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On the Duality between Coalescing
Brownian Motions

Jie Xiong and Xiaowen Zhou

Abstract. A duality formula is found for coalescing Brownian motions on the real line. It is shown
that the joint distribution of a coalescing Brownian motion can be determined by another coalescing
Brownian motion running backward. This duality is used to study a measure-valued process arising as
the high density limit of the empirical measures of coalescing Brownian motions.

1 Introduction

The duality concerned in this paper is the duality between the martingale problems
for two Markov processes (see section 4.4 of [6]). It can be loosely described as fol-
lows: processes X and Y are dual to each other with respect to a dual function f
defined over an appropriate space if P[ f(X;; Yy)] = P[f(Xo; Y;)],t > 0. Under such
a dual relationship problems concerning one process can be transformed into prob-
lems concerning the other. It has been a powerful technique in the study of certain
stochastic systems. For example, the voter model is dual to systems of coalescing ran-
dom walks. This coalescing duality plays a central role in the analysis of the voter
model (see [10]). Dualities are also used intensively in the study of measure-valued
stochastic processes such as superprocesses, stepping-stone models and interactive
Fleming-Viot processes. A prime application of dualities in those models is to prove
the uniqueness of a solution to a desired martingale problem. We refer to [4, 12] for
literatures therein on details in this respect.

Coalescing Brownian motion was first studied in [1] and [8], where infinite sys-
tems of coalescing Brownian motions later called coalescing Brownian flows were
considered. Recently, results were obtained in [13] concerning two families of inter-
acting Brownian motions with one family of Brownian motions running forward and
the other running backward. In such a stochastic system coalescing occurs among the
Brownian motions running in the same direction and reflecting occurs among those
in the opposite direction. The proofs were based on discrete approximations. The
duality plays an important role in all the above mentioned work.

Coalescing Brownian motion is interesting because it captures the interactions be-
tween Brownian motions. It also serves as the dual process of other measure-valued
Markov processes. For example, systems of coalescing Brownian motions are used to
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define and study the continuous sites stepping-stone models with Brownian migra-
tion (see [7, 5]).

The coalescing Brownian motion considered in this paper can be described intu-
itively as follows. An n-dimensional coalescing Brownian motion X=(X,..., X)) is
a system of n indexed interactive Brownian motions. Each process X; evolves accord-
ing to a one-dimensional Brownian motion, independent of the others, until two of
them meet. Once X; and X i1 < i < j < n, first meet, X ; assumes the value of X;
after that, and we say the j-th process is attached to the i-th process which is still free.
The system then evolves in the same fashion. A rigorous definition of the coalescing
Brownian motion is postponed to Section 2.

In this paper we are going to propose another duality on the coalescing Brownian
motions. Theorem 1.1, the main result of this paper, concerns a duality involving
two systems of coalescing Brownian motions. Some notations are needed before we
are ready to introduce this result.

Given a positive integer #, let P, denote the set of ordered partitions of N,, :=
{1,...,n}. That is, an element 7 of P, is a collection m = {A;(n),...,Ap(m)} of
subsets of N, with the property that | J; Aij(w) = N,, and all the integers contained
in A;(7) are smaller than those in A(7) for i < j. The sets A(m),...Ay(7) are the
blocks of the ordered partition 7 and h is the length of 7, which is denoted by I().

Theorem 1.1 ~ Suppose that X = (X1, ...,X,) is an n-dimensional coalescing Brow-
nian motion with X(0) = (x1, ..., %), x1 < --- < x,. Then for any m € P, and any
(15 yamh y1 < -+ < Yaum), we have

I(r)

I(mr)
@) P{Y O € G2t =P{ () s € T (00, 12500} },

j=li€A; j=lieA;

whereY = (Yi,..., Yzz(ﬂ)) is a 2l(m)-dimensional coalescing Brownian motion with
Y(0) = (y1,-- -, yaum)-

With this duality the joint distribution of one coalescing Brownian motion can be
expressed in terms of the distribution of random intervals driven by another coalesc-
ing Brownian motion running backward. The coalescing Brownian motion could be
thought as self dual in this sense. There is no interaction between the two coalescing
Brownian motions. To the authors’ knowledge such a duality has not been pointed
out even in the setting of coalescing simple random walks.

There are standard ways to show a dual relationship between two martingale prob-
lems (e.g., see section 4.4 of [6]). But in general, to be able to apply Ito’s formula,
only smooth functions are chosen as the dual functions, which is not the case in our
duality. To overcome this technical difficulty we adopt a modification of the standard
approach. We first obtain approximate dualities with respect to smoothing functions
of the original dual function. We then take a limit to reach the exact duality. Such
an approach seems to be of independent interest. It could serve as a prototype for
showing other dual relationships involving interacting Brownian motions.

A probability-measure-valued process is studied later in this paper. Such a process
Z arises as the high density limit of the empirical measures of coalescing Brownian
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motions. In Theorem 3.5 we are going to show that this M;(R)-valued process Z
solves the following Martingale problem:

MAO) = 2:6) - 20(0) — 5 [ 240" ds 12 0.6 € )
0

is a martingale with quadratic variation process

<M(¢)>t:/(; dS/AW(x)(b’(y)Zs (dx)Z; (dy),

where A := {(x,x) : x € R}. An interesting feature of this martingale problem is
that its solution is not unique.

Since the above mentioned martingale problem is not well posed, coalescing du-
ality (1.1) plays a crucial role in characterizing and analyzing the process Z. The
uniqueness of Z is justified in Theorem 3.3 using the coalescing duality (1.1). It can
be shown that the marginal distribution of Z is determined by systems of coalesc-
ing Brownian motions. The same duality is also applied to show that Z is a Markov
process and it only takes values of measures with discrete supports. Some of the
arguments there have the flavor of the proof in Theorem 4.4.2 of [6].

The paper is arranged as follows. After an introduction of the main results in
Section 1, we proceed to prove the coalescing duality in Section 2. Then the duality
is applied to study the measure valued process Z in Section 3.

2 Coalescing Duality

The ordered partitions in P, can be used to keep track of interactions in a #n-dimen-
sional coalescing Brownian motion at a time. Given m € P, each block in 7 corre-
sponds to a free process. The block contains the index of that free process and indices
of all the other processes attached to it. One can think of the ordered partition 7 as
an equivalence relation on N,, and write i ~, j if i and j belong to the same block of
m € P,. Let

a;(i):==min{l < j<n:i~gj}, 1<i<n

and
a;(m) := minA;(7w), 1<i<I(m).

Then a, (i) is just the index of the free process to which the i-th process is attached.
ar(m), ..., ayr)(m) are all the indices of the free processes at an increasing order.

For ' € P,, write m < «" or 7’ > m if 7’ is obtained by merging some of the
blocks in 7. Write 7 < 7'(n’ = 7)if # < 7/(x’ = w) or 7’ = 7. The history
of interactions in a coalescing Brownian can be specified by a sequence of ordered
partitions 7 < T, < -+ < Tk

Given € P,, we can define an /(7)-dimensional subspace R of R” by identifying
the coordinates with indices from the same block of 7. More precisely,

R?r = {(xuw(l), e ,xaﬂ(,,)) P Xa, (i) € R, 1< i< 1’1}.
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Put
R =R\ U R
w7
By definition R N R", = @ for 7 # 7'. R? will serve as the effective state space of
the coalescing Brownian motion when the coalescing interaction is determined by .
When the coalescing interaction is determined by 7, the n-dimensional coalescing

Brownian motion is essentially an I(7)-dimensional process. Define J.(x,...,x,)
= (Xay(m)s - - s Xaym ())> (X1, -+, %n) € RE. Notice that J; is a bijection between R
and R/,

For example,
]R{%{172}7{374}} = {(xl,.xl,Xz,Xz) X1, X% € ]R},

R%{Lz},{s,z;}} = {(x1,x1,%,%2) 1 x1,% € R, x1 #x,}

and
Jeg123, 3,41y (1, X1, %2, %) = (%1, X%2).
Write
Ry == {(x1,. .., x) ER" 1y < -+ < x,}
and
RY :={(x1,...,%,) ER": %) < -+ < x4}
Given an n-dimensional Brownian motion X = (Xj,...,X,) starting from
(%1, ...,%,) € R}, the n-dimensional coalescing Brownian motion X=X, ..., X

can be constructed from X inductively as follows. Suppose that times0 =: 75 < - -+ <
Tk < oo and partitions {{1},...,{n}} =1 m < --- < m = {{1,...,n}} have al-
ready been defined and X has been defined on [0, 7). If ;¢ = {{1,...,n}}, then
X, = (Xi(t),...,X,(t)) for t > 7. Otherwise, let 1, = {A(m), ... S Ay (1) 1
Put

(2.1) Tiar = Inf{t > 7 0 31, Xoy ) () = Xy (m0 () }-

Suppose that X, () (Tk+1) = Xa,,, (m) (The1) for some 1 < i < I(7y); then define

(2.2) et = {A1(Thr1), -+ -5 Aty —1 (M)
A (), forl <r<i,
Ap(Tir1) = Ai(m) U Aj (my),  forr = i,
A (i), fori <r <I(m) — 1,

and X(1) := (X, ﬁk(l)(t)’ e ,quk(n)(t)) for 7 <t < Tpet.

When the starting point is not in R}, the n-dimensional coalescing Brownian mo-
tion can be defined similarly.

One can easily see that X is an #-dimensional continuous martingale with quadra-
tic variations
t i=j,
t—Ti]'/\t, 175],
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where Tj; := inf{t > 0 cXi(t) = Xj(t)}.
FX denotes the o-field generated by X. Write C2(R") for the collection of func-

tions on R” with bounded first and second partial derivatives. Define an operator L
on C;(R") by

(23) Lf(x) = % 3 1 A (f o J;HUR(0), f € CRR"), x € R,

T€P,

where A; denotes the d-dimensional Laplacian operator. The next lemma gives the
generator of the coalescing Brownian motion.

Lemma 2.1 Let X be an n-dimensional coalescing Brownian motion such that X(0) €
RY. Then for any f € Ci(]R{”), f(X(t)) — fot Lf(X(s)) ds is an FX-martingale.

Proof Given f € C7(R"), applying Ito’s formula we have
(2.4)

fFX®) = fX(0))

I [1Pf
—2;/0 s, Kl X +Z/ 9 (s (s
:722/ 1y (X(5)) 5

i,j=1meP,

<X<s)) %, %) +Z / 9 (%(5)) dki(s)

**ZZ > / R{”(X(S)) (aw 0(8), oy Xan () (5)) ds

Te€P, k=1 i,jEA(T

"M of ,
+§ /0 Lo asits
:-Z/ o XD Aim (f © J7H U (X(5)) ds+Z/ —=(X(s)) dXi(s)

T€P,

r A
= Lf(X d — (X dX;(s).
/0 FX(5)) s+;/0 e O

Hence, f(X(t)) — fot Lf(X(s)) dsis an ff"?-martingale. |
Define

Pl i=A{r € Py :ar(2i) =2i,a,2i+1)=2i or 2i+ 1,1 <i<m—1}.

https://doi.org/10.4153/CJM-2005-009-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-009-2

On the Duality between Coalescing Brownian Motions 209

ie, each 7* € P}, is obtained by merging the {2i} and the {2i + 1} blocks in 7, for
some 1 < i < m. For example,

= {1}, 21, 631 {41, 51, {6}, { (11, 42,31 {4, (5. e}
{125, 3%, (4,5} {0} { (1) {23} (4,51, {6} |

Givenm = {A (), ..., Ayr(m)} € Py, foranyx € R” andy € ]R{(Z)Z(”), define

2

faﬂ'(xyy) - H H (bg Z—x,)dZ

j=1i€A;(m) ¥ V2i-1

where ¢, denotes the density function of the normal distribution with mean 0 and
variance 0. Write ¢ := ¢;. It is easily seen that f,.(x;y) is a smoothing of the

function f05y) := T} ITiea, 10, )03
Forany 6 € P,,9 € P} andx’ €1 RO y" € R, Jet

foo x5y = for Uy (X T, (Y))
be a function on R™*'@). Fory € RZ™, define fyy € C(R'®) by
foyX) = fooxs To(y) = frn Uy ' (X)), X' € RO,
Similarly, for x € ]FA{{g’, define fyy € C (]R{l(ﬁ)) by

fo(Y ﬁﬂ)(]ﬁ = fmr(x; ]1971 )) y e R {l(ﬂ
Given 7 = {Al,A27.-.,A1(ﬂ)},9 € Pyand 9 € Py, forany x € R” and
y € R¥™ | write
Gon(5Y) = Spo(x5Y) + 835 (55Y) + Sy (%5 y) + Sy (x:Y),

where
10) I(n)

Sho (%) Z Z Z G0 (Vay(2j) = Xai(0)) P (Vay2j—1) — Xai(0)),

i=1 j=1 kleA; k#1
ﬂe(k):ﬂi(9):ﬂ9(l)

Sﬁﬂ(x; y) = Z
i=1 1Sj,j/§l(7r) kEAj,lEA}»/
i ao=ai(0)=ay(D)
[ 00 (Vay2j) = %ai(0)) Do (Vay2j1) = %as()) + Bo (Vay2j—1) = %a(0)) Do (Vay2j'—1) — Xai(®))
+ Go(Yay2j) = %a,0)) @0 (Vay2j/ —1) = %a:(0)) 1 {ay2j)#as 27— 1)}

+ G0 (Vay@2j—1) = Xa,0) o (Vay2j") = Xa0) 1 {ay2j—1)ar2i )} ) »
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SV =Y > [$oVa2) = Xa0)bo Vay2) — X))

=1 kleA,
ag(k)#aq (1)

+ G0 (Vay2i—1) — Xay(®) Po Vay2j—1) — Xay))] »
and

S (X3 y) = Z Z Go(y2j — Xay ()P (Y2 — Xay(1))-

1<j<I(m)—1 keA IGAJH
ay(2j)=ay(2j+1) ay(k)Fag(l)

We remark that we have suppressed the dependence of both ¢ and 7 in the definitions
of foy, fxv, foy and Gyy.

One can verify that for any x € R and y € Rél(”),
(2.5) Ayp) foy © Jo(x) — Ay) fro © Jo(y)

1(9)

1(0)
D? fay 0% fro
= ; aXu ( ul A 7xu1<(,|) Z aya} (yal 19)7 MR ] )’a;(,;)(ﬂ))

=—-L+L—1 +I4,

where

10) I(m

Li=Y Z Y b aeh = %aw)be Vayei-1) — Xa)

i=1 j=1 kleA; k#l
ag(k):a,-(Q):ag(l)

Yay(2j’)

X H/y we Bo (X — Xy (i )dxH H/ G (X — Xg,(i1)) dx,

ay(2j—1) jr#ji’ €A Yay(2j’ -1
i eA

L= Z Z Z [¢U(yﬂv(2j) - xd(/(k))¢0(yu19(2j’) - xﬂo(k))

i=1 1<j,j'<I(m) kEA;IEA,
i#i" ask=a;(B)=as()

+ G5 (Vay2j—1) = Xag)) Do (Vag(2j7—1) — Xay(®))
= Go(yay2j) = Xay)) b0 (Vay27—1) = Xay) {ay 2)ar 27— 1}
- d)(r ya[y(Z] 1) — Xay(k) ¢U(ya,;(2] — Xay(l) )1{@ (2j—1)#ay(2j") }}

Yay(2j) Yagj")
X H/ ¢(r(x Xag(i’ dx H / ¢0(X xag(z/))dx

17£k Yag(2j—1) 1751 Yag2j’ —1)
i EA i EA /

@j’")

x H H /J’a,, Do (X — Xgi7y) dx,

j”#j,]'/ i’EA]v// yﬂy(lj”*l)
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I(m)
I3 322 Z [¢a(ya,;(21) Xay(k)) Do (Vay(2j) — Xay(1))
=1 kleA;
ag(k)ay (1)
+ G (Vay2i—1) — Xay®) P (Vay2j—1) — Xap(1))]
Yay(2)) Yag(2j")
<11 / b0t — e dx [T 1 i) dx
l#kl Yay(2j—1) /75]1 EAI ywzj/ 1

z€A

I4 = Z Z ¢a(ya,; (27) xag(k))¢a(ya,~;(2j+l) - xag(l))-
1<j<l(m)—1 keA;l€A;n
2j)=a

ay( 0(2j+1) ag(k)Fag (D)

Yay(2j) Yay(2j+2)
x H/ b0 — o) dx [ / G0 (X — xayry) dlx
+k Yag(2j—1) i’ A Yay(2j+1)
i EA i/EA]‘H

X H H /yal,ai’) Do (X — Xgi7y) dx.

JAG i €A T ayei’ =1
It then follows that for any x € RY and y € 1?{129[(") NR2™

(2.6) |As) foy © Jo(x) — Ayw) fro © Jo(Y)| < Goo(x5y).

Remark 2.2 Observe that there are some cancellations occurring in (2.5). Because
of these cancellations (2.6) holds. It will lead to (2.7) later, which is crucial to the
proof of Theorem 1.1.

Proof of Theorem 1.1 The outline of the proof is the following. We first pose the
martingale problems for both X and Y with respect to the test functions { fsy}. Then
we apply the standard approach to set up an approximate duality for X and Y. By
letting 0 — 0+ we would eventually obtain the exact duality.

Foranyd € 3, andy € R{Zl ™ by Lemma 2.1

S foy o KON ety — S / L Aoy foy © Jo KD ety s

0P, 0cP,

— o K(y) — / Lefr (K(s)sy) ds
0

is a martingale, where L, is L acting on the first n variables of f, .

https://doi.org/10.4153/CJM-2005-009-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-009-2

212 J. Xiong and X. Zhou

Given § € P, and x € R, for any ¥ € Pz — iP ) we have foxo(y') =0,y €

R'™ . Then
Z fro © Ty (YD) gy yeneion - > / S Ay frr © To (Y ey ds
9Py, 9EPS, .

t
— fel6X0) = [ L L4 ds
0
is also a martingale by Lemma 2.1. This time L, is L acting on the last 2/() variables

of for.
Since we can assume that X and Y are independent, it follows that

dooe
2P Uon(X(): X (2 = 5))]

—ip[ DD for XY — 5, X() € g, ¥t — ) € 1|

ds
196?;,” HE?H
Z Z fooUa(X(s)); Jo(X (£ — 9))), X(s) € R, Y(t —5) € RY™ }
9EPS, 0P,
=2 > P’[ Aoy fyge—s © ToX(s)), X(s) € RE, Y (r —5) € {21<w>]
IEP,, 0EP,
Z Z [ U)fx o © ]ﬂ(Y(t s)), X(s) € ]R37Y(t -5 e ]Q{él(ﬂ)} )
DEP;, . 0EDP,

2l(m)

Integrating the previous equation from 0 to #, by (2.6) we have

(2.7)
’ Z ]P)[fmr(x(t);)’), X(t) € Rg] - Z ]P)[fa'/r(X;Y(t)), Y(t) € R;I(F)] ‘

0eP, VEP )

>N P LX) ¥(0)), X(1) € Ry, ¥(0) € RF™]

Je (P;‘](/_l) 0e?,

Z Z [ for (X(0); Y (1)), X(O)elﬁzg,Y(t)ep{gw)H

IEP,, 0P,

s s / P[0 gy © TG — A o © Ja(¥E — 5)),

VePy ) 0€P

X(s) € Ry, Y(r — 5) € RZ™] ds ’

% 2 Z/ PG X (9:¥ (e =), X(s) € 1y, (¢ = 9) € R ds.

VEP ) 0EP

https://doi.org/10.4153/CJM-2005-009-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-009-2

On the Duality between Coalescing Brownian Motions 213

Now we are left to show that the right hand side of (2.7) goes to 0 as 0 — 0+. We
first show that

(28) lim / P [0 (01t — 5) — X1y (11t — 5) — Xa(s)), T, > 5] ds =0,
o—0+ J,

where T}, := inf{s > 0 1 X1(5) = Xa(s5)}.
The heuristic is that ¢, (Y, (t —s) — X1 (s)) ¢ (Y1 (t —s) — X (5))1{sz>5} is big only
if Y, (t — s), X1 (s) and X, (s) are all close to each other. Due to the independence of Y;

and X;, and the restriction T}, > s, the probability of the latter event is small enough
to make (2.8) hold.

We now proceed to carry out the above mentioned heuristic argument. Let ¢
denote the density of the standard normal distribution. Given ¢ > 0 small enough,
for ¢ < s < t — o, by the reflection principle for Brownian motion we can show that

(2.9)
P[ s (Y1 (t = 5) — X1(5) e (Y1 (t — 5) — Xz(5)), T}, > 3]
1
<
— 2027
+P [ (Y1(t — 5) — X1 () (Y1 (t — 5) — X2(5)), Xa(s) — Xi(s) > o' 7]

P {Ti‘2 > 5, X,(5) — X1(s) < o' |Vt —5) — X1(s)] < 0176}

+ P[5 (Y1(t = 5) = X1(5)), [V1(t —5) = Xy (s)] > ']

o2

x— (x —x1)) — ¢(—x — (x2 — x1)) dx

1—e
ol=¢ Vi
< [T
o?m\/2m(t —s) Jo

- ﬁ«ﬁ(%) + ﬁw%)
<7 o x) 02}#(%‘6) " ﬁm%»
For 0 < s < o, it follows that
2100 PLo (01t —5) — Ki()bo (11t — ) — Kals)), T > ]

<

1 . .
ZUZW]P){XZ(S) - Xl (5) < 20’: TTZ > S}

1

o2/ 2T

+ (o HP{Xs(s) — Xi(s) > 20}

1 e—1
27T(ib(a ),

1 X2 — X1
<—(1-9 +
= 20w ( (2\/20‘ )) o2y
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where ® is the normal distribution function. Moreover, fort — o < s < t,

2.11) P [go(11(t = 5) = Xi(9)¢y (Y1(t = 5) = X3(5)), T}, > ]

1 N N N N
P {[Y1(t =) = Xi(s)] < o' V1t —5) = Xp(s)| < o'}
o

* \/Zliﬂap [¢”(Y1(t —s)— Xl(S) ‘Y1(l‘ —s) — X1(5)| > 01_6]
+ \/ZI_WUP [0 (Y1(t — 5) — Xa(5)), [V1(t —5) — Xa(s)] > 0" 7]
1 1

1
< ———+——e 7.
mlo%s  mo?

Combining (2.9), (2.10) and (2.11), (2.8) follows readily.
Similarly, we can also show that

linol / ]P’[qﬁ(,(f’l(t —5) — Xi(s))ps (Y1 (t —5) —Xj(s)), T3 > s] ds=0
o—0+ Jo

and

t

lim [ P[éo(Vilt — ) — Ku()do (Vj(t — ) — Ke(s)), T/ > t — ] ds = 0,

o—0+ 0

where Tiyj = inf{t > 0:Yi(t) = Yj(t)} for1 <i<j<n.
As a result,

(2.12) / P[Goo(X(s); X(t — ), X(s) € REY(t — 5) € RF'™] ds
0

< / P[Shy(X(s); Y(t — 5))] ds + / PS5y (X(s); Y(t —5))] ds
0 0

/P’[S X(s); Y(t — )] ds+/ P[Shy(X(s); ¥ (¢ — 5))] ds

— 0aso — 0+.

Therefore,

()

]P’{ ﬂ ﬂ{X (t) € (y2j— 1,}’2;)}}

j=1li€A;

= lim Y P[fn(X(1sy), X(0) € R]]

0eP,

o—0+

VEPT

= lim > P Sl ¥, () € R
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I()

=P{ () N {xi € D10, 00} Ty > 1}
j:1 iEAj
()

= ]P’{ m ﬂ {xi € (V21 (1), Yzj(l‘))}},

j=li€A;

where Ty := inf{t > 0:Y,;_1(t) = ¥5;(¢),1 < i < I(7)}. Duality (1.1) then follows.
The proof of Theorem 1.1 is thus finished. ]

Remark 2.3 One can easily see that (1.1) also holds when y; < y, < -+ < yy,.
Moreover, the following generalized version of Theorem 1.1 also holds.

Corollary 2.4  Givenm = {Ay,..., Ay} € Pyandy = (y1,. .., yam) such that
71 < y2 < oo < Youmy, let X be a n-dimensional coalescing Brownian motion with
initial distribution u € M,(R"). Let Y be a 21(r)-dimensional coalescing Brownian
motion with Y(0) = (r1,- -+, Yauery)- Then we have

I(m)
@13) [ uap{ (Y (%0 € Oz}

j=1i€A;

I(m)
= /,u(dx)lP’{ﬂ ({xi € (Yzjfl(t),Yz,-(t))}}.

j=li€A;

3 A Measure-Valued Process

The duality obtained in the previous section can be applied to study a measure-valued
Markov process which describes the evolution of the following particle system: parti-
cles with possibly different masses evolve according to coalescing Brownian motions.
Their respective masses are added together whenever two particles merge into one
particle.

In this section we are going to show that the above mentioned model arises from a
high density limit of the empirical measures of coalescing Brownian motions. It was
expected in [3] that a more complex measure-valued diffusion process (superprocess
with coalescing spatial motion) should arise as a high density limit of coalescing-
branching particle systems; also see [2]. The superprocess with coalescing spatial
motion has been constructed and characterized in [3] without consideration of the
particle systems.

M; (R) denotes the space of probability measures on R equipped with the topology
of weak convergence. As usual, we write C(M;(R)) as the space of bounded contin-
uous M; (R)-valued functions, and write D(M;(IR)) as the space of cadlag M;(R)-
valued functions.

Definition 3.1 A collection of processes {Z,,, & € I} with paths in D(M;(R)) is C-
relatively compact in D(M; (R)) iff it is relatively compact and all weak limit points
are continuous a.s..
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Let Z, be a probability measure on R. (Xi,...,X,) is an n-dimensional coalescing
Brownian motion such that Xl(O), ... 7)A(,,(O) are ii.d. samples from Z;. Let Z :=
5 221 %1y be the empirical measure of Xi,...,X).

n

Lemma 3.2 {Z,} is C-relatively compact in D(M;(R)).

Proof This proof is a modification of the proof of proposition 2.4.2 in [12]. For
any ¢ > 0and T > 0, choose a compact set Ko C D(R) such that P {X € K{} <
e’ LetK := {x, : t < T,x € Ko}. Then K is compact in R and P#{X, € K¢,
It < T} <PA{X € K{} < . LetRy(t) := 2 37 sup ., 1x<(Xi(s)). Since Ry (t)
is increasing in ¢, we then have

P{ sup Z/(K°) > e} <P{ sup R,(t) > €}
0<t<T 0<t<T

< Ipr.(m)
€

1
-P{X(#) € K, 3t < T}
€
< €.

Now we are going to show that, for any f € CZ, {Z"(f)} is C-relatively compact
in D(R4, R). By Ito’s formula,

zn =23 [son+ [ rkerasior [ kel
i=1

IS f Lf""(X(s)) ds is C-relatively compact following from the Arzela-Ascoli
theorem and Proposition 6.3.26 of [9]. Since

Z/f(X(s) ) axi(s)) Z/f(xm (%, X;)s,

where (X;, X;)s = s — T;j A s, by the Arzela-Ascoli theorem,

<%;/0 FE) asio) b

is C-relatively compact. Theorem 6.4.13 and Proposition 6.3.26 in [9] then imply
that the collection of martingales {1 >" | [ f/(Xi(s)) dX;(s)} is C-relatively com-
pact. Also notice that %2?21 f(X;(0)) — Zo(f) as. {Z,(f)} is thus C-relatively
compact. So by Theorem 2.4.1 in [12] (with D(Mp(R)) replaced by D(M;(R)) ), we
can conclude that {Z,} is C-relatively compact. [ |

Adjoin oo to R to make R := RU{o0o} a compact space. Each M; (R)"-valued pro-

cess can also be treated as a M, (R)"-valued process. The next theorem characterizes
the weak limit of (Z") by specifying all its “joint moments”.
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Theorem 3.3  {Z"} has a unique C(M;(R))-valued weak limit Z. Z is a Markov
process. It satisfies that for any ay < -+ < app, andany ry € Ny yk=1,...,m,

G0 P[]z axl)] = P[] Zo((Facr (0, Y]]

k=1 k=1

where (Y1,...,Yan) is a 2m-dimensional coalescing Brownian motion starting at
(ala ceey a2m)~

Proof Let Z be any fixed limit point of {Z"}, i.e., Z™ L. Zin D(M;(R)) as g —
oo for a subsequence {n,}. By Theorem 1.1, there is a 2m-dimensional coalescing
Brownian Y independent of {X,} such that Y(0) = (ai,...,a,,) and for all n €
N,,t >0,

2 P[[]2ax1, 0]

k=1
m 1 n e
= ]P)[H(; Z I{Xl(t)E[dzkfuﬂzk]}) }
k=1 i=1
m l n m Tk
- (H ﬁ) Z P[H I{Xikj(t)E[ﬂzkﬂ-ﬂzk]}}
k=1 It st seesim =1 k=1 j=1
m 1 n m 1
= (H E) > P[HH 1{)2%<o>e[Y2k_1<r),Y2k<r)1}}
k=1 It st seesimy =1 k=1 j=1
m n
1 Tk
= ]P’[ (; ) 1{Xl<o>e[?zk71<z>y2k(r>1}) }
k=1 i=1

= P[ [T 2001 0), V)]

k=1

Since P[Z"([a — €,a + €])] = P[ZI([Y(t),Y*"(t)])] < P{T. > t}, where

(Y2=¢(t), Yo (1)) is a coalescing Brownian motion with initial value (a — ¢,a + ¢€)
and T, := inf{t > 0: Y*~¢(t) = Y***(¢)}, then uniformly in n,

m m

]P’{HZ:’([aZk,l —e,a2k+e])’k} —IP’[HZ?([azkfh@k])rk} —0

k=1 k=1

as € — 0+. Let n = n, — oo and we can obtain (3.1).
Now we are going to show that

(3.3) (VAN i>(Z,1,...,Ztm), meN,,0<t < - <ty,
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from which we will conclude that Z is the unique limit of {Z"}.

Observe that the algebra generated by {®@™, f; : f; € C(R)} strongly separates
points (see section 3.4 of [6] for the definition). By Theorem 3.4.5 in [6] and standard
arguments we only need to show that

(3.4)
m m
tim P[] Zi(as1,a)| = P[[] 2 (a1, 4D sy < sy = 1, om.

i=1 i=1

Instead of showing (3.4), we are going to show the apparently stronger result below
by induction on m.

(3.5)
tim 2| [T 2 (a1, )| = [T (a1, ax))"] ri € Nesi = 1,om
i=1 i=1

The case with m = 1 just follows from our proof of (3.1). Suppose that (3.5) hold for
m < j. We want to show that it also holds for m = j + 1. By the Markov property of
X" .= (Xi,...,X,) and (3.1), we have
i+l
P[ [Tz, 0]
i=1
j
=[P |21, (e, aspa)) " 1% | [] Ziazior, 021"
i=1
j
= ]P){ZZ([Yl(tjﬂ —ti), Ya(tjr —t;)])7" HZZf([azi_l,azi])”} )

i=1

where (Y}, ¥)is a 2-dimensional coalescing Brownian motion starting at (a1, d2j+2)
and independent of {Z"}.
Let n — 00; by the inductive assumption and the fact that

P, 1) 96701 ()]
is a continuous function of x, through standard arguments we have
j+l
lim 1P>[HZ§([azi_1, azi])”}
i=1
j
= ]P’[th([Yl(th — ), Va(tin — )7 [ 2o ([aizs, azi])”]
i=1
j
= qli>nolo P {qu([yl(tjﬂ — 1), Yo (tj — )7 HZZq([QZi—lv azi])r'}

i=1
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j+1
—qll)rglo P’{HZ (lagi—1, ax])" }
j+1

=[] 2 ai-1,020)7] -

i=1

Hence, (3.5) holds for m = j + 1.

We are left to show that Z has the Markov property. Forany 0 < s < --- <
sk s <t anyk e Ny,m € Npyi =1, .,k+ 1, any dri—11 < dai1 < Ari—12 <
Arip < - < i—im; < Goim,i=1,...,k+landanyr;,; €Ny, j=1,...,mi=

.,k + 1, it follows from the Markov property of X" and the coalescing duality

(1.1) that
M1 ko m;
]P)[Hzt A2k+1,j5 A2k+2,j )M]HHZS,( azi— 1];“21]]) ‘]}
j=1 i=1 j=1
_ M1
_nll{lgo P HZ ( a2k+1],612k+2] )Tk+1]HHZ ( azi— 1];“21]]) i|
j=1 i=1 j=1
- M1 k  m;
- nll{lgo P ]P)|:HZtn([a2k+1,j7a2k+2,j])rk+l’j|X;1i| HHZ::([QZi—l,ﬁa2i,j])ri‘j:|
- =l i=1 j=1
_ M1
= lim P| [T Z/((V2j-1(t = 9), V(e = 9)] )fkﬂf]'[]'[zwzl 1j> @i ])" }
j=1 i=1 j=1
M1
= e[ T tttyate - 9,335 = 917 T [T 2l o]
j=1 i=1 j=1

where (Y1,...,Yay,,) is a two-dimensional coalescing Brownian motion starting
from (Azks1,1, Boks2,15 - - - » A2kt1,mpy, > B2k+2,my,, )- BY the Stone-Weierstrass theorem and
standard arguments again, we have, for any g € C(M;(R)),

Plg(Z)|Zs,s" < 5] = g*(Zy),
where g* is a function on M; (R)). Z is thus a Markov process. [ |

Remark 3.4 Notice that Z never charges {oo}. But we need the one-point com-
pactification to be able to apply the Stone-Weierstrass theorem.

Since

M) =20) = Z() ~ [ 22 ds fec
0

https://doi.org/10.4153/CJM-2005-009-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-009-2

220 J. Xiong and X. Zhou

is a martingale with quadratic variation process

(M(f)), = — Z P (R (5) ds

—1 /TNt

/ dS/ fref' (nZ (dx)Z¢ (dy),
0 A

where A := {(x,y) € R? : x = y}. Itis not surprising that Z solves the following
martingale problem.

Theorem 3.5 The process Z in Theorem 3.3 solves the following martingale problem:

(3.6) Mi(f) = Z:(f) = Zo(f) = / ;f”d fec,
0

is a martingale with quadratic variation process

(3.7) <M(f)>t=/ dS/Af'(x)f’(y)Zs (dx)Z; (dy).
0

Proof Let T, be the first time that XI# hits 0. Before T}, % and

% are independent Brownian motions.Therefore,

PLf X)) f' (KD (1,<5)]

_ s N + X I X
_ / AP () /R dxpts— ) /R By pmrly = 5)

/ dFs s, =z (r) dxp,(x _a +x2 ) / dy f'(y)*V2pas—2,(V2y — x)

/ dFy— (r)/dyf (7)’V2pas- r(fy—xl}xz)

);

1+x2

/ dFs s (1) / dyf' (3 psrja(y —

where F, is the distribution of the hitting time of 0 by a Brownian motion starting at

X, i.e.,
F.(dr) x| 2
= e

dr 27

Hence,

PUM" (), — (M"(f)), |F]
= P[M"(f)), — (M"(f)), |Z{]

n n i : / 2 X+ X%
= [ Z!(dx))Z!(dxy) dl [ dFy— (r) [ dyf' (y) pr—z(y — ——).
R 0 0 V2 R

I 2
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Similar to the proof of the tightness of Z", we can prove that {(M"(f))} is tight
in C([0, o), R). We assume that (Z", (M"(f))) — (Z, A). Further, it is easy to show
that for fixed t > 0 and f € CZ(R), Z/(f)? and (M"(f)), are uniformly integrable.

Then it is easy to see that M,(f) is a square integrable martingale with quadratic
variation process A(t). Then

PIA(r) — A(9)[F]
= lim PLM™()), = (M"()), |7

X1 +.X2

= lim Z”(dxl)Z"(dxz)/ dl/ dF:i—s: (r)/dyf () pez(y — )

n—0o0 fo

/ Z(Xm)Z(dxz)/ dl/ dFxs—n (r)/dyf () pi—z(y — 1+x2)
IR?

Therefore,

(3.8) / ds%]P’[A(s+6)—A(s)|§s]

X1+ X

/ ds~ / dl [ Z.(dx)Z, (dxs) / R
R2

By Theorem 37 of ([11, p. 126]) and the continuity of A, the right hand side of
(3.8) converges to A(t) as § — 0. On the other hand, the other side of (3.8) is

).

lim / ds / dl f(x”;’“2 Fazs: (10,1)Z: (d1)Z (dxy)
R2

_ / s / 112 R, d0)Z ()
0

+ lim ds—/ dl f(’“x2
d—0 R{Z\A

while the second term is bounded by

)ZF% ([0,11)Z; (dx1)Z; (dx;)

t
tim [ ds [ pREE o

)2Fm ([0,01)Z; (dx1)Zs (dx,) =
=0 Jo R\A v

Therefore, A(t) equals the right hand side of (3.7) and hence, Z solves the martingale
problem (3.6)—(3.7). [ |

Remark 3.6 The solution to the martingale problem (3.6)—(3.7) is not unique. For
example, if the initial measure is %(5{0} +0(1}), then for a two-dimensional coalescing
Brownian motion (X}, X7) starting at (0, 1), the process 4 (J; 1y +052) is a solution.
On the other hand, %(5 (81} +0¢p2}) is also a solution where (B}, B?) is a standard two-
dimensional Brownian motion starting at (0, 1). The martingale problem does not
appear to be the best way to characterize the desired model.
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Let S; be the support of Z;. The coalescing duality (1.1) can be used to derive
another seemingly different duality.

Proposition 3.7 Given y, < -+ < ya, and a 2m-dimensional coalescing Brownian
motion Y = (Y1, ..., Ya,) with initial value (¥1,- - Yom), then
(3.9)

p{N%0) € Ul ralt} = P){ﬂ{x 0 € Uity 101}
i=1 j=1 j=1

Consequently,
(3.10) IP’{ S, C Q[yzj_l,yzﬂ} = IP’{ So C Q[Yzj—l(t)aYzj(t)]}~
= =
Proof By (3.2) we can show that
P[(S 20 D) | = #[ (S 20, 700) .
=1 =

Let k — oo; we have

P{Zl’(U[yz] wril) =1} =P{ A0, 90D =1},
i1 i=1
Then (3.9) follows, and (3.10) follows by letting n — oo in (3.9). [ |

Remark 3.8 It is not hard to see that (3.9) is essentially the continuous space coun-
terpart of the duality in the one-dimensional nearest neighbor voter model.

The coalescing duality can also be used to show that S, is discrete for t > 0. Write
|A| for the cardinality of set A C R.

Proposition 3.9 For eacht > 0, P[|S, N [-M,M]|] < 2L M > 0.

Proof By (3.10) and the reflection principle of Brownian motion,

(3.11)  P{S,;N(a,b) #@} =1—P{S, C(—o0,a]U[b,00)}
<1-P{T,, <t}

\/_/ .

https://doi.org/10.4153/CJM-2005-009-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-009-2

On the Duality between Coalescing Brownian Motions 223

where T, is the time when two independent Brownian motions starting at a and b
respectively first meet. Therefore, for any M > 0,
(3.12)

n—1
PHSt N [_MvM]H = ,,ILIBOIP){ Z 1{5m("7”.%)¢z}}

n—1 1 %) M2 M2
< lim Z 7/ oG Tg) e ) g
n%ooizin 27t 0

BE

Remark 3.10 The bound in Proposition 3.9 is rather crude since it holds for pro-
cesses with any initial value Sy. A sharper result can be obtained if the configuration
of Sy is known. One would certainly expect that, almost surely, S; is finite over any
compact set for all ¥ > 0. But we do not have a proof yet.
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