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Abstract. In this paper we study the conformal measures of a normal subgroup of a
cocompact Fuchsian group. In particular, we relate the extremal conformal measures to
the eigenmeasures of a suitable Ruelle operator. Using Ancona’s theorem, adapted to the
Ruelle operator setting, we show that if the group of deck transformations G is hyperbolic
then the extremal conformal measures and the hyperbolic boundary of G coincide. We
then interpret these results in terms of the asymptotic behavior of cutting sequences of
geodesics on a regular cover of a compact hyperbolic surface.
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1. Introduction

Let D = {z € C: |z| < 1} be the open hyperbolic unit disc and let 0D ={z € C: |z] =
1}. Let I" be a Fuchsian group (a discrete subgroup of Mobius transformations) which
preserves . We denote by dr the critical exponent of I' (see the definition in §2.5). Given
8 > 0, a finite measure © on 9D is said to be (I", §)-conformal if for every y € T,

d(pnoy) _ ly/ls
du '

We denote by Conf(I",§) the collection of (I, §)-conformal measures and by
ext(Conf(I", §)) the extremal points of Conf(T", §).

Conformal measures have many applications in hyperbolic geometry. Let x and p' be
two (I, §)-conformal measures. Then the measure

duE)dp (E1)dt
|~ —&+)?
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on 9D? x R projects to a geodesic-flow-invariant measure on T'(D/ T') (the unit tangent
bundle of D/ T'), see [6]; the measure

e dp(€)dsdt (1)

on 3D x R? projects to a horocycle-flow-invariant measure on T'(D/T") and the function

h@y—f <LZEE)Z ), zeD
= Jip g —z2) ’

is a positive ['-invariant §(8 — 1)-eigenfunction of the Laplacian Beltrami operator.
Moreover, every such eigenfunction arises in that way; see [5, 31].

If the underlying surface D/ " is a fame surface then every ergodic horocycle-flow-
invariant Radon measure which is not supported on a single horocycle is of the form of
equation (1); see [43]. See also [32] for a similar decomposition in higher dimensions.

The existence of a (I", §)-conformal measure was first proven by Patterson [37] for the
critical value § = 4t and by Sullivan in higher dimensions [52]. Later on, in [53] Sullivan
showed that for non-cocompact groups with no parabolic elements, a (I, §)-conformal
measure exists if and only if § > ér. In [40], Roblin studied the conformal measures in
more general settings via a Martin boundary approach. A more general class of measures,
quasiconformal measures, has been considered as well; see [9, 14].

Furstenberg [22] showed that if T" is cocompact (i.e. D/ T" is compact) then the Lebesgue
measure is the unique (I", d1)-conformal measure and there are no other (I", §)-conformal
measures for all § > ér. Variants of this result were proven by Dani [16] for cofinite
groups and by Burger [12] for geometrically finite groups. Their original motivation was
the classification of the horocycle-flow-invariant measures. See also [28] for a study of
the ergodicity of the horocycle flow with respect to the Liouville measure and [39] for
an extensive study of the conformal measures in negatively curved geometrically finite
manifolds.

In this work we study the conformal measures of a normal subgroup of a cocompact
Fuchsian group, namely under the assumption that there exists a cocompact Fuchsian
group I'g with I' <t I'g. In particular, we focus on the classification of the conformal
measures and their identification with some structure of the group of deck transformations
G =T/ T. To the best of our knowledge, such an identification is known only when the
group G is a nilpotent group. Then the extremal conformal measures are identified with
homomorphisms of the form ¢ : G — R; see [33, 34]. Another related work is [45], where
Schapira and Sarig studied the generic points of the horocycle-flow-invariant measures on
Z4-covers (namely G = Z%) in terms of the almost sure asymptotic velocity of geodesics.

1.1. Conformal measures and eigenmeasures of the Ruelle operator. In §3 we show
that for every 6 > dr there is a linear one-to-one correspondence between the extremal
(", §)-conformal measures and eigenmeasures of a suitable Ruelle operator. As the theory
of the eigenmeasures of the Ruelle operator is well developed (see [10, 18, 35, 41, 42,
49, 51]), this correspondence can be a step towards a classification of the conformal
measures. In particular, in [49] the author presented the eigenmeasures of a transient
Ruelle operator (see the definitions in §2.2) in terms of points on a Martin boundary. Thus,
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the classification of the conformal measures directly translates to the identification of the
Martin boundary.

The correspondence is stated using the Bowen—Series coding. In more detail, for a
cocompact Fuchsian group I'g let Fp € D be a fundamental domain for D/ 'y with even
corners, that is, Fy is a union of complete geodesics in ID. Every compact surface D/ I'g
has such fundamental domains; see, for example, [7]. For a set A, we write int(A) =
A\ 0A. In [11], Bowen and Series constructed (with respect to Fp) a partition {I;}ses,
of 9D into closed arcs with disjoint interiors and a set {e;}qes, € I'o such that the set
{ea}aes, generates I'g and the Bowen—Series map fr, : 0D — 0D,

fro®) =e;'€, £ €int(ly),
induces a Markov partition of 9D, namely the space
Y :={(0;) : Vi 20, 0; € Sp and int(fr,(Is,)) Nint(ls,,,) # T}

along with the left-shift transformation is a topological Markov shift (see §2.1). Since the
group I'g has no parabolic elements the set Sy is finite and (X, T') is actually a subshift
of finite type. Let my : ¥ — 9D be the canonical projection, wy (o) € mnzo fr_0 "I,
(the intersection is a singleton; see [6]). For several other important properties of the
Bowen—Series coding, see §2.6.

Let (X, T) be the group extensionof ¥ with G =To/T and let T : X — X be the
left-shift transformation; see §2.6. We sometime use the canonical correspondence and
identify X with ¥ x G. Given § > 0, let ¢X’5 : X - R,

¢* (o, yT) 1= =8 log |(e;,) (5 0 mx (1))

where mx : X — X is the natural projection from X to X. The Ruelle operator associated
to ¢*X-?, evaluated on a function f : X — R and a point x € X, is

Lo HX) = 3 O p(y);

y:Ty=x

see Definition 2.1. In §3 we prove the following theorem which connects between the
conformal measures and the eigenmeasures of Lgx.s.

THEOREM 1.1. Let Ty be a cocompact Fuchsian group, let I' <1 Ty and let § > ér. Then
the following mapping Y is an affine bijection between the Radon eigenmeasures of Lyx.s
for the eigenvalue 1 and the (I, §)-conformal measures: for a Radon eigenmeasure Ly
and a Borel set E C 0D,

Y (ux)(E) = ux (s (E) x {T)).

1.2. Application to hyperbolic covers. In §§4 and 5 we apply the principle described
above to the case where the group of deck transformations G = I'p/I" is hyperbolic. In
the canonical probabilistic setting, Ancona’s well-known theorem [3, 4] relates the Martin
boundary of a finite-range random walk on a hyperbolic graph to the hyperbolic boundary
of the graph. In his original work, Ancona actually studied elliptic operators; see [54]

https://doi.org/10.1017/etds.2020.83 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.83

2848 O. Shwartz

for the probabilistic interpretation. Using an extended version of Ancona’s theorem to
the Ruelle operator setting (see §2.4), for every § > ér we relate the (I, §)-conformal
measures, via a suitable Martin boundary, to the hyperbolic boundary of G, denoted
by 9G.

In what follows, a sequence (a;) with a; € Sy is called a boundary expansion of a point
& € 0D if for every n > 0, fli’o (&) € 1,,. Observe that (a;) is a boundary expansion of a
point £ € 0D if and only if 7y (ag, a1, ...) =&.

THEOREM 1.2. Let I'g be a cocompact Fuchsian group, let T <1 I'g and let § > 8r. Assume
that G = I'g/ I is a hyperbolic group. Then, for every p € Conf(I", §), for p-almost every
(a.e.) & € 0D with Bowen—Series coding (ay,), the sequence

e‘;] ce e;ol r
converges to a point in dG. If i € ext(Conf(T", 8)), then there exists n € 0G such that the
sequence almost surely converges to n. Conversely, for every n € G, there exists a unique
u € ext(Conf(I", §)) with n its almost surely limiting point of the sequence.

We interpret the result of Theorem 1.2 in terms of cutting sequences of geodesics as
well. In more detail, let

R={E,tNH e (0D)? : the geodesic curve between £~ and £ intersects int Fp}.

Recall that for every y1, y» € I'g, int(y1 Fo) Nint(y2 Fy) # @ if and only if y; = y» and
that the copies y Fp, y2 Fo share a common edge if and only if y; y2_1 € {ea}aes,- Given
(€7, ET) € R, let (F;); <z be the sequence of copies of Fy that the geodesic curve between
£~ and £ intersects. If the curve passes through a vertex of some F;, we perturb the
curve around it; see [48, Figure 5]. Then, for all i, there exists a unique ¢; € {es}qes,
such that F; = e; ! Fiy 1. The sequence (¢;) is called the cutting sequence of (€, £*). For
(67, &T) € R with a cutting sequence (e;), we write

miEE) =erl ey 'T
and

My (67, ET) i= ()™ -+ (e—) 7T

In §5 we prove the following theorem which describes the almost surely limiting behavior
of nf and .

THEOREM 1.3. Let T'g be a cocompact Fuchsian group, let T <1 T'g, let § > dr and let u €

Conf(I", §). Assume that G = I'/ 'g is a hyperbolic group. Then the following statements

hold.

(1) For p-a.e. €T € 3D, for all but countably many £~ € 0D such that (§~,€7) € R,
the sequence n,} (6, &™) converges to a point in 3G.

(2) For p-a.e. £~ € 0D, for all but countably many €+ € 0D such that (§~,&%) e R,
the sequence n, (6, €T) converges to a point in 3G.
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If n € ext(Conf(I", §)) then there exists a point n € 0G such that the sequences
almost surely converge to n. Conversely, for every n € 0G, there exists a unique
€ ext(Conf(I", §)) with n its almost surely limiting point of the sequences.

The limiting point  from Theorem 1.3 is the same limiting point from Theorem 1.2.
We emphasize that Theorem 1.3 does not follow directly from Theorem 1.2 because when
o is cocompact the set of cutting sequences is not a Markov shift; see [48]. However, as
was shown by Series in [48] and also by Adler and Flatto in [2], the cutting sequences
and boundary expansions (namely the two-sided Bowen—Series coding) are conjugate; see
§5. Although Theorems 1.2 and 1.3 are equivalent in some sense, for completeness of this
paper, a rigorous proof for the latter theorem is included in §5.

The extended Ancona’s theorem (see Theorem 2.9) holds only for supercritical values,
which translates in this setting to § > r. Recently and independently, Bispo and Stadl-
bauer [8] showed that for a potential function with a quasi-symmetric Green’s function
on a group extension of a hyperbolic group, the results of the extended Ancona’s theorem
also hold at the critical value. In particular, they showed that the results of Theorems 1.2
and 1.3 hold at the critical value § = ér as well. Moreover, using the symbolic coding
presented recently in [13], they derived a similar correspondence between the conformal
measures and the hyperbolic boundary which holds at critical value § = ér for regular
covers of CAT (—1)-spaces with compact convex core and hyperbolic group of deck
transformations.

For similar results on dependent random walks involving invariant measures (rather
than conformal measures), see [29, 30].

2. Preliminaries
2.1. Topological Markov shifts and the Ruelle operator. Let S be an infinite countable
set of states and let A = (A, 5)sxs € {0, 1}5%5 be a transition matrix over S. For a subset
A C 7 and a vector x € SA, we denote by x; the ith coordinate of x.

The (positive) one-sided topological Markov shift (TMS) is the space

X={xesWU A . =1Vi>0)
with the transformation 7 : X — X, (Tx); = x;4+ and the metric
d(x,y) =2~ inf{i>0:x; #yi}

If ), Aup < oo forevery a € S, then the space (X, d) is locally compact and all cylinder
sets

lag,...,ap]l ={xeX:x;=a;,0<i <m}

are compact. A word (ay, ...,a,) € S" is called admissible if [ay, ..., a,] # 2. We
denote by W" the set of all admissible words of length ,

W'={(ay,...,ay) € S" : [ay,...,a,] # D).

We say that X is topologically transitive, or simply transitive, if for every a, b € S there
exists n > 0 such that T " [a] N [b] # O.
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We denote by C.(X) the space of all continuous functions from X to R with compact
support, by C*(X) the space of all non-negative continuous functions and by C;F (X) =
CT(X) N C.(X) the space of all non-negative continuous functions with compact support.

The m-th variation of a function ¢ : X — R is

Vary, (¢) = sup{lp(x) —p(¥)| :x,y € X, xi = yi,0<i <m —1}.

A function ¢ is said to have summable variations if ) ,, ., Var,, (¢) < oo. Notice that this

condition is satisfied by all Holder-continuous functions. We let ¢, = Z?:_ol ¢oT! and
Cyp = Zmzz Var,, (¢).

Definition 2.1. The Ruelle operator Ly evaluated on a function f € C(X) at a point
xeXis

Lo = Y I f(y).

y:Ty=x

When X is locally compact, the sum is finite for every f € C.(X). Then, for every n > 0,

Ly =Y, eV f).

y:T"y=x

Definition 2.2. The Gurevich pressure of ¢ is the limit

1
P = lim sup — lo e (x
G(9) =lim sup -~ log > - [l (x)

Thx=x
for some a € Sand x € X.

If (X, T) is topologically transitive and ¢ has summable variations, then Pg (¢) is inde-
pendent of the choice of a; see [41]. When Pg(¢p) < oo, we write p(¢) = exp(Pg(¢)).

2.2. The Martin boundary of a transient potential. ~Assume that X is transitive and
locally compact and that p(¢) < oo. Let ¢t € [p(¢), 00). The t-Green function, evaluated
at f e Co(X)and x € X, is

G(f, xIt) ==Y 17" (L fH(x).

n>0

We say that ¢ is t-recurrent if G(f, x|t) = oo for some (or equivalently for every) 0 #= f €
CH(X) and x € X. Otherwise, we say that ¢ is r-transient. If ¢ is 1-transient, we simply
say that it is transient. Then we write G(f, x) := G(f, x|1). Notice that the ‘transience’
in [42] means in our terminology p (¢)-transience.

For a t-transient potential with summable variations, the author introduced in [49] a
Martin boundary which represents all eigenmeasures (and analogously all eigenfunctions)
of the Ruelle operator, for the eigenvalue . We briefly describe the construction here.
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Fix o € § arbitrarily. When ¢ is r-transient, for every fixed f € C j (X), the Martin
kernel
G(f,xlt)
K(f,x|t) ;= ————
G(1jp), x2)
is continuous and bounded as a function of x. Let {w; };cy be an enumeration of Uiz 1 Wi
We define a new metric on X,

8]

oty =3 | K (g X18) — K (1> YIOT+ [T 6) = T 1 ()
’ maxXzefw;] |K(1[wl], Z|t)| -

i=1
The -Martin compactification, denoted by X (1), is the completion of X with respect to
the metric o. The t-Martin boundary, denoted by M(t), is the set of all new obtained
points, M(t) = )?(t) \ X. For every fixed f € C.(X), the Martin kernel K(f, -|t) is a
o-continuous function in X and it can be uniquely extended to a g-continuous function in
X(¢) via

K(f.0l) = lim K(f.x]), e M@.

Given w € M(t) and f € C.(X), we let u,(f) := K(f, w|t). Observe that for every w €
M(t), the measure u,, is a t-eigenmeasure of L.

The t-minimal boundary M., (t) is the set of all points w € M(¢) such that the resulting
measure [, is extremal in the cone of eigenmeasures for eigenvalue ¢. Then, for every
positive Radon measure p with L:;/L = t|, there exists a unique finite measure v on
M, (¢) such that

M(f)=/ Ho(f) dv(w) forall f e Cc(X). 2)
M”‘l(t)

By definition, a sequence x” € X converges to a point @ € M(¢) in the topology of
X\(t) if and only if K (f, x"|t) — K(f, w|t) for all f € C.(X). In particular, a point
® € M,,(¢) is fully characterized by the following convergence property: for p-a.e. x €
X, T"x — win X(¢).

It is elementary to show that observing the first coordinate alone is sufficient to
determine whether a sequence of internal points x” € X converges to a boundary point
w € M,;(X):if T"x - wand x,, = y, foralln > 1 then T"y — w as well. In particular,
we have the following proposition.

PROPOSITION 2.3. For every w € M,,()) there is sequence a,, € [S] such that for every
x € X with x,, € [a,] we have that T"x — w.

In this paper we mainly assume that Pg(¢) < 0, which directly implies that ¢ is
transient and the Martin boundary M := M(1) exists. We write M, := M, (1).

2.3. The hyperbolic boundary. We briefly recall the definitions of a hyperbolic graph
and its boundary. For more detailed description, see [23] and also [54].

Let EC S xS be a set of edges over S. We say that (S, E) is connected if for
every a, b € S, there exist ay, ..., a, € S such that ay = a,a, = b and (a;, a;+1) € E,
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1 <i < n. We say that (S, E) is undirected if the set E is symmetric. We say that E is
locally finite if for every a € S, #{b : (a, b) € E} < 0o. We denote by dg (a, b) the length
of a shortest path from a to b in (S, E). When (S, E) is undirected and connected, dg is a
metric.

Definition 2.4. Let (S, E) be a connected, undirected and locally finite graph.
A geodesic triangle consists of three points a,b,c € § and three geodesic paths
nw(a,b), w(b, c), w(c,a) from a to b, b to ¢, and ¢ to a, respectively. We say that the
graph (S, E) is 8-hyperbolic if every geodesic triangle in the graph is §-thin, namely any
point on one of its sides is at distance at most § from the other two sides.

Let (S, E) be a §-hyperbolic graph. Fora, b, 0 € S, let
la Ablo = 3(dE(o, @) +dg (0, b) — di(a, b)).
Fix an origin point o € S.

Definition 2.5. We say that a sequence a, € S converges to the hyperbolic boundary
in (S, E) if limy, 50 |an A amlo = 00. Two sequences converging to the hyperbolic
boundary a,, b, € S are said to be equivalent if

lim |a, A b,|, — oo. 3)
n—od
It is easy to verify that these definitions do not depend on o € S.

Definition 2.6. The hyperbolic boundary (or the Gromov boundary) of (S, E), denoted by
a(S, E), is the collection of all equivalence classes according to the relation in equation (3).

2.4. Generalized Ancona theorem. Recall that p(¢) is the radius of convergence of
Green’s function. Consider a finite-range random walk on a hyperbolic graph. Then, for all
A > p(¢), the minimal A-Martin boundary of the walk and the hyperbolic boundary of the
graph coincide. This was first proven by Series for random walks on Fuchsian groups [47]
and then by Ancona for more general hyperbolic graphs [3, 4]. See also [27] for a similar
result in more general spaces and [9] for the connection between Ancona’s inequality and
the Green metric. Later on, this result was proved at the critical value A = p(¢) by Gouézel
and Lalley for random walks on Fuchsian groups [25] and by Gouézel for symmetric
random walks on hyperbolic groups [24].

To prove the main results of §§4 and 5, we extend Ancona’s theorem to the Ruelle
operator setting. In particular, we show that if the potential is uniformly irreducible with
respect to a hyperbolic graph (see Definition 2.7) then for all . > p(¢), the minimal Martin
boundary M,, (1) and the hyperbolic boundary coincide. The proof of the theorem, which
is of technical flavor, appears in Appendix A.

Definition 2.7. Let (S, E) be a connected, undirected and locally finite graph. We say that
¢ is uniformly irreducible with respect to (S, E) if:

(1) ¢ is bounded;

(2) forevery a, b € S with [a, b] # & we have that (a, b) € E;
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(3) there exists K > 0 such that for every a, b € S with (a, b) € E, there exists k < K
with
Li1a)(x) > 0 forall x € [b].

Remark 2.8. There may be (a, b) € E with [a, b] = &. The set of edges E is symmetric
and we may have different values of k for (a, b) and (b, a). However, both values are still
bounded by K.

For every a € S, we pick x, € T[a] arbitrarily.

THEOREM 2.9. Make the following assumptions.

e (X, T)islocally compact and topologically transitive.

e ¢ has summable variations and Pg(¢) < oo.

o There exist § > 0 and a §-hyperbolic graph (S, E) such that ¢ is uniformly irreducible
with respect to (S, E).

Then, for every A > p(¢), there is a bijection w : (S, E) — M,,()A) such that, for any

a, € S,

an —— £€d(S,E) < forall f € Cc(X), K(f, anxq,|)) —= K(f,w(@&)|r).

Recently and independently, in [8] Bispo and Stadlbauer have managed to show that if
X is a group extension of a hyperbolic group and Green’s function is quasi-symmetric then
the result of Theorem 2.9 also holds at the critical value A = p(¢). In contrast to our proof
which is based on [54], their proof is based on the previous works by Lalley and Gouézel
[25] and by Gouézel [24].

2.5. Regular covers of compact hyperbolic surfaces. Recall thatD = {z € C: |z| < 1}
is the unit open hyperbolic disc and that 9D = {z € C : |z| = 1} is its boundary. We denote
by dp the hyperbolic metric on D. A Fuchsian group I'y is said to be cocompact if D/ I'g is
a compact surface. A regular cover of D/ I'g is a surface D/ I" where I' < T'g. The group
of deck transformations G can be identified with I'g/ " as follows: yI" - xI" = yxI", with
y € I'g and x € D. Let Fix(I'g) = {£ € 9D : 3y € T'p \ {id} such that yp& = &}. Notice
that Fix(I"g) is a countable set.
Recall that dr is the critical exponent of I', namely the critical value of § such that the
Poincaré series
p(I.8) = ) ¢ w010 4)
yel

converges for all § > dr and diverges for all § < dr. In general, ér < dr, and there is an
equality if and only if G is amenable [50]. See also [15, 19, 26] for similar results in more
general spaces. Since I'g is cocompact, dr, = 1; see [36, Theorem 1.6.3].

We remind the reader of the definition of a conformal measure.

Definition 2.10. (Sullivan [52]) A finite positive measure w on 0D is said to be
(T, 8)-conformal if for every y € ',
d(poy)
— =
m
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where (uoy)(A) = u(yA) = f 1a(y~'x)du(x). We denote by Conf(I', ) the
collection of all (I, §)-conformal measures and by ext(Conf(I", §)) the extremal points of
Conf(T, §).

Patterson and Sullivan originally considered what they called conformal densities rather
than conformal measures. However, both definitions coincide; see [5, Remark 3.3].

2.6. The Bowen—Series coding and its group extension. Let I'g be a cocompact Fuchsian
group and let Fy € ID be a fundamental domain of D/ I'g with even corners. In [11], Bowen
and Series constructed (with respect to Fp) a finite partition {/;}4es, of dID into closed
arcs with disjoint interiors, a finite set {e,}qes, € I'o and a map fr,, : dD — 9D with the
following properties.
(Gen) The set {e,}qes, 1S symmetric and generates I'g.
(Res) Foralla € So, fr, = ea_l on int(/,).
(Mar) {1} is a Markov partition: if int( fr,(1,)) Nint(Ip) # @ then I, C f(1,).

(Tr) For every a, b € Sy there exists n such that fl’lo (1) 2 Ip.
(Orb)  For all except finitely many &1, & € 9D,

there exist n, m € N such that fl’lo &) = flf’é (&)
<= there exists yy € ['g such that &} = yp(&2).
(Dist) There exists a constant B > 1 such that for every ay, ..., a, € Sy and every
1,6 € dD with ff & = e, .. el fork=1,.. ,nandi=1,2,
n—1y/
165 1) @l _,
Y @)

For (Orb), see [46]. For (Dist) see also [33]. The finiteness of Sy follows from the absence
of parabolic elements in I'g.

We write Iy, 4, = ﬂ;’zl F_Oi“'llai. In particular, for all & € int(/,,, . 4,) and
1<k<n,
k —1 —1
f[‘o('s;:) = eak e eal ‘§>:
For an admissible word w = (ay, . . . , a,), we write ey, = eq, . . . €q,.

Definition 2.11. A sequence (a;);>0 With a; € Sy is called a boundary expansion of a point
& € oD if for every n > 0, flilo(é) €ly,.

Let
T ={(0i)iz0: Vi =0, 0; € Sp and int(Is,,) C int(f(I5))} (3)

and let Ty : ¥ — X be the left-shift. Let 7y : ¥ — 0D be the canonical projection,
ny(o) € mnzo fr_o " I, (the intersection is a singleton; see [6]). By (Mar) and (Tr), (X, T')
is a one-sided transitive TMS, and by (Res), fr, o s = 7x o Tx. Given a point o € X,
we write o; for its ith coordinate.
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Let G =T'g/ " where I' <1 I'g. Let (X, T) be the one-sided TMS over the set of states
Sx = So x G with the transition rule

(@, y1T) ~ (b, yaI") <= int(Ip) < int(fr,(l,)) and oI = e, 'y T (6)

The shift space (X, T) is called the group extension, or the G-extension, of X; see [50].
The transitivity of (X, T) follows immediately from the transitivity of the geodesic flow
on D/ T (see [20, Theorem 3.8]) and from the conjugation between cutting sequences and
the Bowen—Series coding (see [2]).

We denote by mx : X — X the natural projection from X to X.

Definition 2.12. Given § > 0, let¢2"s Y — R,

¢ (0) == =8 log |(e;,) (5 (0))]
and let

%0 (x) 1= = (mx (x)).

The potential ¢>2’5 is Holder continuous (see [46]) and thus ¢ 4 is Holder continuous as
well. It is elementary to show that the potential ¢ is transient if and only if p(T", 8) < oo
and that for all § > 8, Pg(¢X*%) < 0. The following proposition allows us to narrow our
discussion to non-atomic measures.

PROPOSITION 2.13. Let I'g be a cocompact Fuchsian group, letI" < Ty and let § > ér.
(1)  Every (', §)-conformal measure is non-atomic.
(2)  Every Radon eigenmeasure of Lyxs for eigenvalue 1 is non-atomic.

Part (1) of the proposition was proven in [21] for Kleinian groups with no parabolic
elements. We prove part (2) in Appendix B.

3. The eigenmeasures of the Ruelle operator and the conformal measures
In this section we prove Theorem 1.1, which relates the (I, §)-conformal measures to the
eigenmeasures of L,xs for eigenvalue 1.

Before proving the theorem, we illustrate the usefulness of Theorem 1.1 and deduce
several elementary results, some already known, using the theorem.

COROLLARY 3.1. Let § > &r. Then, for every p € Conf(I", §), there exists a unique finite
measure v on ext(Conf(T", §)) such that

n= / w dv(p).
u' € ext(Conf(I",8))

Proof. This result can be derived from the classical Choquet theory but also follows from
the unique representation on the minimal boundary (see equation (2) and also [49]) and by
the linearity of the mapping in Theorem 1.1. (|

COROLLARY 3.2. (Furstenberg [22]) Assume that D/T is compact. Then a (T, 8)-

conformal measure exists if and only if § = ér. Moreover, the (I, 8r)-conformal measure
is unique up to scaling.
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Proof. The corollary follows directly from Ruelle’s Perron—Frobenius theorem; see [10].
O

COROLLARY 3.3. (Cf. Sullivan [53] and the Hopf-Tsuji—Sullivan theorem.) Assume that
p (L, 8r) = oc. Then the (T, dr)-conformal measure is unique up to scaling.

Proof. Since p(I', 8r) = oo, the potential ¢*°T is recurrent. By Sarig’s generalized
Ruelle Perron—Frobenius theorem [41, 42], the eigenmeasure of L xs- is unique up to
normalization. U

In what follows, let ¥ = 9D x G. The group I'g acts on Y in the following way:

&, v = (W&, vovyT), w el ¢,y eY.

Let fy : Y — Y be the extension of fr, to Y:

frE yD) = (e; "6, e, 'yD), & eint(l,).

By Proposition 2.13, we can narrow our discussion to non-atomic measures and thus we
may ignore the values of fy on d1,. To prove Theorem 1.1, we map, in several steps, the
Radon eigenmeasures of Lg  for eigenvalue 1 to the Radon measures on Y which satisfy
[o-regularity condition; see equation (8) in the following lemma.

LEMMA 3.4. Let 1y be a non-atomic Radon measure on Y. Then the following statements
are equivalent.

(1)  The measure jy o fr, given by
(uy o fr)A X {yTh =Y uy(fr(Ua N A) x {yT})
aeSO
with A C 0D measurable is absolutely continuous with respect to py and
d(py o fy)
dpy
(2) The measure uy is I'g-quasi-invariant and for all yo € T,

& yD) =/, ©, py-ae. (7

d(py o yo)
duy

Proof. Assume (1) holds. Fix yy € I'g, yp # idr, and let
Anm = (E € 0D 1 £ (E) = (f 0 Y0) ()},

By (Orb), ;Ly((Umm20 Apm xG)A Y)=0.Fixn,m >0 and let £ € A, ,, \ Fix(I'p).
Letay,...,an, b1,...,by € Sosuchthaté € I, 4, and yo§ € I, . p, - Then

E yD) = @&, py-ae. (8)

el el @) =, e vo(®).
In particular, & is a fixed point of ey, - - - eaneb_ml . e,:ll)/o. Since & ¢ Fix(I'p),

| —1\-1_-1 -1
VO_(ebmebl) ean...eal
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and
Yo @®1° =Wy, e, NN (et - e O - 1(e! - e ©)F
ezt -+ e (&)
(e, e (B
For py-ae. (§,yT) € (Iy,....ap N J/O_]Ib1 ,,,,, b,) X G we have that
d(uy o fy) d(py o fy' o yo)

r , vyl

iy & vyl = duy &, vD)
d o
1224

Moreover, by equation (7), for py-a.e. (§, yI') € (Iy,....a, N yo_ Ip,...pn) ¥ G,

d
(“dy—fy@ Y0y =l(e;) - en) @)
wy

and

d(uy o fy')

o g oy D) = (e, -+ e (o8I’

Thus, for uy-a.e. (§, yI') € (gy,...a, Ny Ib1 ,,,,, bw) X G,

d d(py o fy'
(Rrom) o _ ((“Y—fY)(yog,yoyr)) Ay o J7) ey = 1y@)P.
duy duy djy

Since there are only a countable number of such (ay, . . ., an), (b1, . .., by), m and n, the
identity holds for uy-a.e. (¢, yT') € Y. So (1) = (2).
Next, assume (2). Fix a € Sy. Then, for uy-a.e. (¢, yI') € I, x G,

d(uy o fy) d(uy oezh)
= I e, yT 2 " a J
ity ¢,y = ity

& yT) =1(e; )& =1, ©E. O
Henceforth we use the following canonical correspondence to identify X with ¥ x G:
(0, yT) —> ((00, yI), (01, ;' yT), (01,5 y ), .. ).
In particular, we will not distinguish between the two. We let 7 : X — Y, 7 (o, yI') =
(rz(0), yT).

LEMMA 3.5. Let § > 8p. Then the map jux v+ ux o7~ is an affine bijection between the
Radon eigenmeasures of Lyxs with eigenvalue 1 and the non-atomic Radon measures on
Y which satisfy equation (8).

1

Proof. Recall that ry; is bijective away from a countable number of points; see [46]. There-
fore, since all eigenmeasures of the Ruelle operator are non-atomic (see Proposition 2.13),
7 is a measure-theoretic isomorphism.

Recall that pux is an eigenmeasure of Lx,s of eigenvalue 1 if and only if

d(pux oT)

iD= | ft (@)
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where (ux o T)(A x {yT'}) = ZaeSo ux(T(([alN A) x {yI'})); see [44] and references
therein. Since 7 o fy =T o7,

d(uy o fr) _d(pyo(fyom")
@@y = = e (o)
_dexeD) o
dux
= | ff, (@),

Hence, by Lemma 3.4, ux is an eigenmeasure if and only if wy satisfies equation (8). [

Proof of Theorem 1.1. By Lemma 3.5, it suffices to present a bijection between the
(I", §)-conformal measures and the non-atomic Radon measures on Y which satisfy
equation (8).

Let i« € Conf(I", §). We define a new measure ;y on Y = 9D x G as follows: for A C
oDand yI" € G,

py (A x {yT}) :=/ Y EP1a(vE) du(@). €))

We show that this definition does not depend on the choice of y which represents yTI'.
Assume that y1I" = y»I" and let y € I such that y; = y»y. Since w is (I', §)-conformal,

/ I ENP 1a(nE) diu(E) = / |2y) E) P 1a(y2y€) du(®)

_ / AOOP Y EP L) du®)

dpoy™)

i (&) du(é)

=/ V@ Pl (v e 1P 1a(28)
= / 13 (E)P1A(28) dn(®).

So wy is defined properly. Since p is non-atomic (see Proposition 2.13), wy is non-atomic.
Moreover, by definition different choices of u lead to different measures @y (consider
y el).

We prove that uy satisfies equation (8). Given A C 9D Borel and y1, y» € Io,

(ny o YDA X {y2I'}) = (uy) (1A x {y1y2I'})

= / |(112) )P 1, A(1728) di(E)
= / |(1172) ()P 14(128) dpa(£)

= / 1) 1281 1(12) )P 14 (128) dju(E).
By the definition of uy,

wy (V{121 axpr)) = / 171) RO 1(12) E)P1a(12E) dpu(&)

and therefore d(uy o y1)/duy = Iyl/|5 for all y; € Iy.

https://doi.org/10.1017/etds.2020.83 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.83

Conformal measures of normal subgroups of cocompact Fuchsian groups 2859

Finally, we show that this mapping is onto. Given a non-atomic Radon measure py
which satisfies equation (8), let () := uy(:, {I'}). Clearly u is non-atomic and py is the
resulting measure of the mapping in equation (9). Moreover, for every y € I,

(noy)(A) = pny(yA, {I'})
=pr(YA {yI'h (- yI'=TinG=Ty/T)
= (uy o y)(A, {T'D
= wy (171’ Laxyry)

= / 1y ) 14E) 1 (E)

and p is indeed a (I, §)-conformal measure. [l

4. Application to hyperbolic covers

We now turn our attention to study regular covers with a hyperbolic group of deck
transformations. Recall that G is called a hyperbolic group if some (or every, see [23])
Cayley graph of G is a hyperbolic graph. We denote by dG the hyperbolic boundary of G;
see §2.3. We say that a regular cover D/ I" of D/ Ty is a hyperbolic cover if the group of
deck transformations G = I'g/ I is a hyperbolic group.

In this section we prove Theorem 1.2, which describes the extremal conformal measures
of I in terms of dG. In principle, we would like to apply the generalized Ancona theorem
on the Markov shift X and the potential $*°. Since we do not know a priori that the states
graph of X is undirected or hyperbolic, we work with a ‘larger’ hyperbolic graph structure
on Sy = So X G which is easier to analyze. In what follows, let

Ec ={(g1,82) € G xG:g1 = gpyorda € Sy such that e;lgl = g}
and let
Ex ={((a, g), (b, h)) € Sx x Sx : (g, h) € Eg}.

Since {es}qes, is a symmetric set which generates I'g, the set {e,I"},cs, generates G and
(G, E¢) is an undirected Cayley graph of G. Since (G, Eg) is undirected, (Sx, Ex) is
undirected as well. Let wrgy, : Sy — G be the natural projection, 7s, (§, g) = g. Observe
that (Sx, Ex) is not the canonical graph associated to the transition matrix of the TMS X.
In fact, it is larger since it has more edges.

Definition 4.1. Two metric spaces (X1, d1) and (X7, d») are called quasi-isometric if there
exist g : X1 — X3, A > 1, B> 0and C > 0 such that the following statements hold.
(1) Foreveryx,y e Xy,

1
Zdl(x, y) — B =dx(g(x), 8(y)) = Adi(x, y) + B.
(2) Forevery y € X, there exists x € X such that

dr(y, g(x)) < C.

We call such a function g a quasi-isometry; see [17].
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Since, foralla, b € Spand g, h € G,

deg (8. h) = dpy((a, 8), (b, h) < dEg (8. h) +1 10)

the graphs (G, Eg) and (Sx, Ex) are quasi-isometric. Since hyperbolicity is preserved
under quasi-isometries (see [23]), G is a hyperbolic group if and only if (Sx, Ex) is a
hyperbolic graph. We denote by G and Sy the hyperbolic boundaries of (G, Eg) and
(Sx, Ex), respectively; see the definitions in §2.3. We fix origin points og € G, 05y € Sx
with 7rg, (0sy) = 0. Notice that equation (10) together with the definition of A (see §2.3)
implies that

I(a, &) A (b, )]og, — 1 = [8 ANhlog = |(a, &) A (b, h)|og, + 1. (11)
In particular, for every {a,} € Sop and {g,} € G,

lim |g, A gm'oG = ooifand only if lim |(an, gn) A (@m, gm)|osx — 0
m,n— 00 m,n— 00

and (ay,, g,) converges to a point in dSx if and only if g, = 7s, (a,, g,) converges to a
point in dG. For n € 9S8y, set
75 () = lim g, (12)

where (a,, g,) — n. It is easy to verify that g, : 0Sx — 9G is a well-defined bijection
between the two boundaries.
Recall the definition of uniform irreducibility (see Definition 2.7).

PROPOSITION 4.2. ¢X is uniformly irreducible with respect to (Sx, Ex).

Proof. Since ¥ is compact, $*° is bounded. If [(a, g), (b, h)] # @ then h = ea_lg. In
particular, (g, h) € Eg and thus ((a, g), (b, h)) € Ex. For every a, b € Sy and y € I'g,
let ng ., be an integer such that there is an admissible path from (a, I') to (b, yI') in X,
namely

(Lo’ A @ pyr) > 0

where x4, 1) € T[(b, yI')]. Since (X, T) is topologically transitive, such a path exists.
Let ((a, g), (b, h)) € Ex. Then either g = h and
Mg bidp

Lyxs (i) @Emm) >0

orh = ec_lg, for some ¢ € Sy, and

na e;l
L¢)2],)é @) @) > 0.

Thus, with
K = max max Napb,y
a.beSy yefecleesyUlidry)
we have that q)X ST uniformly irreducible with respect to (Sx, Ex). [l

We are now ready to prove the main result of this section.
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Proof of Theorem 1.2. Since 8 > 81, we have that P (¢X%) < 0. By Proposition 4.2, ¢
is uniformly irreducible with respect to the (larger) hyperbolic graph (Sx, Ex). Thus the
conditions of Theorem 2.9 hold.

Let i € Conf(T", §). By Corollary 3.1, we can assume without loss of generality that
n € ext(Conf(T, 8)). Let wy be the corresponding eigenmeasure on X from Theorem 1.1.
Since u is extremal and the transformation from u to @y is linear, px is extremal as well.
By Theorem 2.9 there exists n” € dSx such that for ux-ae. x = (0,T) € X, T"x — 7'.
Let n = ms, (7') € 3G. By equation (12) we have that

_1.

e o

-1
~~e(,OF—>r;

on the Cayley graph (G, Eg). Since u(-) = ,ux(ngl () x {'}D, (o, I') is wx-typical point
if and only if o is a u-typical point and thus the first part of the theorem follows.

Now, let n € 9G and let ' = g, 117. By Theorem 2.9 there is a unique eigenmeasure
wx such that for uy-a.e. x € X, T"x — n’. Then, the second part of the theorem follows
with 12() = px (5! () x (T}, m

5. Convergence of cutting sequences along geodesics

In this section we study the asymptotic behavior of cutting sequences on hyperbolic
covers with respect to conformal measures. In particular, for every § > ér and every
pn € Conf(T", §), we show that the cutting sequence (projected to G) p-almost surely
converges to a point in G (see Theorem 1.3).

We emphasize that the geodesics on a regular cover do not always escape to infinity. In
fact, by the Hopf—Tsuji—Sullivan theorem the geodesic flow is conservative with respect
to the Liouville measure if and only if the Poincaré series diverges for § = 1; see [1]. An
example is a Z?-cover: the Poincaré series diverges if and only if d < 2 [38].

In what follows, recall that Fy € D is a fundamental domain of D/ I'g with even corners,
that given £, &1 € 9D with £~ # £ we denote by £~ A £ the unique geodesic curve
in D from £~ to £ and that

R={E", M) eaD?: " A &N Nint (Fy) # ).

Observe that R is symmetric, namely (§7, &%) € R if and only if (§7,&7) € R. Let
(67,&T) € R and let {F;};cz be the sequence of copies of Fy that the curve (€~ A£™T)
intersects. If (6~ A £T) passes through a vertex of some F;, we perturb the curve around
it; see [48, Figure 5]. Then, for all i, there exists a unique e; € {e4}qes, such that

F =¢;'Fiy.
Definition 5.1. The sequence (..., e_j,eq,eq,...) is called the cutting sequence of
(7,8
For (67, £€T) e R with a cutting sequence (. . ., e_y, ep, €1, . . . ), recall that
mE L ED =¢ gl
and

My (€7 ET) = (e—ye) ™o (e—)T'T.
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To prove Theorem 1.3, we exploit the connection between boundary expansions and cutting
sequences, presented by Series [48] and also by Adler and Flatto [2]. Firstly, we briefly
introduce the two-sided Bowen—Series coding. We denote by ¥ the negative one-sided
shift,

>*¥={(..,0.1,00,01,...) Vi, [0j,0i4+1] # @ in Z}.

We write Ts for the left-shift action on both ¥ and % the meaning should be clear from
the context. Recall that ry, : ¥ — 0D is the canonical projection where

wx (00,01, ) € () fry' o,

n>0
We write 71 : TF — 3D,
oy
77 (0) = mx (00,01, .. .).

For every a € Sp, let a € Sy such that ez = ea_1 and [a, b] # @ if and only if (b, @] *
in ¥. We define 7~ (o) = nx(6_1,0_, ...) and (o) = (w (o), 7 (c)). Then

m(Tso) = (1 (Tgo), 7t (Tx0)) = (e, 7 (0). ¢5,' w7 (0)).
Let
A={E", £ :30 € T* such that (67, £7) = (o)}
The Bowen—Series map fr, acts on A similarly to the left-shift action,
froE ™ EN) = (o Ts)(0) = (¢ m (0). ey m T (0)) = €, (67, &T).

Here and throughout, e, '(6 ™, &%) := (e, (§7). e (6T)). The value of the first-return
map gr, : R — R onapair (§7, £T) € R with cutting sequence (. .., e_1, eg, €1, . ..)
is

gryE7, EN) = ¢yl €7, £).

Notice that gr,(§~, §7) € R and the cutting sequence of gr,(§~, &%) is the cutting
sequence of (§~, &%) shifted by one position to the left. In particular,

g E T EN = (e - egHET, £
THEOREM 5.2. (Series [48]) There exists a bijection ¢ : A — R such that
(@o fr)E™, 1) =(gryo@)E~, £M).

An explicit formula for ¢ was derived in [2].
Let

D :={& € D\ Fix(Tp) : |5 ' (§)] = 1}.

Notice that D is a ['g-invariant set and that dID \ D is countable and thus a null set with
respect to any conformal measure; see Proposition 2.13. Given & € D with a (one-sided)
boundary expansion 7y, 1(5 ) = (09,01 ...) and yy € [y, we write

T ) =e; ey vl

https://doi.org/10.1017/etds.2020.83 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.83

Conformal measures of normal subgroups of cocompact Fuchsian groups 2863

Proof of Theorem 1.3. We show that for p-a.e. €7 € 9D, for every £~ € D with
(E7,&%) e R,nt (&7, &™) converges to a point in dG. Observe that if the cutting sequence
of (67,&T) is (e;) then the cutting sequence of (§7,£7) is (f;) with f; =e_;_1. In
particular,

mELED) =D ()T D = ()T o) I = (67, ET)

and so we prove the theorem only for n;F (6, £T) as the arguments for n, (67, &™) are
similar. By Corollary 3.1, we can assume without loss of generality that u* is extremal.
Since p is non-atomic (see Proposition 2.13), we can also assume that £, £+ € D.

Let yp € T'g, let n € 3G and let

" eDsuchthat (67, 6T) e R, o (¢, 6T) = (¢, &)
: and lim, oo 0, (7. 67) # 1 .

We write lim,,_s oo n:[ (7, £%) # n whenever the limit does not exist or it exists but differs
from 1. We show that there exists n € 0G such that u(A,,) = 0.

LetéT € Ay andleté~ € Dsuchthat (67,6T) e Rand o ' (67, 61) =y, £T).
Leto € ¥ suchthat ws (o) = yof T andlet (..., e_y, eo, e1, . . . ) be the cutting sequence
of (67, &T). Foreveryn > 1,lety, € I'gsuch that o™ (g, (67, §T)) = ya(g (E7, E1)).
By Theorem 5.2,

Ay = {§+ eD

(o ffop NEEN =gp (™, &),
meaning
O lenl e ET ED = (el g DET, ED).
Since £, &1 & Fix(I'p),

-1 -1 -1 _ -1 -1
yn eUn—I ...egoyo_en_l ...eo .

According to the explicit formula for ¢ (see [2]) there exists an absolute constant N (that
depends only on the group I'g) such that |y, | < N for all n, where | - | denotes the word
length with respect to the generating set {e,}. Then

de(f E7 6D, t(voE™, W)

= dEG()/,fle;nl_I .- -e;ol oI, e;ﬂl_l .- -e;ol ywl) < N.

In particular,
lim n;f(é_, .§+) =n<= lim tn(y0§+, Y0) = 1.
n—0o0 n—0o0

Observe that the right-hand term does not depend on £~ once yy and T are given.
Hence,

Ay, ={" €D lim 7,(0E", y0) # 0}
n—>0oo
Since D is a ['g-invariant set,

WAy ={§ €D: lim 7, yo) # n}.
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Let uy be the measure on ¥ = 9D x G from Theorem 1.1 that satisfies equation (8) and
p(-) = py (- x {I'}). Then n(Ayy) = uy(Ay, x {I'}). By equation (8),

py Ay, x {I'Y) = 0 <= uy(YoAy, x {rol'h) = 0.
Let ux = uy o 7, see Lemma 3.5. Then
1y (YoAy, x {l') =0 <= ux(rs' (Ay) x {l'h) = 0.
By equation (12),

75 (WA = {0t exg! (D): lim T"(o. o) # 75, ().

Then by Theorem 2.9 there exists n € dG such that 712_1 (Y0Ayy) X {yol'} is a ux-null set.
Similarly, given n € dG, let wy such that ngl (Y0Ayy) x {yol'} is a ux-null set. Such a
measure exists by Theorem 2.9.
As for the other part of the proof, similar arguments show that, given u €
ext(Conf(T", 8)) with u(-) = /Lx(ngl(J x {I'}), we have that ©(A,,)) = 0. O
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A. Appendix. The Martin boundary of a Markov shift over a hyperbolic graph
A.l. Discretized Green function and related inequalities. To prove Theorem 2.9 (the
generalized Ancona theorem), we introduce approximated versions Green’s function and
the Martin kernel to the discrete set of states S rather than the non-discrete set of infinite
paths X. For these discretized functions, we present several combinatorial inequalities,
inspired by their probabilistic analogues.

Recall that for every a € S we fixed x, € T [a] arbitrarily.

Definition A.1. Fora,b € S and A > 0, let

oo
G(a, bln) == G(ljap, bxpla) = Y > A" Pn (@0 )

n=0 (ay,....ay) € W
ap=a, a,=>b

and let

(0.¢]
F(a,bln) =) > AT fn (@0 i)

n=0 (ay,....an) € W
apg=a, a,=b
for all i <n, a; #b

We let ¢g = 0. In particular, F(a, alr) = 1.
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For a subset A C S, we let

o0

L%(a, b|r) = Z Z A" ePn (@05 n D)

n=0 " (ag,...ay) € W*!

and let

o]

FAa, b3 =) > AT P (@0 n )
n=0 " (qq,....an) € W1t!

ap € A, foralli<n:a;¢A

Observe that if a € A then LA, b|X) =0and if b € A then FA(a, b)) = 0. We write
L'%(a, b|A) = L(a, b|A). Let

G(a, b|A)

G(o, b|2)

and given f € C.(X), let K(f,alr) := K(f,axp|r). For A =1, we simply write
G(a,b), F(a,b), L(a, b) and K (a, b).

K (a, b|i) := K (1{4), bxp|2) =

The following propositions present several useful inequalities involving the functions
F, G, L and K. Their proofs are elementary and are partly included here. Several of these
inequalities have been adapted from probabilistic settings; see [54] for more details.

PROPOSITION A.2. Assume that (X, T) is locally compact and transitive, that ¢ has
summable variations and that Pg(¢) < co. Then there exists a constant C > 1 such that,
Jor every & > p(¢), the following statements hold.

(1) Foreverya,b € S,
G(a, b|A) = CT'F(a, b|\)G (b, b|1).
(2) Foreverya,b,c €S,
F(a, c|\)F(c, b|A) < CF(a, b|)).

(3) Foreverya,b € S and every set A C S such that every path from a to b must pass
through A,

G(a,b|r) = C*' Y Gla, el)L* (e, b2).
ecA
(4) Foreverya,b € S and every set A C S,
Z G(a, e]\) LA (e, b1) = C*! Z F%(a, e|\)G(e, b|1).

ecA ecA

(5) Foreverya,be Sand A C S,
Z FA(a, elM)Gl(e, b|)) < CG(a, b|)).

ecA
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(6) Foreverya,b € S and every A1, Ay with p(¢p) < A1 < A3,

G(a,blr)  Gla,blr) 4 ( 11 )
_ —ct (— - — G(a, c|r)G(c, blA2).
A %) Al A ;

(7)  For every admissible ay, . . . ,an € S and every by, by € S with b; # aj,

,,,,,

and
K (1igy,....an15 P112) _ 11 Flan, bilt)F(o, b2|A)
K(1iq,,...an1> b212) F(an, ba|t)F (o0, bi|A)

PROPOSITION A.3. Assume that (X, T) is locally compact and transitive, that ¢ has
summable variations, that ¢ is uniformly irreducible with respect to a connected, undi-
rected and locally finite graph (S, E) and that Pg(¢) < 0. Then the following statements
hold.

(1) Foreverya,b € S andevery X € (p(¢), 1),
LA(a, b|p) > A79E@D LA, p).

(2) (Harnack’s inequality) There exists C' > 1 such that for every A € (p(¢), 1], for
every h € {G(-, c|)), F(-, c|A), G(c, -|A), F(c, -|M)}ces and every a, b € S,

h(a) < (CHE@D p(p).

Proof. The proof of (1) is elementary and follows directly from the definition of the
function LA. We prove (2).
Let K > 0 such that for every (a, b) € E there exists k < K with L’;(l[a])(bxb) >

0 and let € = exp(—K minycx |¢(x)|). Let N =dg(a,b)+ 1 and let ay,...,an be
a shortest path in E from a; =b to ay =a. Let ki,...,ky—1>1 with k; <K
and LY (114,))(@i41%q,,,) > 0. Letk = Y7 k;. Notice that d(a, b) < k < dg(a. b)K.
Then

oo
G, cla) = ) x "Ly (I (exc)
n=k

x
=07 AL Ay - Lpdpan ) (exc)
n=0

o
_ — k ky— —
>375C, Y Ly A (azxay) - -+ Ly ™ (gay ) (@xa) ™" L (11 (exe)
n=0
> 17 CRegE P Ga, el
> (max{Cy, C§ }e )@ Ga, c|n).

So, with B = max{Cy, Cf }¢; ',

G(a, c|r) < BE@D G, c|h).
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Similar arguments lead to G(c, b|1) < BUE@DG(c, alr).
Let C > 1 be the constant from Proposition A.2. Then
) > ! G(a, clA)
- G(c, clA)
—dg(a,b) G(b, cl))
G(c, c|A)
> CT2BTE@D F (b, c|).

F(a,c|A

>C'B

Moreover, since G (a, a|’) > B~ @D G (a, b|r) and G (b, b|r) < BIE@D G(a, b|1), we
have that
G(a,alr) - p-2de(ab)
G(b,b|2) —
‘We conclude that
o1 G(c, b))
G(b, b|r)
—dg(a,b) G(c,alr)
G(b, b|2)

F(c, b)) >

>Cc'B

G(a,al))
G(b, b))
> C 2B ME@H e g, .

> C 2B @D F (e a|))

A.2  Proof of Theorem 2.9. We follow here the arguments of the proof of the original
theorem as presented in [54].

Observe that if A > p(¢) then Pg(¢p —logA) < 0 and that for all f € C.(X) and
xeX,

ALy f)(x) = Lig_ 100, (S)(0).

Thus we can assume without loss of generality that Pg(¢) < 0 and prove the theorem for
A=1.
In what follows, assume that (S, E) is a §-hyperbolic graph and that Pg(¢) < 0. For
a,besS,let
Usp={ceS:|bncly >dg(a,b) — 75}

andlet Vp 4, = S\ Uyp. Fora € Sandr > 0, we denote by B(a,r) ={b € S :dg(a,b) <
r} the closed ball of radius r around a. Let C, C’ > 1 be the constants from Propositions
A.2 and A.3 respectively and let Cy = max{C, C'}.

PROPOSITION A.4. Under the assumptions of Theorem 2.9, for every A € (p(¢), 1) there
exists a constant C1(L) > 1 such that for every a, b € S and for every v on some geodesic
segment in the graph (S, E) from a to b,

G(a,w) <Ci(t)F(a,v)G,w|r) forallw e Uy U Vyp.

Proof. We use only properties that do not depend on the base point and so we can assume
without loss of generality that a = 0. Let £ = 21§, let m be the integer part of d(o, v) /¢
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(m may be zero) and consider the points vy, . . ., v, which lie on a geodesic segment
between o and v with dg (vg, v) = (m — k). Let Wy = U, ,, U V,, p and let dW, = {w €
Wi idp(w, S\ W) = 1}.

LEMMA A.5. Assume that (S, E) is a §-hyperbolic graph. Then, for all k > 1, the following
statements hold.

(M v e Wi S Wiy,
2) Ifwe Wiwithdg(w, vg) > 2r + £+ 1 then B(w, r) € Wi_1.

Proof. See [54, Lemma 27.7]. O

Choose an integer r > £ with A" C§l+4 < 1. We show by induction on k that, with
_ Ar+20+1
Ci=C, ,

G(o,w) < C1F(o, vp)G(vg, wh) forall w € Wy. (A1)

The proposition follows with k = m.
Let k = 0. Then dg (0, vg) < £ and by Proposition A.3.2, for every w € S,

G(o, w) < C{G (v, w) < C5G (vo, wlA).
Similarly, G (vo, v9) < C§G (0, vo). By Proposition A.2.1,

c-! G (0, vo) > c-t-1

F(o,v0) > ==
O G(vp,vg) ~— °

(A.2)
and thus, for every w € S, G(o, w) < C3" ™ F (0, v9)G (vo, w|R).

Next, suppose by induction that equation (A.1) holds for k — 1. Since dg (vi—1, vr) < ¢,
by Proposition A.3.2, for all w € S,

G (ve—1, wlr) < CSG (v, ). (A3)
Similarly to equation (A.2),
CSTF (uemr, ve) > 1. (A.4)
Hence, for all w € Wy_1,
G(o,w) < C1F(0, vk—1)G(vk—1, w|A) (." induction hypothesis)
< C1C3" M F (0, vee1) F (vk—1, vi) G (v, wlr) (. equations (A.3), (A.4))
< C1C3" 2 F (0, ve) G (ve, wlh) (.- Proposition A.2.2).
(A.5)

Now, let w € Wi and assume first that dg(w,vg) >2r+£+1. Set A={ee S:
dg(e, w) =r}. By Lemma A.5, A € Wj_; and hence equation (A.5) holds for all e € A.
We claim that any path from o to w must pass through A. If k = 1 then, by construction,
dg(o,v1) > £ and, by assumption, dg(w, vi) > 2r + £+ 1 so dg(o, w) > r. Thus any
path from o to w must enter A. Observe that o ¢ W and, by Lemma A.5, o ¢ Wy, for all k.
Hence, if k > 2 then 0 ¢ B(w, r) and again any path from o from w must enter A.
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We deduce that

G(o, w) < Cy Z G (o0, e)L (e, w) (.- Proposition A.2.3)
ecA
< CIC3 Y F(0, vi)G (g, e M) LA (e, w) (.- equation (A.5))
ecA
< C\CF Z F (0, )G (v, e|]A)LA (e, wiA) (.- Proposition A.3.1).
e€eA

Since dg (w, vx) > r, any path from w to vy must pass through A. Therefore, by Proposition
A2.3,

CICEHN Y F(0, v G vk, el LA (e, wlh) < C1C3H*17 F (0, ) G (g, wih).
ecA

So, for all w € Wy withdg(w, vg) > 2r + £+ 1,
G(o, w) < C1CF A F (0, v) G (vg, wlh).

By the choice of r, equation (A.1) follows.
Lastly, if w € Wy with dg(w, vr) < 2r + €, then

G(o, w) < €3G (0, w) (
< CM T (0, v)G (o, ve) (
<y PO, v)G e wld) (o A< 1)
(

< Cy P E (0, v) G (vk, wlA)

*.* Proposition A.3.2)
*.* Proposition A.2.1)

*.© Proposition A.3.2).

COROLLARY A.6. Under the assumptions of Theorem 2.9, for every A € (p(¢), 1) there
is a constant C2(A) > 1 such that for every a,b € S and for every v on some geodesic
segment in the graph (S, E) from a to b,

G(w, b) < C2(M)G(w, v|]A)L(v,b) forallw e Vy 4, U Upy.
Proof. Denote by X* is the rwo-sided shift, by X~ the negative one-sided shift and by
X1 = X the positive one-sided shift. It is known that there exist a potential function ¢~ :

X~ — R with summable variations and a bounded uniformly continuous function  :
X* — R such that

¢~ =y —yoT;

see [49, §5]. We add the + or — notation over Green’s functions to distinguish between the
two spaces (e.g. GT or G7).

LEMMA A.7. Assume that (X, T) is locally compact and transitive, that ¢ has summable
variations and that Pg(¢) < oo. Then there exists C"” > 1 such that for every . > p(¢)
and every a, b, c € S,

G (a, blr) = (C"YF'GH (b, alr)
and

F~(a,b)G~ (b, c|}) = (C"T'GT(c, bV LT (b, alr). O
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Proof. Leta,b € S, letay, ..., a,—1 be an admissible path from a to b, let x; € [a] €
X~ and let xl;" € [b] € XT. Since ¢, ¢ and v are all bounded,
6 (@ a1, . ...an 1)) — ¢y (X ar, ..., an_1,D)]

S |¢+(a’ ar, ..., aﬂ*lxljﬂ + |¢_(xa_al7 N ) b)l
n—1
2@ @i anixy)) — ¢ (g an - ap)
i=1

<sup|¢t|+sup ¢~ | +2sup |yl

Now any path from a to b in X% is a path from b to a in X~ and there thus is a natural
matching of the terms in the sums G, G~ and F*, F~ with the property that matching
terms are within multiplicative error e=(uP [#71+sup [§71+25up [¥) of each other. O

The corollary follows from Proposition A.4 and Lemma A.7.

THEOREM A.8. (Ancona’s inequality) Under the assumptions of Theorem 2.9, for every
r > 0 there exists C3(r) > 1 such that

(C3(r) ™' F(a, v)F (v, b) < F(a, b) < C3(r)F(a, v)F (v, b)

whenever a, b € S and v is at distance at most r from some geodesic segment from a to b
in the graph (S, E).

Proof. The lower bound follows from Proposition A.2.2, so we focus on the upper
bound. We first consider the case » =0, when v lies on a geodesic segment from
atob.

Fix A € ((p(¢p) + 1)/2,1). If dg(a,v) <75 then by Proposition A.3.2, F(a,b) <
CJPF(v,b)and 1 < F(v,v) < CJ°F(a, v). In particular, F(a, b) < CA* F(a, v)F (v, b).

Suppose that dg(a, v) > 76. Since |a Av|, =0, a € U,,,. Moreover, since v lies on a
geodesic segment from a to b, |v A b|, = dEe(a, v) and thus b € Uy, . In particular, any
path from a to b must pass through

A:={ceUy:3we S\ Uiy, de(c,w) =1}.
By Propositions A.2.3 and A 4,

G(a.b) < Co Y Ga, w)L*(w, b) < CoC1F(a.v) Y G, wlA)L (w,b) (A6)

weA weA

where C1 = C1(1) is the constant from Proposition A.4. Every point w € A is at distance
1 from some point w’ in V, , = S\ U,,. By Corollary A.6,

GWw',b) < C2G(w', v|A)L(v, b)

where Cp = C»(1) is the constant from Corollary A.6. We apply Proposition A.3.2 to
G(w', b) and G(w’, v|A) to obtain that

G(w,b) < CngG(w, v[A)L(v, b). (A7)
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Then, by Proposition A.2, for every e € S,

Z G(e, w)L*(w, b) < Cy Z FA(e,w)G(w,b) (.- Proposition A.2.4)
weA weA

<Co Y FMe,wl)Gw,b) (- i<l

weA
<3 Y Fhe wln)
weA
x G(w, v|A)L(v, b) (." equation (A.7))
< C2,C3G (e, v|A)L(v, b) (. Proposition A.2.5).
(A.8)
Let v(e) = Ady(e) + (1 — A)G (v, e|A). By Proposition A.2.6, with A} = 1 and A; = A.

G(v, wlA) < AG(v, w) 4+ Co(1 — 1) Z G(v,elM)G(e, w)

eeS
< Cy ()»G(v, w)+ (1 =21 Y G, elM)Gle, w))
ecS
=Co Y _ v(e)Gle, w). (A.9)
ecS
In summary,
G(a,b) < CoC1F(a,v) Y G(v, wlA) LA (w, b) (.- equation (A.6))
weA
< C3CiF(a,v) Z Z v(e)G (e, w)LA (w, b) (.- equation (A.9))
weA e€S
= CjC1F(a.v) Y v(e)( > Gle.w)LA (w, b))
eeS weA

< CSC1CaF (a, v)( D v(e)Ge, vm)L(v, b) (.- equation (A.8)).

eesS
Choose Lo (L) € (p(¢), 24 — 1) with lim, _, ;- A2(A) = 1. Then, 1 —A <X — Ap and
> v(@Ge v|) =26, va) + (1—=2) Y G, el)Ge, v|1)

eeS eeS
< AG,v|A) + (A — i) Z G(v, e|rA2)G(e, v|))
eeS
— A2 G, v|r2)  G(v,v|A)
< AG(v, v|A C —
R e T )

(.” Proposition A.2.6)
< AG(v, v|L) + Cot G (v, v|A2)
< Cot (G (v, v|X) + G (v, v|X2)).
This leads to

G(a,b) < CgClCth(a, v)(G (v, v|A) + G (v, v|A2))L(v, b).
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Since p(¢p) < 1, G(v, v|A) is analytic as a function of A on a neighborhood of A = 1 and

lim G (v, v|A) = lim G (v, v|A2(L)) = G(v, v).
A1 A1

Therefore
G(a,b) < 2C8C1 C2F(a, v)G(v, v)L(v, b).
By Proposition A.2.3,
G(a, b) < 2CJC1CaF (a, v)G(v, b).
We divide both sides by G (b, b) and apply Proposition A.2.1 to obtain that
F(a, b) <2CyC C2F(a, v)F (v, b).

This proves Ancona’s inequality in the case wherev lies on a geodesic segment from
atob.

Now assume that v is at distance » > 0 from some geodesic segment from a to b. Then
we can find v’ € S on this geodesic segment from a to b with d (v, v') = r. By the first part
of the proof,

F(a,b) <2CyC\C2F (a, V)F(V, b).
Applying Proposition A.3.2 twice leads to
F(a,b) <2Cy™™ C\CaF (a, v)F (v, b). O

Proof of Theorem 2.9. Let & € 9(S, E). We first show that there exists €; € (0, 1) such
that for every f € C.F(X) and for every two sequences by, b, € S which converge to &,
liminf K (f, b,) > €; lim sup K (f, b),).
n—oo n—00
LEMMA A.9. Let (S, E) be a §-hyperbolic graph. Then, for every n, there exists v, € S
which is at distance at most 28 from some geodesic segments from a to by, from o to by,
from a to b, and from o to b),.

Proof. See [54], proof of Theorem 27.1. ]
For every n >0, let v, € S as in the lemma and let ai,...,ay € S with
[a1, ...,an] # &. By Proposition A.2.7 and Theorem A8, for all n large enough,

K(l[a1 ..... anls by) <> -1 F(a,bn)F(O, b;;)

K(ligy...av- b)) — O F(ab,)F(o,by,)

)_4 F(a, vy) F(vy, by) F (0, vy) F (vy, b;,)
F(a, vy) F (vy, b;,)F(ov V) F (v, by)

= C; (G328

.....

> Cy ' (C3(20)

Here C3(26) is the constant in Ancona’s inequality for » = 24. In particular,

lim inf K (g, ._ay1s ba) = Cg (C3(28)) ™ lim sup K (1a,,.__ay1s bl)- (A.10)

,,,,,,,,,,

n—o0 n—00
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Since the collection of cylinder sets linearly spans a dense subset of C.(X) with respect to
the sup norm, equation (A.10) extends to all f € CF(X).
Lete; = C()_l(C3(25))_4 € (0, 1) and let

Ag = {w:3b, € Ssuchthatb, — £ and lim K(f,by) = K(f, ), Vf € C.(X)},
n— 0o

that is, the set of all possible limit points in M of sequences b, € S withb, — & in (S, E).
We show that Ag consists of a single point alone. Notice that for all i, wy € Ag,

K(f.01) > e K(f, ) forall feClH(X).

Therefore, it suffices to show that A N M,, # @.
Letw € Ag,

= {wRadon: > 0and Lipu = u}

and let

By=3pneC: sup at))
f€C+(X) Mw(f)

Recall that u,(f) = K(f, w), f € Co(X). If e, = w1 + pp with p; € C and the mea-
sures 1, up are mutually singular and non-zero then supfecj(x){m/uw} = 1. Thus, it
suffices to show that B, = {itw}.
Let (bg, b1,...) be a geodesic sequence converging to & in (S, E) with by =
o and lim,_, . K(f,b,) = K(f, w) for every f € C.(X). By Proposition A.2.1 and
Theorem A.8,
F (b, by, 1
2 ( k ) > Co C3
F (0, by) F(o.by)’
where C3 = C3(0). Therefore, for every a € S,
b
2 F(a, by) <
F(o, by)
Letaj,...,ay € S be admissible. By Proposition A.2.7, for all k large enough,

K (bk, by) > C()
K(a, by) <

<C3 COF(a bi)K (b, by) —2 C3C0F(a bi) K (bi, w).

K (L{ay,...an1» bi) < CoePN-10@1-aN%ay) K (an by

< Gy C3eM 1@ ta) Fay, b K (g, o). (ALD)
So, for every ¢ € S with ¢ # a;,
K(lja....an1. ©) = €y fefn-1@nanva ) K (ay, c) (.- Proposition A.2.7)
=Gy Sefn-rian aviay) 0N, O (.- Proposition A.2.1)
F(o,c)
F(an. b) F (b, N
= C546¢N_'(a] """ anay) (an. b F b, ©) (.- Proposition A.2.2)
F(o,0)
> Cy0efV-1@ravxay) F(ay, b)K (bx,¢) (. Proposition A.2.1)
K (b,
>Cy ey K (ay, - . ., anl, bk)M (. equation (A.11)).
K (1, @)

(A.12)
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Let o' € M,, and let ¢, € § with lim,_, o, K(f, c,) = K(f, ') for every f € C.(X).
Such a sequence exists; see Proposition 2.3. Since equation (A.12) holds for all n large
enough,

L Mo ([Bi])
por(lars - anD) = C; 11C3 'K(ai, . .., anl, bk)’uwa:]).

Recall that for every w € C there exists a finite measure v on M,, such that u =
f K (-, )dv(w'). Therefore, for every u € C and every f € CCJr (X) we have that

w(bi])

—11 ~—1 _—
pllan, - anD) = 61 C3 K Qans - and b =

Again, since the collection of cylinder sets linearly spans a dense subset of C.(X), the
above inequality holds for all f € C;F(X). We take k — 0o and obtain that for every 1 € C
and every f € CH(X),

1) = G C5 () tim sup LD (A13)

koo Mao([br]) '

Let u € B, and let &' = wu, — u. By definition of B, u' > 0 and so u' € C. Since
infrcot(x) (W (f)/ne(f)) =0, equation (A.13) with ' implies that limg— o0 (' ([Br])/
Lo ([br])) = 0. In particular, limg_, oo (L ([Pr])/1te([Dx])) = 1. We use this fact and apply
equation (A.13) with u to obtain that u > €1, Where €y = CO_“C3_l € (0, 1).

Set cp =€ex(1+ (1 —€)+---4+ (1 —e2)"). We show by induction that for every
u € B, and every n > 0, u > cu . Since cg = €3, it is true for n = 0. Let n > 0 and
suppose that u > cxu, for every p € B, and every k < n. Then, for every u € B,,
(1 — ca—1Me)/ (I —cp1) € By, and 50 (1L — Ccp—1 ) /(1 — Ch_1) = €2/4p. In particular,
w > (ch—1 +e(l —cp_1)) ity = cnle- Letting n — oo, we get that > w,,. Therefore
W = W, for every u € By, namely By, = {iy}.

In what follows, let w(§) € M,, be the unique limit point such that K (-, b,) —
K (-, w(£)), where b, — & in the hyperbolic geometry. Since 4¢ contains a single point,
w (&) is well defined.

By Proposition 2.3 the mapping w is onto. We show that for two boundary points &, n €
0S8 with n # &, we have that K (-, w(§)) # K (-, w(n)).

LEMMA A.10. Let (S, E) be a §-hyperbolic graph. Then, for two every boundary points

&, n € d(S, E) there exists a two-sided infinite geodesic segment (. ..,a—1,a0,ai,...)
such that a, — & and a_, — 1.

n—oo n—oo
Proof. See [54, Lemma 22.15]. O

By Proposition A.3.2 we have that for every s € S,

+

F(o,5) = C3 /" F (ay, 5). (A.14)
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Hence, for every n, k > 0, with C3 = C3(0),
K (ai, an)
K (ag, a—p)
- ~—2Fla, an)F(o,a—n)
~— 0 F(o,an)F(ax, a_p)
—2-2dg(0.a0) F (k> an) F (ao, a—y)

(.- Proposition A.2.7)

> C, -+ equation (A.14
=% F (a0 an) F (@t a_n) .+ equation (A.14))
_) — F b F b -
> C02 2dg (0.ap) C3_2 (ak, an) F (a0, a—n) (- Theorem A.8)
F(ao, ar) F (ay, ap) F (ax, ap) F (ap, a_y)
_ CO—Z—ZdE(o,aO) 2 1

3 F(ao, ax) F (ax, ao)
> C0—4—2dE (0,a0) C3_2 G(ak7 ak)G(aO’ a())
G(ao, ax)G(ak, ap)

425 (0a0) o2 1
0 3 G(ao, ax)G (a, ap)

Letting n — oo, we get that

(.- Proposition A.2.1)

> (. Gla,a) = la(ax,) = 1).

K (14, @(§)) = C—4-2E0a,) =2 1
K1, o) — 0 ’ G (ao, ar) G (ak, ao)

By Proposition A.2.6 and the assumption that Pg(¢) < 0, we have that

Z G(agp, w)G(w, ag) < Q.

weS

Therefore, G (ag, ax)G (ak, ap) — 0 as k — oo. In particular, there exists k such that
K (ar, w(§)) > K(ar, w(n)) and thus w(§) # w(n). U

B. Appendix. Proof of Proposition 2.13

Part (1) of the proposition was already proven in [21]. We prove part (2). Let i be a Radon
measure with Lj; xsM = p and assume by contradiction that (o, yI') € X is an atom. We
first provide infinite sequences ¢ € ¥ and my, k, > 0 such that

T™ (c",yT) = Th (o, yI') forall y € Iy,
and

exp(¢n’ (") — ¢ (o) > C, (A15)

where C is a positive constant which does not depend on 7.

For every a, b € Sy let w, , be an admissible word that includes b and such that aw, ya
is an admissible word. Since (X, T) is topologically transitive, we can choose w, ; so that
equ,, € I'. We also choose w, p, so that for every aj, az € So with a; # a;, we have that
Way,b #* Way,b-

Let & = wy (o) and let

nb __
o - (005 <+ 0n—1,0nWq,,b0ns On+15 - - - )
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For every n, let b, € Sy such that s (c™?") # £, let 6 = 0™ and let &, = 75 (c™).
Such b, exists since |Sp| > 4 and 7y is at most two-to-one (see [48]). Let «;, € 'y such
that /! & = a;/'&. By (Res), for all n, f{! & = &, &, Letl, = |oyws, 5| and let 8, € To

such that fli’:) (f1',€n) = Bu(S1 &n). Since ff & = fi "+l g we have that

En = anf, ‘o, &
Let yn = oy ,8 a, —1 Observe that Bn = eﬂnlwﬁ o € I' and thus y;, € I'. In particular, for
ally e,
T"(o, yT) = T" (6", yT).
We deduce that
[y = lah Byt o) - 1B, (@ ') - 1, 1Y (8))]
L (1) (6)
=18, (o, ‘s)|
2 (@B )]
- |<fr ) (©)]
_ 1IN/, 1 . 0 )
=18, (S, (VRS

By (Dist), there exists B > 1 such that
/
ROy
I(fry) )l
Then, with

D = 0,
arilg;o gmln I(eaw D ED >

we have that
, D

We show that |{o"}| = oco. The mapping 7 is continuous and thus &, — &. Since &, # &
for all n, there exists a sub-sequence &,, with |{£,, }| = oo
Finally, since

exp(¢2%(0)) = (e, ) (&) 7°

and

exp(p) (6™) = |(Buory Y EDI ™ = (B (o )1,

equation (A.1) follows with k, = n and m,, = n +1,,.
Next, observe that if x, y € X with T"x = T™y, then

IO () = e Oy,

Then, for every y € Iy,
w(@", yDlhen) = Y exp(dn(6™) — ¢ (0)u({x}) = oo

which contradicts the fact that p is a Radon measure. O
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