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An analytical formulation is provided that describes the first two natural modes of the
fluid—structure interaction of an incompressible current with a pitching and heaving
flexible plate. The objective is twofold: first, to present a general derivation of analytical
expressions for the lift, moment and the flexural moments exerted by an inviscid flow on
a pitching and heaving plate whose deformation is general enough that the coupling of
the flexural moments with the structural equations allows solving analytically the first two
natural modes of the system; second, to analyse the propulsion performance of the foil
when actuated near the first two natural frequencies. For the second purpose, one also
needs the thrust force generated through the motion and the general deformation of the
foil considered, which is analytically derived using the linearized vortex impulse theory,
extending and systematizing previous works. The analytical expressions, once viscous
effects are taken into consideration through nonlinear transverse damping and offset drag
coefficients, are compared with small-amplitude available experimental data, discussing
their limitations. It is found that low stiffness pitching and heaving are quite different,
with a pitching flexible foil only generating thrust near the second resonant frequency,
whereas heaving always generates thrust, with the maximum slightly below the second
natural frequency. Maximum thrust for large stiffness pitching is around the first natural
frequency. The maximum efficiency occurs at frequencies close to the first natural mode
if the foil is sufficiently rigid, but it is not related to the natural frequencies as the rigidity
decreases.
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1. Introduction

The fluid—structure interaction (FSI) of a fluid current with a two-dimensional (2-D) thin
foil or plate with chordwise flexibility has been extensively investigated theoretically,
numerically and experimentally as a simple model to understand the propulsion
mechanisms and performance of flapping appendages of natural fliers and swimmers, as
well as their use to efficiently propel bioinspired aquatic and aerial robots (see, e.g. Shyy
et al. (2010), Smits (2019) and Wu et al. (2020) for comprehensive reviews). Within the
vast literature on the subject, the present work is focused on the role that resonances play
in improving propulsion performance, contributing to the field with a new theoretically
based analytical model to try to shed new light on the subject.

Theoretical approximations based on the 2-D linearized inviscid flow theory coupled
to the Euler-Bernoulli (E-B) beam equation, although limited to small deformations
of the foil and high Reynolds numbers, have proved to be very useful to facilitate the
understanding of many relevant aspects of this complex FSI problem, helping to elucidate
the mechanisms for the high efficiency obtainable by such propulsion systems. This
approach, first used by Wu (1971b), and then by Katz & Weihs (1978) for large amplitude
oscillation of the foil, has been followed by a number of investigators (Alben 2008;
Michelin & Llewellyn Smith 2009; Alben et al. 2012; Quinn et al. 2014, 2015; Moore
2014; Paraz, Schouveiler & Eloy 2016; Pifieirua et al. 2017; Floryan & Rowley 2018
and others) to analyse the influence of the bending rigidity and inertia on the propulsion
performance of 2-D flexible flapping foils. It has generally been found from these inviscid
flow theories that flexibility produces greater thrust when actuated near a fluid—structure
natural frequency, but less otherwise, with larger propulsive efficiency than that of a rigid
foil over a broad range of stiffnesses and frequencies. However, when viscous flow with
nonlinearities associated with flow separation are considered, numerical and experimental
investigations show that optimal performance can be achieved outside of the structural
resonance conditions (Thiria & Godoy-Diana 2010; Ramananarivo, Godoy-Diana & Thiria
2011; Dewey et al. 2013; Olivier & Dumas 2016; Goza, Floryan & Rowley 2020; D’ Adamo
et al. 2022), but structural resonance always playing a relevant role in enhancing the
propulsion performance for sufficiently small mass ratios of the foil (Zhang, Zhou & Luo
2017).

Although linear inviscid theories represent a very significant simplification in relation
to numerical simulations of the full FSI problem, and their results have provided very
relevant advances in this field, they still require a considerable amount of numerical
work, typically decomposing the displacement of the foil and the fluid motion into a
Chebyshev series with a large number (infinite in theory) of parameters which have to be
obtained numerically to capture the multiple resonant modes (e.g. Alben 2009; Michelin
& Llewellyn Smith 2009; Moore 2017; Floryan & Rowley 2018; Anevlavi et al. 2020;
Mavroyiakoumou & Alben 2021). Analytical solutions for the FSI of flexible flapping
foils, which may be obtained with additional simplifications within the same framework
of the linear inviscid theories and the E-B beam equation, are undoubtedly very helpful
in understanding the propulsive performance of flying and swimming animals, as well as
for the preliminary design and improvement of bioinspired flying and swimming robotic
models. For example, the interesting analytical approach by Moore (2014), who considered
the particular case of a rigid foil with a prescribed heaving displacement and a passive
pitching motion about its leading edge, relating the finite torsional stiffness of the leading
edge with the kinematics of the rigid pitching motion and, hence, with the propulsive
performance of the foil. A similar analytical model for a heaving foil was considered by
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Kodaly & Kang (2016), but for passive pitching associated with the flexibility of the foil
rather than to its elastic support at the leading edge. More recently, Du & Wu (2024)
obtained simple analytical expressions that help to interpret the effect of the flexibility and
regulate the propulsive performance of the flexible foil when only pitching is considered.
A more general analytical approach for pitching and heaving flexible foils was considered
by Fernandez-Feria & Alaminos-Quesada (2021), where the foil passive deformation was
modelled by a quartic polynomial approximation, reproducing previous numerical inviscid
results up to the first resonant frequency of the system.

In the present work, the formulation in Fernandez-Feria & Alaminos-Quesada (2021)
is extended to cover consistently actuating frequencies up to the second resonance of
the system by using a fifth-order polynomial approximation satisfying the boundary
conditions at the leading and trailing edges of a general pitching and heaving flexible
foil. This approach thus covers up to the frontier between the purely oscillatory behaviour
and the undulatory behaviour of a 2-D flexible foil, for which analytical results from
the E-B equation are no longer feasible due to the difficulty of satisfying the free-end
boundary conditions at the trailing edge for prescribed leading edge conditions using
simple undulatory approximations of the foil. Although the present approach sometimes
yields trailing-edge deformation amplitudes at the second resonance of the system that
are outside the validity limit of the linear theory, it is known that this behaviour can
be easily corrected using a nonlinear transverse damping term in the E-B equation (e.g.
Eloy, Kofman & Schouveiler 2012; Paraz et al. 2016), so that the results remain within the
linear framework, showing a good agreement with experimental data on the deformation
of flexible oscillating foils. Therefore, with this corrected deformation one may obtain the
thrust, power and propulsive efficiency of the foil using the analytical expressions, also
derived in the present work, from the linearized inviscid flow theory coupled with the
E-B equation for a pitching and heaving foil whose deformation is given by a general
fifth-order polynomial satisfying the boundary conditions.

As indicated in the abstract, this work is also intended to give a more systematic
account of the analytic derivation of the lift, moment and the different flexural moments
exerted by the inviscid fluid on a general flexible foil configuration. These are needed
to derive the new expressions for the analytical approximation of the FSI through the
successive moments of the E-B beam equation, containing the new contributions that
allow us to capture both the first and the second resonance of the system. Similarly it is
done for the thrust and power, with a more compact derivation that integrates the new
contributions of the flexible foil into the circulatory and added mass terms in a way easier
to use and to understand than in previous works. Obviously, many of these expressions
contain common terms with some of these previous works (especially, Fernandez-Feria
& Alaminos-Quesada (2021)). But for the analytical formulation to be intelligible the
new contributions cannot be presented in isolation, but within the complete expressions,
which are written here. This is even more necessary due to the more systematic, and
therefore partially different derivations, used here. Details about these differences are
given throughout their derivations.

The paper is organized as follows. The problem is formulated in § 2, where it is also
corroborated that the analytical approximate solution of the E-B equation recovers almost
exactly the first two resonant frequencies of the system in vacuum. Section 3 presents
the derivation of the lift, moment and the different flexural moments using a formulation
based on the pressure difference in terms of the vorticity distribution, closing the new
analytical approximation of the FSI of the system. Section 4 presents some flexural
deformation results and their validation with experimental data after a nonlinear damping
correction through a transverse drag coefficient. With this passive deformation, the thrust
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Figure 1. Schematic of the foil motion (different instants of time for a particular case given by (2.8) and
(2.20)—(2.21) are represented, with different scales in x and in z). The pivot axis is located at the leading edge.

force can then be obtained with the new analytical expression derived in § 5 from the
linearized vortex impulse theory for the pitching and heaving flexible foil with the general
deformation considered in the present work. The input power and, therefore, the propulsive
efficiency can finally be obtained through the first two moments of the E-B beam equation,
whose analytical expressions are also given in § 5 along with a comparison with available
experimental data on deformation, thrust, power and efficiency of small-amplitude heaving
foils. All these expressions are used in § 6 to characterize and compare the propulsive
performance of heaving and pitching flexible foils when actuated around the first and
second natural modes. Finally, the conclusions are presented in § 7.

2. Formulation of the problem

The interaction of a uniform fluid current of velocity U with a 2-D pitching and heaving
flexible foil of chord length ¢ and thickness ¢ is considered. For a thin plate, ¢ < c,
one may use the 2-D E-B beam equation (e.g. Doyle 2001), which for an approximately
inextensible plate with small amplitude of the heaving, pitching and flexural deformation
in relation to its chord length and in the inviscid flow limit can be written as
a 2Zs 82 d 2Zs
pssw—i-ax—z (EIW) =Ap+ Fp8(x —xp,) — g8'(x — xp), 2.1)

where (see figure 1) z is the coordinate perpendicular to the plate at rest, x is the coordinate
along the uniform free stream, both coordinates centred at the midchord length of the plate,
Zs(x, t) is the displacement of the plate centreline in the z-direction, satisfying |zs| < ¢, ps
is the solid density and EI = Ee?/12 is the structural bending rigidity per unit span. On
the right-hand side, Ap = p~ — p™ is the fluid pressure difference between the lower and
upper sides of the foil, whereas F,, and g stand for any additional point force and point
moment (per unit span) acting at the pivot axis x = x, (e.g. to generate the heave and pitch
motions of the foil, or exerted by springs and dampers for passive heave and pitch about
the pivot axis).

In particular, the first four moments of that equation are used here (e.g. Fernandez-Feria
(2023), (6)—(10) in the small-amplitude and inextensible (Ee/(pU 2¢) > 1) limit, plus an
additional moment):

Vg ko 22
75/21058W x =t + Fpg, (2.2)
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/2 c 9%z,
/ (x 4 —) peE—Sdx =M + M,, (2.3)
—e)2 2 a2
/2 Y c/2 92
/ (X + E) psg—z;dx —|—/ 2FE1 ZZS dx = Dl, (24)
Y) 2 ot —c/2 dx
2, N3 9% /2 c\ ., 0%
c 9% s 6 ( —) E1S % dx = Ds. 25
/_C/z <x+2> PsE 0 +/_c/2 ) g = (23)

In deriving these moment equations, free leading and trailing edges of the foil have been
assumed, but with the pivot axis very close to the leading edge, so that the moments are
approximately taken in relation to the point x = x, = —c/2. This selection is chosen for
two main reasons: first, because thrust and efficiency are maximized when a pitching and
heaving flexible foil is actuated at its leading edge (Moore 2014, 2015); second, because the
analytical approximation for zs(x, ¢) satisfying the leading and trailing edge constraints of
the E-B beam equation is the simplest when the pivot axis is close to the leading edge
(Fernandez-Feria 2023). Linearized potential flow theory is assumed, with F, and M the
z-component of the force (the lift) and the moment, respectively, exerted by the fluid flow
on the foil,

c/2 c/2 c
F, = / (Ap)dx, M= / (x + —) (Ap)dx 2.6)
—c/2 —c/2 2

(note that M is here positive when it is anticlockwise). Here D; and D; are the first and
second flexural deformation moments of the foil,

c/2 o2 c/2 c\3
D, = —) (Ap)dx, D= =) (Ap)dx. 2.7
1 /_c/z(”z)(”)x ) /_c/z(”z)(p)x 2.7)

Finally, F},; and M are, as commented on above, the point force and the point moment
per unit span acting on the pivot axis.

In relation to previous analytical models based on a linearized FSI theory (e.g. Moore
2014; Kodaly & Kang 2016; Fernandez-Feria & Alaminos-Quesada 2021; Du & Wu 2024),
this is the only one which is based on a set of FSI equations that consistently considers the
passive flexural deformation of the plate using two degrees of freedom through (2.4)—(2.5),
thus covering a wider range of frequencies and stiffnesses, and for a general configuration
of a pitching and heaving flexible plate.

2.1. Non-dimensional equations

The equations are non-dimensionalized using the fluid density p, the free stream velocity
U and the half-chord length ¢/2. To simplify the notation, the same symbols are kept for
the coordinates (x, z), the time ¢ (scaled with 2U/c) and the foil displacement z;. For
Zs(x, t) to take into account the pitch and heave motions of the foil about the leading edge,
as well as two flexural deformation degrees of freedom, at least a fifth-order polynomial
must be used in x, instead of the quartic one used in Fernandez-Feria & Alaminos-
Quesada (2021). Thus, imposing a pitch and heave motion at the leading edge (x = —1)
and a free trailing edge (8%z,/0x2 = 33z,/9x> =0 at x = 1), this fifth-order polynomial
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approximation can be written as
s, ) =h(t) —a@)(x + 1) + di(OR4(x +1)* = 8(x + 1)* + (x + 1)*]

+ da(H[160(x + 1)? —40(x +1)> + (x + 1)°], —1<x<1,  (28)
where /(f) and «(t) characterize the heave and pitch motions, respectively, and the
unknown functions d;(¢) and d»(¢) characterize the flexural deformation. Note that the
pitch angle « is positive when it is clockwise, as it is usual in airfoil aerodynamics, and that

d(t) in Fernandez-Feria & Alaminos-Quesada (2021) is 24d (¢) here. The corresponding
non-dimensional velocity of the foil’s centreline can be written as

st 07
ot ax
—h—« + x4+ D[—a +48d1 + 320d2] + (x + 1) [24d1
+ 16Od2 —24d; — 120dr] + (x + 1) [—8d1 - 4Od2 +4d,] 2.9
+ (x 4+ D*[d) + 5d2] + (x + 1)°ds,

where dots are used for the derivatives with respect to the non-dimensional time ¢.
Assuming that pg, ¢ and E are constant along the foil’s chord length, the non-
dimensional counterparts of (2.2)—(2.5) can be written as

vo(x, 1) =

96 .. 416 ..
R h—a+?d1+—d2 =CL+CL,, (2.10)
1.. 2 208 .. 704 ..
R(=h—Za+"—d+—d | = 2.11
(2 T 2) Cu+Cu,, (2.11)
h 2a + 4544d + 944d 32a’ +80d, | =C (2.12)
A T R T ER e A '
16 496 .. 32512 ..
(Zh — ?a —d1 3 d2> + S (16d; + 128d,) = CF,, (2.13)
where the non-dimensional parameters

4 4E€?
R="2%  and  §=_25 (2.14)

pc pU2c3

are the mass ratio (or inertia parameter) and the bending stiffness parameter, respectively,
and the following fluid force and moment coefficients have been defined:

F, ! . Ap
CrL = = [ (AP)dx, with AP =—, (2.15)
E,OUZC —1 IOU
C M / (x + D(AP)dx C +1/] (AP)d (2.16)
:— X = - X X, .
M ,0U2c2 2 T2 )
D 1
Cr, =— (x+l) (AP)dx =—-Cy, +4CM+/ xX(AP)dx, (2.17)
pU (§)° =
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D 1 1
Cr,= —24 =f (x+1)3(AP)dx =CL — 6Cy +3Cp, +/ x}(AP)dx ;
pUZ(5)" I -1
(2.18)
together with the point force and moment coefficients,
F M
Cr,=—2—, Cy,=——2—. (2.19)
r %,oUzc r %,oUzc2

The above expressions of the fluid coefficients are written in terms of the non-
dimensional pressure difference AP = (p~p*)/(pU?) to facilitate their computation
in terms of h(t), a(t), di(¢t) and d»>(¢), and their derivatives (see §3). Although the
expressions for the coefficients will be obtained for any temporal variation of these
functions, a general harmonic motion of the plate with frequency @ will be considered
in the computations; i.e. the real parts (say) of

h(t) = hoe'™ | a(t) =ape™  with o= ape'?, (2.20)

di(t) =dpe™,  dy(t) =dpe’™,  with dig=dime'V',  dao=dpme’’?, (2.21)

where hg and ag are the heave and pitch amplitudes, dy,, and da,, the amplitudes of the
first and second flexural deflection modes, and the heave phase is taken zero as usual, so
that ¢, ¥| and y are the phase shifts of pitch and the two deflection modes, respectively,
in relation to the heave phase. Finally,

wc Twfc

=— =2 2.22
2 U (2:22)

is the non-dimensional, or reduced, frequency.

2.2. Validation of the FSI model with the first two natural frequencies in vacuum

Before deriving the fluid coefficients C;, Cpy, Cr, and Cp,, it is shown here that the
above formulation with the fifth-order polynomial approximation (2.8) for z; captures very
accurately the first two natural frequencies of the foil in vacuum.

Substituting (2.20)—(2.21) into the moment equations (2.12) and (2.13) with Cp, =
CFr, =0, i.e. in absence of fluid—foil interaction, one obtains the following linear equation
for the two deflection amplitudes djp and dg in terms of the pitch and heave amplitudes,
oo and hg, the structural parameters and the frequency k:

Ao - dy = by, (2.23)
with
32 4544 944
—~S— —_Rk* 80S— —RKk*
3 105 3
Ao = , (2.24)
496 32512
16S— —RK2 1285 — ——~Rk?
7 63
kaZh — 2Rk«
dio 3 0 0
do= , by= . (2.25)
16
o 2Rk2ho — ngzao )
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The resonant frequencies, or frequencies where the flexural deformation amplitudes dg
and dy diverge, are obtained from det(Ag) = 0, yielding the first two resonant frequencies
in vacuum as the two real positive roots of that equation,

S
k.10 = \/ 629 — 2+/88 189 ~0.507521,/ —, 2.26
10 953 < ) \V R (2.26)

S
ky20 = \/ 553 (629 +2+/88 189 ) S~ 2.997118\/;. (2.27)

These values are in very good agreement with the exact results for the first two resonant
frequencies of a beam clamped at the leading edge (e.g. Timoshenko, Young & Weaver
1974, §5.11): w; =/ll.2‘/E£2/(12psec4), with A1 = 1.87510 and A» =4.69409, which in
the present non-dimensional notation are k1 = 0.507491/S/R and k; =3.180403/S/R
(relative errors with (2.26) and (2.27) of 0.006 % and 5.7 %, respectively). Thus, (2.8) is
the simplest model for the chordwise deformation of a pitching and heaving flexible plate
covering the first two resonant natural modes.

3. Fluid force and moment coefficients

To obtain Cr, Cpy, Cr, and Cp, in a systematic way from (2.15) to (2.18) it is convenient
to write the non-dimensional pressure difference AP in terms of the non-dimensional
vorticity density distribution on the plate. In a linearized theory it is assumed that vorticity
is concentrated along the x-axis, both on the plate surface and its trailing wake (e.g.
Newman (1977), chapter 5). On the surface of the plate, the non-dimensional vorticity
density distribution is @y (x, t) = ut —u—, where ut and u~ are the non-dimensional
fluid velocity on the upper and lower sides of the plate, respectively. Using the unsteady,
linearized Bernoulli equation the non-dimensional pressure difference can be written as
(see Appendix A)

_9 /x (&, 1)dE + oy (x, 1). (3.1
at J_4

The nth moment of AP, appearing in (2.15)—(2.18) for n =0, 1, 2 and 3, can then be
expressed, after integrating by parts, as

1 d 1 1—x 1 1
/ x"(AP)dx = / —w,(x, Hdx —I—/ x"w(x, t)dx. (3.2)
1 dr n+1 ~1

Following von Karmdn & Sears (1938), the vorticity distribution on the foil can be
decomposed as

ws(x, 1) =wo(x, 1) + Wy (x, 1), (3.3)

where @y is the contribution from the motion of the foil (2.9) through the integral equation
(see, e.g. Newman (1977), § 5.15)

vo(x. z)_—][lw;(_g;) , (3.4)

with + denoting Cauchy’s principal value of the integral, whereas @, is the contribution
from the wake vorticity @, (x, t), which in the long time extends to infinity in first
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approximation, 1 < x < 0o, and is given by von Kdrman & Sears (1938), (7), as

Do, 1) = — ,/1_x/ /leg(_sxt) dé. (35)

The solution of (3.4) yields

wo(x,t)—ﬁ |: ][ vo(§, 1)d§ + O():| (3.6)
with
1 | X
Io(t) :/ wo(x, H)dx = —][ vo(x, t)dx (3.7
-1 -1 — X

the quasisteady bound circulation around the foil (i.e. without considering the effect of the
unsteady wake). From Kelvin’s circulation theorem these vorticity distributions are related
to each other through

1 [ele) 0 [y +1
/ w,(x, t)dx + / w.(x, t)dx = Ip(t) + / 7 w,.(x,t)dx =0, (3.8)
-1 1 1 -

where use has been made of (3.3) and (3.5) for the integral of @, and the definition (3.7)
of Iy.

3.1. Lift coefficient
According to (2.15) and (3.2), the lift coefficient can be obtained from

1 1
CL(t):%/1(1—x)ws(x,t)dx—l—/lws(x,t)dx. 3.9

After using Kelvin’s theorem (3.8), integrating by parts and performing the integral
f_ll xwsdx using (3.5), this can be written as (von Kdrmdan & Sears 1938)

® x w.(x, 1)
1 Wx2—1

The first term, Cy, is the added-mass or non-circulatory contribution to the lift, which
can be readily obtained once wq(x, t) is computed from (3.6) using (2.9):

1
CL(t)=—%/lxw0(x,t)dx— dx=Cp,(t) +Cp,(1). (3.10)

X . . . 371 2 3 4
wo(x, 1) = 1+—x —2h 4+ a4+ 2x) + 20 +d; —T—65x—5x + 6x” — 2x

+d (—72 4y 4 16x% — 8x3)

. ( 1353 1943
+dy <__ — ——x —46x7 +49x° — 12x* — 2x5>

2175 3 4
+dy - 45x + 135x% — 50x> — 10x ; (3.11)
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dt

149.. 1465 . 1073
<Ol +a— h— 25d1 — ?dl — —dz — —dz)

d 1
CLO(I):——/ xwo(x, t)dx
—1

. ] (3.12)

Obviously, the contributions from the pitch and heave, «(¢) and A (t), coincide with those
obtained by Theodorsen (1935) and von Kdrméan & Sears (1938), while the contribution
from d;(¢) coincide with that obtained in Alaminos-Quesada & Fernandez-Feria (2020)
with d () = 24d(¢). Only the contributions from d;(¢), which captures the second natural
frequency of the foil, is new here. Similarly it happens for all the other coefficients
calculated in the rest of this section, except for Cr,, which is completely new, but their
derivations are summarized here for completeness, and because the new contributions
from d,(¢) have to be obtained together with the rest to be integrated into the new
expressions derived here.

To compute the circulatory contribution Cy, the wake vorticity distribution z, is ob-
tained from Kelvin’s theorem (3.8) assuming the harmonic motion (2.20)—(2.21) and tak-
ing into account that @, (x, t) = w,.(X), with X = x — ¢, so that, writing IH(¢) = Goe'*, it
results that @, (x, 1) = ge'*™) with g = —Go/ [{° /(& + 1)/(x — 1) e~'**dx. Solving

this integral in terms of the Hankel functions Héz) (k) and H 1(2) (k), and writing the result
again in terms of Ip(?), one gets (von Kdrméan & Sears 1938)

CrL.(t)=— we(x, t)dx = IH(1)C(k), (3.13)

© X
1 Vxz—1
where
HP (k)
HP () +iH (k)

Clk) = (3.14)

is Theodorsen’s function. This result coincides formally with Theodorsen (1935) and von
Karman & Sears (1938), but now I((¢) contains more terms. It is obtained from (3.7)
using (2.9):

263 . 3831 . 1755
] (3.15)

Fo(t)=71|: 2h+3a+2a——d1 — 594, —sz——dz

Note that although (3.13) has been derived for a harmonic motion, it can be extrapolated
to more general foil motions using this expression for I'h(¢), not restricted to a harmonic
motion of the foil.

3.2. Moment coefficient
Once Cy is obtained, to compute Cy; from (2.16) it suffices to obtain

1 d 1 1—42 1
/ x(AP)dx = a / 5 w,(x, H)dx + / xwy(x, t)dx. (3.16)
_ -1 —1

1

Again, after some manipulations using Kelvin’s theorem (3.8), integration by parts,
performing the integrals f_ll x?wy.dx and f_ll xwsedx using (3.5) and taking into account
that d(f° Ax)we(x —t)dx)/dt = [[° A'(x)w.(x —t)dx when A(x=1)=0, one
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gets
! 1dr, 1d ',
x(AP)dx=-—— — —— x“wo(x, t)dx
] 4 dt 2dr J_
! 1 [ @, (x,1)
+ xwo(x, t)dx — = ——dx. (3.17)
-1 2 x2—1

Only the last term contributes to the circulatory moment. Combining this expression with
Cr in (2.16) and performing the integrals in a similar way to how it has been done for Cy,,
the moment coefficient can be conveniently written as

Cu (1) = Cupy (1) + Cpy (1), (3.18)
with the added-mass term
Cu,y(t) = 275T_6 (192d + 1446 — 128h — 576d; — 5248d; — 2800d
—4640d, — 38680d, — 20213d,), (3.19)
and
Cu. (1) = 3R (MCK), (3.20)
where () is given by (3.15) and C (k) by (3.14).

3.3. First flexural moment coefficient
According to (2.17), to obtain Cr, one needs the additional computation of

1 d 1 1_x3 1

2 _ 2

/ x“(AP)dx = m / 3 wy(x, t)dx +/ x“wy(x, t)dx, (3.21)
-1 -1 -1

which after some lengthy manipulations can be written as

/1 2(AP) lp_1d e (x, 1)dx
X x=—-Ip—-— x wo(x,
. 279734 ) 7"

1 1 0 ¢
+/ Cao(x, Hdx — - / T (3.22)
—1 2/ x2—1

Thus, performing the integrals and using the above expressions of Cp and Cy; in (2.17),
one gets

Cr () =Cpy() + Cp (1), (3.23)
with
Crp(1) = 17;—2 (384 + 288d — 240k — 1056d; — 10848d; — 5745d;
—8640d, — 80190d, — 41540d>), (3.24)

Cr, (1) = s(1)CK). (3.25)

Except for the new terms with d»(¢), this expression coincides with Cr obtained in
Fernandez-Feria & Alaminos-Quesada (2021) by a slightly different approach, with d () =
24d(t) in that reference.
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3.4. Second flexural moment coefficient

Finally, to obtain Cr, one needs to compute

1 d 1 1— )C4 1
/ X(AP)dx = — / @ (x, 1)dx +/ x*w(x, Hdx, (3.26)
which can be written as
1 1
3 dI; 1d
/ x3(AP)dx -0 __Z x4wo(x, t)dx
-1 32 dr 4dr J_,4
1 00
3 1
+/ Bagx, £)dx — —/ @D 4 (3.27)
-1 8 J1 x2—1

Substituting into (2.18) and performing the integrals, the second flexural moment
coefficient can be written as

Cr,y (1) = Cpy (1) + Cp, (1), (3.28)
with the added-mass term
Cry (1) = 1’;—8 (368 + 2806 — 224h — 912d; — 10580d; — 5680d
~7530d, — 78350d, — 41117d>), (3.29)

and the circulatory term
5
Cp, (1) = gfo(t)c(k), (3.30)

where Ip(t) is given by (3.15) and C (k) by (3.14).

4. Validation of flexural deformation

Once the necessary aerodynamic loads on the flexible plate have been calculated for zg
given by (2.8), (2.10)—(2.13) are closed. In particular, with the expressions for Cr, and
CFr, one may solve (2.12)—(2.13) to obtain the passive flexural deformation of the plate,
which is done in this section, before considering the propulsion problem in § 5.

For given pitching and heaving harmonic motions 4(¢) and «(¢), the corresponding
flexural deformation functions d;(¢#) and d>(¢) can be computed from (2.12) and (2.13)
once the flexural coefficients Cr, and CF, obtained in §§ 3.3 and 3.4 are written in terms
of the harmonic motion (2.20)—(2.21). Equations (2.12) and (2.13) can then be written as

A-dy=b, 4.1
where
32 4544 944
—S——_Rk*-D;; 80S——Rk*—Dp,
3 105 3
A= i 4.2)
496 32512
16S— —Rk2— Dy, 1285 — ———"Rk*>— Dy
7 63
kazh — 2Rk*ao + Dp1ho + Dyt
le 3 0 0 h1/10 al®Q
do= , b= , (4.3)
16
dx0 2Rk2ho — ngza() + Dpaho + Dppog
1015 A35-12


https://doi.org/10.1017/jfm.2025.10390

https://doi.org/10.1017/jfm.2025.10390 Published online by Cambridge University Press

Journal of Fluid Mechanics

with the FSI functions of k coming from CF, and Cp, given by

Ck) (263
Dy (k) = % (5745k2 — 10848ik — 1056) I 2( ) (T ik + 59>, (4.4)
C(k) (3831 . 1755
Dyp(k) = % (41540k2 — 80190k — 8640) T 2( ) ( — ikt — ) 4.5)
SeC(k) (263
Doy (k) = 1’;—8 (5680k2 — 10580ik — 912) - ”8( ) (T ik + 59>, (4.6)
7 ) , SzC(k) (3831 . 1755
Dtk = = (41117k — 78350ik — 7530) - ikt ) @)

Dy (k) = STnkz —nCk)ik, Duk)=m=m <2ik - %k2> + @(2 +3ik), (4.8)

23 . 35,
, Dgk)y=mn|—ik— —k" |+

T 5nC(k) .
— ik
8 16

Dip(k) = —k* = =

5mC(k)
8

(2 + 3ik).
4.9)

When the FSI is not considered, i.e. when these D-coefficients are not taken into account
in (4.1), one obviously recovers the flexural deflection equations in vacuum (2.23). The
two first resonant, or natural, frequencies which takes into account the FSI are obtained
by minimizing | det(A)|. They will be denoted by k1 and k>, and tend to k19 and k2o,
respectively (given by (2.26) and (2.27)), as the mass ratio R increases for sufficiently
large stiffness S (see results below).

To characterize the magnitude and the phase shift of the flexural deflection for a given
heaving and pitching motion one may use the trailing edge displacement, A7 = |z,(1, 1)|,
normalized with the rigid foil counterpart Ao, and its phase shift i, from the heaving
motion:

AT _ |ho — 200 + 48d19 + 352dyg|
Ap |ho — 2ap]

, (4.10)

Wy = phase(hg — 200 + 48d10 + 352dh0). @.11)

Figure 2 shows these two quantities on the (S, k)-plane when R = 10 for a pure heaving
motion (cg = 0) set at the leading edge. Also plotted are the first two resonant frequencies,
both in vacuum and taking into account the FSI, which in this case are very close to
each other for large S because R is large enough (the inertia of the foil is much greater
than that of the fluid). It is observed that the flexural deformation magnitude At /Ao
presents local maxima around the two natural frequencies for large stiffness, particularly
for § larger than the stiffness S, where the two natural frequencies merge, which in
this case with R =10 is S, &~ 1.5. The flexural deformation decays very rapidly outside
these regions around the two natural frequencies up to the merging point. Also plotted
in the figure is the first resonant frequency obtained in Fernandez-Feria & Alaminos-
Quesada (2021) using a quartic polynomial approximation for z;, which can only capture
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(@ In (47/4,) (b

10

Figure 2. Normalized flexural deflection amplitude at the trailing edge A7 /Ao (a), and its phase shift ¥, (b),
for pure heave as k and S are varied when R = 10. The thick black lines correspond to k1 and k2, computed by
minimizing | det(A)|, and the corresponding dashed lines are k19 and k2 from (2.26) and (2.27). Also shown
in (a) with thin red lines are k,; and k19 from Fernandez-Feria & Alaminos-Quesada (2021).

(@) In (47/4) () In (47/4)

10? n2.0 102

10!

10 10° 10* 100 10! 102 10° 10*
S S

10° 10!
Figure 3. As in figure 2(a), but for R =1 (a), and R = 0.01 (b).

the first natural mode. The value of k.19 in vacuum from this simpler approximation
is practically the same as the present one for all S; when the FSI is considered, k1
from the quartic approximation practically coincides with the present one for § larger
than the merging value S, (note than in Fernandez-Feria & Alaminos-Quesada (2021),
S and R are defined as S/4 and R/4 of the present work, respectively). It is also worth
mentioning that the second natural frequency with FSI computed here coincides with that
obtained by Floryan & Rowley (2018) from the numerical solution of the full E-B beam
equation. In relation to the phase shift of the deformation at the trailing edge, figure 2(b)
shows that v, &~ —160° when A7 /Aq reaches its maximum values around the natural
frequencies.

As R decreases, k,19 and ko9 grow as R~Y2 (see (2.26) and (2.27)), but k,; and
kr> grow at a much slower pace, so that the natural frequencies with FSI separate from
their vacuum counterparts as the relative inertia of the solid decreases (see figure 3 for
R =1 and R =0.01). In fact, for R =0.01, k,» becomes even smaller than k,;9. But the
qualitative pattern of Ar/Ag remains: local maxima about &, and k-, for sufficiently large
S, in any case larger than the stiffness S where the two natural frequencies merge, and rapid
decay of At /Ao outside these regions. It must be recalled that the present approximation
fails when the frequency k exceeds k2(S, R).
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4.1. Comparison with experimental data. Deflection correction
with a nonlinear fluid damping

Although the natural frequencies around which the flexural deflection reaches its
maximum are quite well predicted by the present formulation, it is well known that the
amplitudes of these resonant deflections are greatly overestimated by the linear theory.
Actually, they reach infinity in vacuum (see §2.2), and, as shown in figures 2 and 3,
A1 /Ao may become much larger than unity near the natural frequencies, violating the
linear hypothesis. This behaviour can be corrected by taking into account an external
resistive term in the E-B equation modelling the lateral (or transverse) fluid dynamic
drag (Taylor 1952; Eloy et al. 2012). Since the correction has to be mainly done around
the natural frequencies, for outside these regions the flexural deflection amplitude remain
within the limits of the linear theory, the use of a nonlinear damping term on the left-hand
side of (2.1) of the form

1 02

dZs

297 0 | o
where Cp, is an empirically fitted transverse drag coefficient, would be enough (Paraz
et al. 2016; Pifieirua et al. 2017). In fact, only terms involving products of the flexural
deflections d| and d; would be relevant in (4.12), because any other quadratic term would
be negligible for small pitching and heaving amplitudes. But, for completeness, all the
terms are retained.

In non-dimensional form, the nonlinear damping (4.12) would introduce, for the
harmonic motion (2.20)—(2.21), the following terms into the left-hand side of the flexural
deflection moment equations (2.12) and (2.13), respectively:

(4.12)

4 16
ik*Cp, <‘§h0—2a0+klhld10+klh2d20 ho + —2h0+?a0+klald10+kla2d20 Qo

+ lkin1ho + kia1c0 + ki1idio + ki1adaol dio
+ lkin2ho + k1a200 + k112d10 + k122d2o| dzo>, (4.13)
and

16
ik*Cp, (‘Zho 5 + kap1dio + konadao| ho

16 16
+ —?ho + ?Oto + kog1d10 + k2qa2d20

+ |kan1ho + kaa100 + k211d10 + kai2daol dio

o

+ |kan2ho + kaaooo + ka12d10 + k222d20| d20>, (4.14)

where the k__-constants are given in Appendix B. Thus, instead of (4.1), the equation for
determining the flexural deflection amplitude and phase becomes

(A+A,) -dy=b+ b, (4.15)
where the new matrix A, and vector b., which depend on dy, are also given in
Appendix B.

This is a nonlinear equation for dg which can easily be solved iteratively starting from
the solution for Cp, =0 given by (4.1). Since both A, and b, are proportional to k2, the
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Figure 4. Comparison of experimental results by Paraz, Eloy & Schouveiler (2014) for A7 /Ao = ArE/ALE
versus the frequency (triangles, case B =0.053 N m in their figure 5a) with the present linear results (Cp; =0,
dashed line), and damped with Cp, =1, 10 and 12 (solid lines). Also shown with a dotted line is the linear
result from Fernandez-Feria & Alaminos-Quesada (2021), which only captures the first natural frequency.

correction to the linear solution will be more important as the frequency k increases, which
is consistent with the fact that the largest deflection amplitude coming from the linear
theory is commonly observed at the second natural frequency k2, so that, as we shall see
below, the nonlinear damping correction must be the greatest around this frequency.

Figure 4 shows a comparison of the flexural deflection amplitude obtained from the
present theoretical formulation with experimental results reported by Paraz et al. (2014) for
a flexible plate with ¢ = 12 cm undergoing a pure heaving motion in a water current with
velocity U =0.05 ms™! (Re = Uc/v = 6000). The mass ratio of the foil is R = 0.16 and
its bending rigidity 0.053 N m, corresponding to the non-dimensional stiffness S =589
in the present notation. This example also serves to illustrate how the nonlinear fluid
damping described above corrects the flexural deflection amplitude as the drag coefficient
Cp, and the forcing frequency f are varied. The figure plots the trailing-edge amplitude
Arg normalized with the heaving amplitude, Ap g =0.004 m (ho =~ 0.067), a ratio that
coincides with A7 /A defined in (4.10) for a pure heaving motion, versus the dimensional
frequency in hertz. The present linear theory with no damping (Cp,; =0, dashed line)
presents two marked maxima at the first two natural frequencies, f; =1.03 Hz and
fr2=7.90 Hz. Also shown for comparison sake is the deflection obtained with a quartic
polynomial approximation for z; in Fernandez-Feria & Alaminos-Quesada (2021) (dotted
line with Cp, = 0), which captures only the first resonant frequency, obviously coinciding
with the present results around f;1, but decaying beyond that frequency without presenting
any other peak. The trailing edge deflection ratio A7 /Ay is also plotted for three values of
Cp; # 0 to show how the linear resonant peaks are damped as Cp, increases, but barely
affecting the rest of the deflection amplitude. It is found that the present theoretical results
with Cp, = 10 best fit the experimental results around the first natural frequency, which is
close to the value Cp, = 12 found by Paraz et al. (2016) to best fit their analytical model
with the experimental data. The present results with Cp, =12 are also plotted to show
that their differences with Cp,; = 10 are quite small. Around the second natural frequency,
the agreement of the present results (using either Cp, = 10 or 12) with the experimental
data is poorer than around the first natural frequency, but they qualitatively capture the
magnitude of the experimental deflection. Figure 5 illustrates the shape of the flexible
plate along a flapping cycle at the two natural frequencies.
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Figure 5. Plate shape at different times for the same case plotted in figure 4 (ho = 0.067, 9 =0, R =0.16,
S =589) at the first (a) and second (b) resonant frequencies.

Further comparison of the present flexural deflection theoretical results with other
experimental data is provided in § 5.4.

5. Propulsion performance
5.1. Thrust coefficient

Before deriving the expression for the thrust force generated by the flexible foil’s
kinematics, (2.8)—(2.9), in the present framework of linear potential theory, it is instructive
to write the lift coefficient (2.15) in terms of the vorticity distribution, but not in the form
(3.9) used in § 3.1, but according to the general vortical impulse theory (Wu 1981; Saffman
1992).

Starting from (3.9) and using Kelvin’s theorem, |’ _11 o (x, dx + [ we(x, )dx =0,
it can be written as

d 1 d 00 00

CL(t):——/ st(x,t)dx——/ we(x,t)dx—/ w,(x, t)dx. 5.1
dr J_4 dr J; 1

Now, since w,(x, t) = w,.(X), with X = x — ¢t (von Karman & Sears 1938),

o0

d [ d >

— / x — Do (X)dx = — X+t —Dw.(X)dX =/ we(x,t)dx. (5.2)
dr Ji dr Ji— 1

Substituting this expression into the last term of (5.1) one gets the lift coefficient as

the z-component of the 2-D force F in terms of vortical impulse, F = —pd( fVoo (x A

w)d))/dt, where w is the vorticity field and V. the entire fluid domain. In non-

dimensional form and in the small-amplitude linearized limit,

d 1 d oo
CL(t):_E /_1st(x,t)dx—a/l xw,(x, t)dx. (5.3)

This expression was already used by von Kidrman & Sears (1938) in their pioneering
work on unsteady airfoil theory, recovering the previous result by Theodorsen (1935) from
the standard expression (2.15) for a rigid foil undergoing a general harmonic pitching and
heaving motion of small amplitude. Likewise, the non-dimensional x-component of the
force C,, or better, the thrust coefficient C7 = —C,, can be written as

d ! d [
CT(t):_a/ zs(x,t)ws(x,t)dx—5/l Ze(x, w,(x, t)dx, (5.4)
-1
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where z,(x, t) is the displacement of the vortex wake in the z-direction. This expression,
valid for |z5| < 1 and |z.| < 1 as it is (5.3), is now used for the flexible foil’s kinematics
(2.8)-(2.9).

Assuming that z,(x, t) is, like @, (x, ), a function only of X = x — ¢, i.e. that the wake
is stationary relative to the fluid (von Karman & Sears 1938), the last term can be written

as
o0

_El

The thrust force obtained with this assumption in the simplest case of a rigid pitching and
heaving foil has shown to compare very well with several sets of experimental data for
small-amplitude oscillations (Fernandez-Feria 2016, 2017; Alaminos-Quesada 2021).

Taking into account (3.3), the first term in (5.4) contains terms associated with @q(x, t)
and to @ (x, t). The terms corresponding to @y are easily computed using (2.8) and
(3.11), to yield

d (! d

—q | B D@l Ndx = —— [h(t)To(t) + () T4 (1) + di (1) Ty, (t) + da () T, (1) ]

dr J_4
(5.6)
where (), defined in (3.7), is given by (3.15), whereas the other functions I (¢) are
given in Appendix C. It is understood that the terms inside brackets are the product of the
real parts of each factor; e.g. Re[h(¢)]Re[Ip(2)].
For the terms coming from ., one can first use Kelvin’s theorem (3.8), and then make
use the expression (3.5) for @y, to integrate in x (except for the term corresponding to 4 (¢)
in z4(x, t) for which this last step is not needed):

1

d d 00
_ 5 B Z5(X, DDge(x, H)dx = _E |:h(f) <—F()(l‘) —/] w, (&, t)dé)

Ze(x, D, (x, t)dx = —z.(1, Hw.(1,t) = —z,(1, Hw,.(1, 1). (5.5

+ a(r) (FO(t) +‘/1 w,(§, 1)d§ _'/; 1,(§)@. (&, t)d€>

163 163 [ o0
+di (1) <—?Fo(t)—?/1 we(é,t)dé‘+/l Idl(é)we(é,t)d$>
1183 1183 [ o
+dy (1) (—Tl“o(t)—T/l we(é,t)d§+/l Idz(é)we(é,t)d%‘)], (5.7
where
I,(5) =/ —1-§, (5.8)
1
@) =1 [27 —224f — 4882 + 3283 — 8t [£2 -1 (8g3 — 3262+ 526 + 208)],

5.9

132(8) = é [215 — 1640& — 400£2 + 24083 — 406+ — 8¢°

+./&E2—1 (854 +40&3 — 23652 + 420¢ + 1523)] . (5.10)

The factors 163/8 and 1183/8 appear when applying Kelvin’s theorem to the terms
corresponding to d; and dj, respectively, because these factors are subtracted to the
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functions of x multiplying d; and d» in zg, so that the functions I;1(§) and I;2(%)
appearing in the integrals in & are regular at the leading edge & = 1; particularly, their
values at £ =1 are
221 1633
Ii(D)=——, Ip()=——0-. (5.11)
8 8

This regularity is important to compute the time derivatives of these integrals taking into
account that w, (&, t) = w.(X), with X =& — ¢, so that, for any function G (&) regular at
& =1, the time derivative can be written as (von Karman & Sears 1938)

d [® *dG(§)
—/ G(&)w.(§, t)dx 2/ ———w. (&, 1)dé + G(Dw.(1,1). (5.12)
dr Jy  dé

Performing these time derivatives in (5.7) and then the resulting integrals in &, taking
into account that @, (€, ¢) can be written as (see text above (3.13))
2 1

& N =NOHB, HO =2 g
() 1

(5.13)

and substituting (5.5), (5.6) and (5.7) into (5.4), the thrust coefficient can finally be
expressed as

Cr(t)=Cro(t) + Crc(t), (5.14)

with
d

CTOZ_E[aFa + diToa1 + d2Toa2], (5.15)

and
. 163, 1183. .
Cre= (h —a+ ?d1 + Td2> [T0Ch] + a[T9Ca1] + a[T9Cu0]
+ di[ToCan] + di[ToCa10] + da[ToCa211 + da[ ToCanol, (5.16)

where the different functions I (f) and complex functions C_ (k) are given in the
Appendices C and D, respectively. Note that all the terms involving @, (1, ¢) in (5.7),
some of them affected by the constants (5.11) after time derivation, cancel exactly out,
this being an indication of the coherence of the method and the correctness of the
computations. All the terms in (5.15) and (5.16) are actually the product of the real parts
of two factors, the second one always written between brackets in (5.16) for clarity sake.
The new contributions to Cy due to the second flexural mode d5(¢) are, in addition to
those which are explicit in (5.15)—(5.16), scattered inside the different functions Iy (¢)
(see Appendix C). With the use of these I, functions, the present notation (5.14)—(5.16)
is more compact, and with a clearer separation between added-mas and circulatory terms,
than in Fernandez-Feria & Alaminos-Quesada (2021).

5.2. Cycle-averaged thrust

Time-averaged quantities over the flapping cycle 27/k are more useful for practical
applications than the instantaneous ones. Thus, one may define the cycle-averaged
(non-dimensional) thrust as

. k [k
Cr=— Cr(t)dt. (5.17)

2 J,
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Clearly, the time average of the added-mass component (5.15) vanishes exactly because it
is the time derivative of products of periodic functions of ¢ with zero mean. Therefore, all
the time-averaged thrust comes from the circulatory part (5.16), and can be written as

Cr =Cre =thh} + t,a3 + tg,d5, + tayds, + thahoao + tharhodim
+ thazhodom + taaraodim + taaaaodom + tara2dimdam, (5.18)

where the coefficients #y, 14, ta;, tay, thas thdl, tha2, tadl, taa2 and tg14> multiplying the
heave, pitch and flexural deformation amplitudes, which are functions of the reduced
frequency k, and eventually of the phases ¢, ¥ and v, are given in Appendix E. For
dym =0 this expression coincides with that in Fernandez-Feria & Alaminos-Quesada
(2021) for a pivot axis at the leading edge, though written in a slightly different notation.

An offset drag Cp, is usually subtracted to this theoretical expression coming from
the linear potential theory to account for the streamwise viscous friction. Its value is
obviously much smaller than the transversal drag coefficient Cp; used above to account
for the nonlinear viscous damping of the flexural deflection amplitude near the resonant
frequencies. Typically, Cp, ~0.05 for small amplitude pitching and heaving motions
(Mackowski & Williamson 2015; Senturk & Smits 2019). Its correction to Cr is usually
quite irrelevant, except for very small frequencies, since the theoretical Ct — 0 as k — 0.
However small, its use important to avoid an unphysical singularity in the efficiency as
k — 0 (e.g. Mackowski & Williamson 2015; Fernandez-Feria 2017).

5.3. Power coefficient and efficiency

The power required to generate the pitching and heaving motion about the leading edge is
given, in non-dimensional form, by

Cp() =h(t)CL, (1) — 2&(t)Cpy, (1). (5.19)

On using (2.10)—(2.11) and the results of §§ 3.1 and 3.2, it can be written as

CP=CPR+CPF=CPR+CP0+CPN (5.20)
where
.. 96.. 416 .. .. 2 208.. 704 ..
Cp,=R|h|h—-a+—di+—dr | —-2a|=-h—-a+—d| +—d 5.21
Pr [ < a+5 1+ 3 2) Ol<2 301-0-15 |+ 7 2)] (5.21)

is the contribution due to the inertia of the foil of mass ratio R, whereas
Cpr =—hCp +24Cy (5.22)

is the fluid contribution, which in turn can be decomposed into an added-mass part,
associated with the fluid inertia, and circulatory part,

Cpy=—hCr, +2aCyy, (5.23)

. .
Cp,=—hCy, +24Cy, = (—h + 5&) [ToC (k)] (5.24)
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where Cp, and Cy, are given by (3.12) and (3.19), respectively, and use has been made of
(3.13) and (3.20) for Cy. and Cy,. The contribution to Cp associated with the nonlinear
damping term (4.12) in (2.10)—(2.11) has been neglected because it has already used to
damp the resonant peaks in the flexural deformation amplitude through its inclusion in
(2.12) and (2.13), so that the resulting cubic terms from this nonlinear damping in h7Cp, »
and aC M, become negligible once |d;| and |d;| are small.

The time-averaged power coefficient,

. 142/ k
Cp=— / Cp(t)de, (5.25)
2r J;

can also be decomposed into the above three contributions. The contribution from the
inertia of the foil vanishes for a rigid foil (Fernandez-Feria 2023), i.e. when the flexural
deflection amplitudes d1,, and da,, are zero:

— 16

Cpy = —ﬁmé {d1m [91ag sin(¢p — Y1) + 63hg sin yq]

+ dayy, [660aq sin(¢p — ) + 455hq sin Y21} . (5.26)

This contribution is important at high frequencies when R is not small, e.g. for a flapping
foil in air. As it will seen in the results reported below, it may help to reduce the power
consumption and thus to increase the propulsion efficiency for large R.

In general, the total time-averaged power coefficient can be written as

Cp= Phh% + Paag + Phahoao + prarhodim + pra2hodom + paaiaodim + paaraodom,
(5.27)

where the coefficients pj, pa, Phas Phdls Phd2, Padl and pgq2, which are functions of the
reduced frequency k, and eventually of the mass ratio R and the phases ¢, ¥ and ¥,
are given in Appendix F. These coefficients are written there separating the foil inertia
contribution (5.26) (terms containing the parameter R), the circulatory contribution (terms
containing the real, F, or imaginary, G, parts of Theodorsen’s function C), and the added-
mass contribution (remaining terms). It is worth noticing from the expressions given there
that C p, also contains cubic terms in k, like Cp,, but also quadratic and linear terms,
whereas the terms in fpc are, at most, quadratic in k. This means that what could most
affect power, and therefore, efficiency near the second natural frequency are the terms
coming from the inertia, both of the fluid and of the solid.

Once the thrust and power are computed, the (Froude) propulsive efficiency can be
obtained as n = C7/C p. However, this expression is valid provided that C p is positive,
and this is not always so because some contributions to Cp may become negative,
especially those coming from the inertia (e.g. Yin & Luo 2010; Fernandez-Feria 2023),
so that there is energy transfer from the foil back to the driving system. To avoid this
situation, a conservative assumption is usually adopted (Yin & Luo 2010), which the
negative power in either one of the two terms in (5.19) is not reusable. Consequently, we
define an alternative time-averaged power coefficient C p+ where only the positive parts
of h(t)C L, (1) and —=26(1)Cp,, (7) in (5.19) are averaged over the entire flapping cycle. The
propulsmn efficiency is thus defined as
n= _C—T (5.28)

Crt
In what follows, C p will be used to simplify the notation, but understanding that it means
C p+, except otherwise specified.

1015 A35-21


https://doi.org/10.1017/jfm.2025.10390

https://doi.org/10.1017/jfm.2025.10390 Published online by Cambridge University Press

R. Fernandez-Feria

~

b)
40

35+
3.0
25+
2.0
1.5+

05| ] 10}
0.5

*hg)

Cr/(k

0 1 2 3 4 5 6 0 1 2 3 4 5 6

(d)

2.5 ‘ ‘ ‘ ‘ \ 0.20

~
)
~

0.15 -

3hg)

n 0.10|

Cp/(k

0.05+ [/

ST

Figure 6. Comparison between the present theoretical results (continuous lines) for A7 /Ao (a), 67/(k2h%)

), Cp/ (k3h%) (c¢) and 7 (d) with experimental data (symbols) by Quinn, Lauder & Smits (2014) for a flexible
heaving foil with hg 2~ 0.1. The experimental data are extracted from figure 9 of Paraz et al. (2016). Dashed
lines correspond to the results for the rigid foil counterpart.

5.4. Comparison with experimental results

Figure 6 compares the present results for the trailing-edge deflection amplitude, the thrust
coefficient, the power coefficient and the efficiency with experimental results by Quinn
et al. (2014) for a heaving foil with h9p~0.1 in a water current with U ~0.1 msL,
The experimental data, extracted from figure 9 of Paraz et al. (2016) and plotted against
f/fr1 =k/ k1, are for the panel A in Quinn et al. (2014), with bending stiffness per unit
span Eg3 /12~ 1.96 N m and thickness-to-chord ratio & /c = 0.0034, which correspond to
S~ 1269 and R ~ 0.1 in the present notation. The flexural deflection plotted in figure 6(a)
is obtained with Cp; = 12, a value also used by Paraz et al. (2016) in their model, showing
a very good agreement with the experimental data of Quinn ez al. (2014). An offset drag
coefficient Cp, = 0.05 is used in the theoretical Cr plotted in figure 6(b), in accordance
with the experimental data reported in figure 13 of Quinn er al. (2014) as the frequency
tends to zero. The corresponding time-averaged power coefficient Cp and efficiency n
are plotted in figures 6(c) and 6(d), respectively, showing also a good agreement with the
experimental data. For reference sake, the theoretical results for the rigid foil counterpart
are also plotted with dashed lines, showing the enhancement of the propulsive performance
due to flexibility, especially around the two natural frequencies (k,; >~ 11.6 and k,, >~ 89.6
in this case).

The experimental results plotted in figure 6 do not reach frequencies around the second
natural mode. Paraz et al. (2016) report some experimental measurements of the thrust
force for higher frequencies in their figure 8(a), but they are made ‘in water at rest’, which
represents a difficulty for comparison with current theoretical results because U is used
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Figure 7. Comparison between the present theoretical results for Cy/ (kzh ) at two high values of §
(continuous lines) with experimental data (symbols) by Paraz er al. (2016) for a flexible heaving foil with
ho =0.07.

here to make dimensionless C7, k and S. Formally, their experimental data corresponds
to S — oo and, since these authors report results for Cr/ (kzh%) in the present notation, in
whose non-dimensionalization does not intervene U, figure 6 compares the experimental
data for the case ho=0.07 with the present theoretical results for two large values of
the stiffness, S =5 x 103 and S = 10*. The mass ratio used is R = 0.16, that coincides
with that in figure 4, and the same values of the drag coefficients Cp, and Cp, of the
previous comparison are used. The present results underestimate the thrust around the
first natural frequency and overestimate it around the second. But taking into account
that the limit U = 0 cannot be well captured by the present theoretical approximation, the
agreement is not that bad, reproducing correctly the two thrust peaks near the first two
natural frequencies. It should also be noted that the thrust is scaled with k2 in figure 7, so
that the greatest thrust peak really happens around the second mode.

All the other experimental data found by the author in the literature for frequencies near
the second natural mode are for large oscillation amplitudes, or for a foil with small aspect
ratio, or both, so that the present theory could not be applied.

6. Results and discussion
6.1. Heaving

Figure 8 shows the present theoretical results for the same values of R and kg considered
in figure 6, but for a wide range of the stiffness parameter. The value of S used for the
comparison with experimental data in figure 6 is marked with a white dashed line (note
that C7 and Cp are normalized in figure 6 with kzh% and k3h2, respectively, which is
not done in figures 8 and 8d). Though the largest thrust for this value of the stiffness
(S =1269) is reached close to the second natural frequency, the power also presents a
maximum value there, so that the largest efficiency is obtained near to the first natural
frequency, as it is more clearly observed in figure 6.

As the stiffness decreases, this behaviour remains qualitatively the same, increasing the
propulsion efficiency until reaching a peak of approximately 50 % for S ~ 30 and for a
frequency quite above the corresponding first natural frequency (for k >~ 2.75).
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Figure 8. Normalized flexural deflection amplitude at the trailing edge (a), thrust (b), power (c) and efficiency
(d) for pure heave as k and S are varied when R =0.1. Here Cp, =12 and Cp, = 0.05. The vertical dashed
line marks the case depicted in figure 6. For the other lines related to the natural frequencies see caption of
figure 2.
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Figure 9. Evolution of the frequencies for 7,,4x (squares) and mex (circles) with the mass ratio R, for a
heaving foil with § = 1500 (@) and S = 50 (b). For reference, the different lines represent the first and second
natural frequencies, as indicated.

The model predicts that the propulsive performance improves slightly with the mass
ratio R, with a pattern similar to that of figure 8: the highest efficiency around k| for large
S, but moving to frequencies in between the two natural modes as S decreases. This is
better appreciated in figure 9, where the evolutions of the frequencies for the maximum
efficiency and the maximum thrust coefficient as R is varied are plotted for S = 1500 and
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Figure 10. Normalized flexural deflection amplitude at the trailing edge (a), thrust (b), power (c) and efficiency
(d) for a pitching foil with ¢9 =2° and R =0.1 as k and S are varied. Here Cp, = 12 and Cp, = 0.0373. For
the lines related to the natural frequencies see caption of figure 2.

S = 50. The maximum thrust is reached slightly below the second natural frequency, while
the maximum efficiency is obtained for frequencies just below the first natural frequency
for sufficiently rigid foils, and for frequencies higher than that of the first mode for more
flexible foils. In general, both Cr, . and 1,y increase with the mass ratio R.

6.2. Pitching

For a flexible pitching foil the propulsion pattern when S and k vary is different from that
of a heaving foil, as shown in figure 10 for op =2° and R =0.1. The offset viscous drag
selected in the computations of figure is Cp, =0.0373, according to the experimental
value given by Mackowski & Williamson (2015) for this pitching amplitude, whereas
Cp; =12 as in the previous cases.

To begin with, figure 10(a) shows that there is no trailing-edge deflection peak at the
second natural frequency. Actually, for low stiffnesses, the trailing-edge flexural deflection
amplitude is below that of the rigid foil counterpart for all the frequencies, as it is
better appreciated in figure 11(a), where two profiles of A7 /Ao versus k are plotted for
S =30 and S = 1500. Nonetheless, these low-stiffness pitching foils show marked thrust
and power peaks around the second natural frequency (see figure 10b,c and figure 11 for
S =30), whereas for large stiffnesses, the highest peaks of C7 and Cp are close to the
first natural frequency, which is better appreciated in figures 11(c) and 11(d) for S = 1500.
As a consequence, the propulsive efficiency pattern is quite different from that of a pure
heaving foil (compare figures 10d and 11d with figures 8d and 6d, respectively): for large
and moderate stiffnesses the highest efficiencies are around the first natural frequency,
whereas, for lower stiffnesses, pitching foils actuated at the second natural frequency show
larger propulsive efficiencies than when actuated at the first one. Actually, according to
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Figure 11. Profiles of A7 /Ao (a), fT/(szg) (b), fp/(k3A%) (c), and n (d) versus k/ k, for a flexible pitching
foil with g =2° and R =0.1, for § =30 (blue lines) and § = 1500 (black lines). Dashed lines correspond to
the results for the rigid foil counterparts.
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Figure 12. Evolution of the frequencies for nyqx (squares) and Cr,,. (circles) with the mass ratio R, for

a pitching foil with S =1500 (a) and S =50 (b). The different lines represent the first and second natural
frequencies, as indicated.

the present results, a pitching foil with high flexibility only generates thrust when the
frequency is around the second natural frequency.

The propulsion pattern for a mass ratio R = 0.1 shown in figures 10 and 11 remains
qualitatively the same for other values of R, as shown in figure 12. For high stiffnesses, the
largest thrust is always reached slightly below the second natural frequency, whereas the
maximum efficiency is obtained for frequencies slightly below the first natural frequency
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Figure 13. Here A7/Aq (a), Ct (b), Cp (c) and 7 (d) for a pitching and heaving foil with ag = 2°, kg = 0.05,
¢=0and R=0.1as k and § are varied. Here Cp, = 12 and Cp, = 0.05.

(figure 12a). For more flexible foils, both maxima are attained at practically the same
frequencies, below the second mode (figure 125).

6.3. Pitching and heaving

Figures 13 and 14 show the results for a combined pitching and heaving motion with
ag=2° and hg=0.05, both with a mass ratio R =0.1. In figure 13 without phase
shift (¢ =0) and in figure 14 when pitch lags heave by ¢ = —90°, which approximately
corresponds to the rigid foil kinematics with the highest efficiency (Lighthill 1970; Wu
1971a). Drag coefficients Cp, = 12 and Cp, = 0.05 are used.

In both cases the flexural deflection has peaks around the two natural frequencies if the
stiffness is high enough. But, when heave and pitch are in phase (figure 13a) the local
maximum of Ar/Ag around the first natural mode is very weak, whereas it is almost
suppressed about the second one for ¢ = —90° (figure 14a). Despite these differences, the
largest thrust is always generated around the second mode for large stiffnesses (figures 135
and 14b), which also needs the largest input power (figures 13c and 14¢), so that the largest
efficiency is not reached near neither of these natural frequencies for large stiffnesses. Only
for ¢ = 0 there is a local maximum of 7 around k,, for large S (figure 13d). The largest
efficiency is reached in both cases for S of order 10 or below (recall that the present theory
fails as S becomes of order unity, when the two natural frequencies merge). It is close to
(but clearly below) the second mode for ¢ = 0, which presents the largest efficiency, while
for ¢ = —90° the highest efficient is not related to the resonant frequencies (figure 14d).

As shown in figure 15, these propulsion patterns for R = 0.1 remain qualitatively the
same as R is varied. For large stiffness (figure 15a) and ¢ =0, both Cr, . and 1, are
obtained practically at the second natural frequency, whereas for ¢ = —90°, the maximum

1015 A35-27


https://doi.org/10.1017/jfm.2025.10390

https://doi.org/10.1017/jfm.2025.10390 Published online by Cambridge University Press

R. Fernandez-Feria

(a) In(47/4,) (b)

10°

(d)

10!

100 s

Figure 14. As figure 13 but for ¢ = —90°.

(@ ()
10 < T =T T T
T —kn 2 BRI, — Ky
- kg 10% ¢ AR - kg
— \\\ — ko
k2o AR k2o
® ke, 9=0° .. ® ke,  §=0°
k" p=00 e |k gm0
- | Ok p=-90° T O kep #=-90°
2 Tl ok " =90 ¢ 00 e |0k ™ e=-9
10-8 — . n,m\\ x be e g B Tosax —
© 10' (I
o - ~
o ‘U“
T
S
101 g o
o o o 5
. 100t
1072 107! 10° 1072 107! 10°
R R

Figure 15. Evolution of the frequencies for 7,,,, (squares) and meM (circles) with the mass ratio R, for
a pitching and heaving foil (@9 =2° and ho =0.05) with §=1500 (@) and S =50 (b) for ¢ =0° (filled
symbols) and ¢ = —90° (open symbols). The different lines represent the first and second natural frequencies,
as indicated.

thrust is generated for a frequency below k,» and the maximum propulsive efficiency for
frequencies lower than the first natural frequency. For more flexible foils (figure 15b), the
main difference is that the maximum propulsive efficiency when ¢ = —90° is obtained for
frequencies in between the two natural frequencies, with no apparent relation to any of
them. Both C7,,,. and 1,4y increase with R in all the cases considered.

For other phase shifts different from ¢ = 0° and ¢ = —90° the results are found to be
very similar to those depicted in figure 13 for ¢ close to zero or to 180°, whereas the results
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in figure 14 are representative for any ¢ around 90°. It may be concluded that for large
stiffnesses one must operate around the second natural frequency with pitch and heave in
phase to obtain the largest thrust and efficiency. Out of phase (for ¢ around 90°), though
the largest thrust is still generated close to the second mode, the efficiency is the highest
near the first mode. For low stiffness S, no relation is found between high efficiencies and
resonant frequencies, especially when pitch and heave are out of phase.

7. Conclusion

An analytical formulation of the FSI between a uniform fluid current and a 2-D pitching
and heaving flexible plate, which models the interaction up to the first two natural
frequencies of the system, is presented in this work, and their results are compared with
available experimental data for small-amplitude oscillations. It is based on a fifth-order
polynomial profile for the flexible plate, the simplest approximation for the deformation of
a thin plate governed by the E-B beam equation that is capable of fulfilling the trailing-
edge boundary conditions and capturing the first two resonant frequencies when subjected
to an arbitrary pitching and heaving motion about a pivot axis close to the leading edge.
The main contribution is the analytical derivation of the force, moment and the first
two flexural moments that the inviscid flow exerts on the flexible plate, extending and
systematizing previous works, together with the coupling of these expressions with the
first four moments of the E-B equation. These equations allow the analytical computation
of the dynamic deformation of the foil for a given pitching and heaving motion, along with
the power needed to generate this motion which includes the sometimes-ignored effects of
the inertia of the plate. The approach is based on the linearized potential flow theory
and the E-B beam equation, so that it is limited to small-amplitude oscillations and
deformations of the plate. With the fifth-order polynomial approximation this limitation
can be met when a nonlinear damping term is included in the E-B equation to cushion the
deformation peaks at the two resonant frequencies, especially at the second, after whose
correction the deformation shows a good agreement with experimental results for small-
amplitude pitch and heave. This approximation is also at the edge between the purely
oscillatory behaviour and the undulatory one of the foil. For this last behaviour the present
approach based on the moments of the E-B equation would not be possible, so that it
wouldn’t be possible or practical to extend this approximation to cover the following
natural modes, which are normally obtained numerically from a modal decomposition
of the E-B equation, typically with a Chebyshev expansion.

These analytical results may be of interest to analyse easily problems where the
knowledge of the FSI of a flexible plate up to the second natural mode is needed. Here it
has been applied to the propulsion problem. To that end, the thrust force exerted by the fluid
on the pitching and heaving foil whose deformation is approximated by a general fifth-
order polynomial has also been obtained analytically in the linearized potential flow limit
using the vortex impulse formulation. The derivation extends and systematize previous
works. The resulting thrust has also been validated against available experimental data for
small-amplitude oscillations of the foil. In general, the results of the present model for the
different magnitudes agree better with experimental results for frequencies around the first
natural mode than around the second one, with the latter experimental data being much
scarcer.

With these two analytical tools, the propulsion performance of a pitching and/or heaving
flexible plate actuated at its leading edge with frequencies up to the second natural
frequency has been analysed. The maximum thrust generated, and the maximum input
power required, are generally achieved with frequencies close to the natural ones, in
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agreement with some previous works, whereas the maximum propulsive efficiency occurs
at frequencies close to that of the first natural mode if the foil is sufficiently rigid, but
it is not related to the natural frequencies as the rigidity decreases, being the optimum
efficiency somewhere between the two natural modes for low stiffnesses. However, it is
found that the propulsion patterns as the stiffness varies are quite different for pitching and
for heaving foils. Thus, for instance, it is found that a pitching foil with high flexibility only
generates thrust when the frequency is around the second natural frequency, whereas for
large and moderate stiffnesses the highest thrust and efficiency are around the first natural
frequency, with negligible thrust as the second natural frequency is approached. On the
other hand, for heaving foils, the maximum thrust is reached slightly below the second
natural frequency, while the maximum efficiency is obtained for frequencies just below
the first natural mode for sufficiently rigid foils, and for frequencies higher than that of
the first mode for more flexible foils. When pitch and heave are actuated simultaneously,
one must operate around the second natural frequency to obtain the largest thrust and
efficiency when pitch and heave are phase, whereas, out of phase, the largest thrust is still
generated close to the second mode, but the efficiency is the highest near the first mode.
For low stiffness, no relation is found between high efficiencies and resonant frequencies,
especially when pitch and heave are out of phase. The approach ceases to be valid when
the two natural modes provided by the model merge for values of the stiffness parameter
of order unity.

Obviously, the present results cannot be extrapolated to cases when the pitch/heave
amplitude is not small, or when the plate undergoes deformations of great amplitude,
because the separation phenomena would be very important. But even for small
amplitudes, the results would not be applicable to low-Reynolds-number flows, when the
viscous effects are very relevant and cannot be taken into consideration through simple
drags coefficients, or when the aspect ratio of the plate is not sufficiently large, because
three-dimensionality effects cannot be disregarded. But, in any case, the formulation
provides a useful analytical tool to quickly estimate the behaviour of a small-amplitude
oscillating foil immersed in a fluid current.

Funding. This research has been supported by the MCIyU/AEI grant PID2023-150588NB-100.

Declaration of interests. The author reports no conflict of interest.

Appendix A. Equation (3.1)

The unsteady, linearized Bernoulli equation for the inviscid and incompressible flow on
the plate can be written, in non-dimensional form, as

_dAe) 1

Lo 2 =2
AP a7 +2[(u) (u)71 (Al)

where @ is the non-dimensional velocity potential (. =0®/dx) and A® =P — P,
with superscripts + and — denoting the upper and lower surfaces of the plate, respectively,
as defined in the main text (recall that the non-dimensional pressure difference has
been defined as AP = (p~ — pT)/(pU?)). Using the non-dimensional vorticity density
distribution on the plate, @ (x, 1) =u™(x, t) — u~ (x, t), one may write

AD =/X (&, 1)dE. (A2)
-1
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Since (ut +u~)/2 is the free stream velocity in the present linearized theory, which is
unity in non-dimensional variables, introducing these expressions into (A1) one obtains
3.1).

Appendix B. The A, and b, in (4.15)
Here A, and b, are given by

A.=ik*Cp.

lkir1ho + kia1co + kiidio + kiadool  [kinaho + kia2ao + k112d1o + k122d2o|
X )

lkon1ho + koq1oo + karidio + koi2dool  1kon2ho + kaaoog + kaiodio + kaoodool

(B1)
b. = —ik’Cp;
‘%ho — 200 + kin1dio + kthdZO’ ho + )—Zho + Lag + kiardio + klaZdZO‘ o0

X b

‘Zho — B + kamdio + k2h2d20‘ ho + ‘—15—6}10 + Lap + kaardio + k2a2d20‘ o0

(B2)
where the & -coefficients are given by

o — 4544 _ 944 . 496 _ 32512 (B3)

lhl - 105 k) ”12 - 3 I lal = 7 k) 1(12 - 63 k]
o — 496 . 32512 _ 7552 _ 30592 (B4)

2h1 = 7 2h2 = 3 2a1 = 3 202 = 35
_ 5481472 . 4438528 _ 756936704 (BS)

m = 3465 12 = 385 122 = 9009
. 148992 _ 25432064 oy — 99897344 (B6)

211 = 55 212 = 187 222 = 693

Appendix C. Functions I' (¢) and I, (¢) in (5.6) and (5.15)
The functions I, (t), I'y, (t) and Iy, (¢) appearing in (5.6) are

IAGES —% [8( — h) + 16& — 272d) — 377d; — 2045d, — 27584, (C1)
Iy () = % [1008(c — h1) +2200& — 35172d; — 531384 — 265410d, — 389427d;],
(C2)

IRGE g—4 [7208(cr — i) + 157926 — 251656d; — 381889d)
—1899285d; — 279897845 ] . (C3)
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The different functions Iy, (¢) appearing in (5.15) are defined in terms of Ip(¢) (3.15)
and the above functions as

Toa=14+ 1o
i | . .
=7 latd—h—g (200d; + 149d, + 1465d; + 1073d2)}, (C4)
163
Toar = I'a1 —?Fo
i , 1 . .
=7 | 25(h — @) + 5 (=856 +20882d; + 16300d) + 153360d> + 117513d2)],
) (C5)
1183
Toaz = T'an —TFO
= _% [11720(a — h) + 12600 — 306720d; — 240369d,
—2253045d, — 17330954, ] . (C6)

Appendix D. Functions C__ (k) in (5.16)

In addition to the well-known Theodorsen function C(k), defined in (3.14) and appearing
in the circulatory parts of the lift and the other moment coefficients obtained in § 3,
some other complex functions of the reduced frequency k appear in the circulatory part
(5.16) of the thrust coefficient. They are defined as the following integrals involving the
k-dependence of the wake vorticity distribution (5.13):

Ch(k):H(k)/oo e ke gg (D1)
1

Car () = H(K) / La(&)e M de = H(k) / e -1 -5 e, (D)
1 1

Cao(k) = H (k) /oo %e—”‘fdszﬂ(k)/oo ( 5§ _ 1) e ke g, (D3)
1 1

VEL—1
Car1 (k) = —H (k) /1 La1(8)e M dg, (D4)
Caro(k) = —H(K) / T g (D3)
p d&
Cani (k) = —H (k) fl I (&)e K dk, (D6)
Cano(k) = —H () f h %e—"kfds, (D7)
1

where H (k) is defined in (5.13) and 1,(§), 141 (§) and 142(§) in (5.8)—(5.10).
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k k

Figure 16. Real and imaginary parts of the functions C__ (k).

The first three ones can easily be obtained analytically (von Kdrmédn & Sears 1938;
Fernandez-Feria 2016; Alaminos-Quesada & Fernandez-Feria 2020),

O (k) = — 2B (D8)
T
] 2(1 +ik
Cor k) = 1C) + %cl ®), (D9)
Coo(k) = —C(k) + 2ic;(k), (D10)

where C(k) is Theodorsen’s function (Theodorsen 1935), and C (k), defined in Fernandez-
Feria (2016), is

e—ik/k
i1 (k) + H (k)

Cik) = (DI1)

The analytical expressions for the remaining functions (D4)—(D7) are so involved that
they are better computed numerically, which is a quite straightforward and quick task. For
validation, the numerical integration code for these functions has also been used for C, (k)
and C,o(k), reproducing the analytical expressions (D9)—-(D10) with great accuracy. The
real and imaginary parts of these later functions are plotted in figure 16(a), whereas those
corresponding to the functions Cy11 (k) and C419(k) obtained numerically are plotted in
figure 16(b). Functions Cy21 (k) and Cg29(k) are no represented because they turn out to be
related to Cg11 (k) and Cg10(k) through
Lgr(1) Ia2(1)

I (I)Cdn(k) . Cao(k) >~ (D
with I;2(1)/1;1(1) = 1633/221 (see (5.11)). Note also that Re[Cy11] = —Im[Cq410], so that
Re[Cy21] = Im[Cy20].

Ca1 (k) =~ Car0(k), (D12)

Appendix E. Coefficients of the cycle-averaged thrust (5.18)

In the following expressions for t;, t4, t4,, tdy, thas thdls tha2s tadl, tag2 and tg142, the
functions F_ (k) and G _ (k) are the real and imaginary parts, respectively, of the
complex functions C__ (k) defined in Appendix D; thus, for instance, Fp, (k) = Re[Cp, (k)] =
2G(k)/m and Gj (k) =Im[Cj (k)] = —2F; /7 (these functions F. (k) and G _ (k) are
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plotted in figure 16):
—kz]'_h ,
3 3 3
Iq :-/_"a0+k (gal - _guO _gh +_-Fa1) - _kz‘/—"h s

59 263 9617 263 42869
tan = —7}}110 +k <—gd10 - —Qdu - —g ) ( Fan + ]:h>,

64
1755 3831 1755 2076165
tar = —T]:dzo + <?de0 - Gao1 — gh)
2 3831 4532073
T 5y k)

1
tha =k |:ga0+gh +k( Fn—Fa )j| COS¢+k|: Fao+ Fn—k (Egh+ga1>] sing ,
59 213
tha1 =k [gdl() - 79;; —k (T]:h +]:d11>:| cos Yy
59 25 )
k |:—Fd10 - —]:h +k (7% — gdll)] sin ¥y ,

1755 6197
thaz = [gdzo - —Gp — (Y.Fh + .7-'d21>} cos Y

8
1755 1465 .
k [—fdzo - —fh +k (?gh — gdZI)] sin ¥ ,
263 59 3 399
ladl = |:-7'—d10 - faO +k ( 2 Ga0 — 7%1 — EngO +Gau + ?gh>

, 263 1015
+k Efdn - ?fal ?}—h cos(¢ — Y1)

59 263
+ [—leo - _gaO +k (__]:aO + ]:al — —]'-dlo + Fanl — —]:h)
263 37 )
+ k? <——gd11 - _gal gh)] sin(¢ — 1)

1755 3831 1755 1469
tad2 = [-7'7120 - T}'ao +k (TQ —Ga1 — deo +Ga1 + —Qh)

3831 18
+k? (—1—6fa1 + S Faa + —ﬂ)] cos(¢ — 2)

1755 3831 1755 43
[ Gazo — Tgao (— T3 Fao + A Fai ]:dzo + Fao1 — —]:h)

3831 141
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2 (3831 263 1246711

T}}m + ?]:le + fh>:| cos(Y1 — ¥2)

128
+ [%deo - L:jgdlo
+k (—%fmo + %fdn + %fdzo - %]‘}m + 62#%)
@2 (—%gdu + 226 - %gh)] sin(y1 — Y). ED)

Appendix F. Coefficients of the cycle-averaged power (5.27)
The coefficients of the cycle-averaged power (5.27) are

3 1 3
= k? =wk(>k+ =G+ >k
ph s ‘/_-.a Pa 4 (4 +2g+4f)»
1
DPha =Tk |:—§c0s¢—(g+2k.7:)cos¢+(kg—}")sin¢:|,

48 149 25
DPhdl = s R k> sin v+ k> (_Ek sin Y1 + 5 cos Wl)

+ n_k [(599 + 263k}"> cos Yy + (59]—' — 24£kg> sin 1/f1:|,

2 4
208 1073 11720
PhdZZ_T ng Sinlﬂz—ﬂkz (Tksmlﬂz—l— 103

1755 3831 1755 3831
+k [(?g + 1_6k]:> cos Y + (T]:— 1—6kg> sin 1ﬂ2:|,

cos WZ)

208 s 4, 175, 9\
Padl === sin(p — Y1) — 1 > COS(¢—W1)+<E _4_1) sin(¢ — 1)

Lk [_ (?g + %k}") cos(g — Y1) + (?}'— %kg) sin(@ — wl)],

4
(F1)
and
704
Patz=——R I sin(¢ — 12)
L 4835k 20213k2 E .
7kl =5 cos(¢p — ) + (—256 ~ 3 sin(¢ — ¥n)
1755 3831 1755 3831 .
+ wk |:— (1—69 + Yk]:) COS(¢ - 1~,[f2) +(1—6]: — 3—2kg) Sll’l(¢ — K/fz):| .
(F2)
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