] above is a generalized

bi-circular projection. There are some special cases where this is indeed the case. The

operator q,, = w is a bi-contractive projection. The bi-contractive projections

are known for some of the classical Banach spaces, including L?(x) and C(£2). In
many cases, such projections can be written as the average of the identity and an
isometric reflection. If q,, in the previous theorem has such a representation then it
will also be a generalized bi-circular projection.

If X is a complex Hilbert space, then g, is a generalized bi-circular projection if
and only if it is self-adjoint, i.e., ¥, = q.,. More generally, if q,, is an L? projection,
ie, for every x € X, |[x||P = [|qux||f + ||(I — qu)x||?, for p € [1,00) (||x]| =
max{||q.x|, || — qu)x||}, for p = 00), it is easy to show that q,, is a generalized
bi-circular projection.

We end this note with a question directly related to our study. Let X be a Banach

space with U and V surjective isometries. Suppose that P = YtV is a nontrivial

2
projection. Must P be a generalized bi-circular projection?
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