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ON ZETA FUNCTIONS ASSOCIATED WITH POLYNOMIALS

ANDRZEJ DABROWSKI

We give direct proofs of meromorphic continuality on the whole complex plane of
certain zeta functions Zp,qg(s) and Z(P/Q, s} associated with a pair of polynomials
P,Q. We calculate Zp,o(—¢) (¢ a non-negative integer) and give explicit formulas
for the residues of Z(P/Q, s) at poles.

INTRODUCTION

E
Let Q(z) = [] (z + ;) be a non-constant polynomial with real coefficients and
j=1
Re(a;) > -1 (j=1,...,k). Let P(z) =bo+ ...+ bnz™ (bm # 0) be a polynomial

of degree m with complex coefficients. Consider the Dirichlet series

Zpo(s) = Z gT(:));;, (Re(s) > m,-:- 1).
n>1

i

Define polynomials P;(z) by Py(z) = z, and, if § >0, Pi(z) = Y a(j,i)r? with

7=1
i i+ 1\
a(4, i) = Y (1)’ l(;+ l)l‘. Let C.(3) (i,7 = 0,1,...) be rational numbers defined
{=1 -
by
2 A AR Y o ()
(l—e‘t) Bile )-rgo r! r
Also put

&, _ L(s+p1)...T(s+p) .
Aj,p(s) = F(s)k_ll"(ks+j) (pr+...+pc=17).

Our first result is the following

PrROPOSITION 1.

(a) Zp(s) has a meromorphic continuation on the complex plane with at
most simple poles at s = (m+1—35)/k (j =0,1,...), other than non-
positive integers.

(b) For any non-negative integer q, we have
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Zrot-0="LLS 0 ¥ O[S Cpafg it

1=0 r+j=kqg+1+l ) 1+ +px=3 pk

Particular cases treated before included: & arbitrary, m = 0 (see [2]) and &k = 2,
m arbitrary (see [1]).

Assuming deg P > deg @, and P(z) = ﬁ1 (x+0B;), Re(B;) >-1 (j=1,...,m),
J:
we define p
29 =Y (5) ", (Re() > —15).

n>1

Write
z™ *Q(z) — P(z)
P(z)

b .
= Z A—lo—j(P1 Q)x-'O_J’

=0

and define the numbers B_,(P,Q,) by the expression

(Z A“‘O‘J'(Pa Q)x-lo—j> = Z B"“O—J'(P’ Q,i)x-ﬂo_j (¢=0,1,...).

We give a direct proof of meromorphic continuality of Z(P/Q,s) on the complex
plane, with an explicit formula for the residues. More involved proofs of this result can
be found in (or deduced from) [4, 3].

PROPOSITION 2.

(a) Z(P/Q,s) has a meromorphic continuation on the complex plane with at
most simple poles at s =(1-r)/(m —k) (r=0,1,...) other than zero.

(b) We have
1 1-r
resg=(1-r)/(m—k) Z(P/Q, s) = p— Z (m - k)B_,(P,Q,i), Z(P/Q,0) = —~
ilgt+ji=r t
PRrOOFs

PRrROOF OF PROPOSITION 1: For Re(s) > 0, we set
1 -1
Io(s,t) = ———_—/ (wy...up)" tetorvit o takuid gy | dug g,
? I'(s)* ! Je

where E is the standard simplex in R¥! defined by ui,...,ux_; > 0 and ux =
1—uy—...—ug1 20.
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LEMMA 1. For k > 2 and Re(s) > (m +1)/k, we have

o) tks 1P( —t)

ZPQ(S S) Zb / —Tt)'ﬁIQ(s’ t) dt.
i=0-

ProoF: Modify the proof of Proposition 1 in [2]. 0

LEMMA 2. Ig(s,t) has analytic continuation to an entire function of s.

PROOF: See [2, p.586]. a

Part (a) of Proposition 1 follows immediately from Lemmas 1 and 2. In the proof
of part (b) we need the Taylor expansion:

[o.¢]

Re0=Y[ ¥ valeit]y

|
J=0"p1+...+pr=3 - Pk

The assertion now follows from the calculation of res,—_q Zp,o(s)['(s) in two ways. [

PRrOOF OF PROPOSITION 2: We have

5 (B) - (1 2 ) e

n>1
_ ( ) ) < n™*Q(n) — (n))‘n—(m—k)s
2 Pn)
oo o0
Z ( ) > B_iy—;(P,Q,i)¢((m ~ k)s +ilo + j).
i=0 =0
This gives meromorphic continuation of Z(P/Q, s) on the complex plane, with explicit
formulas for the residues. 0
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