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Abstract

This paper proposes a modular method based on the kinematics of serial manipulators to synthesize over-constrained
mechanisms. Because the PPP manipulator has an unlimited work space, its end-effector can be constrained to trace
a trajectory identical to those of another open-chain manipulator, including a P joint single link and an RR dyad.
In doing so, two open-chain manipulators can be concatenated to form closed-loop mechanisms, including PPPP,
PPPRR, or PPCR mechanisms. To design over-constrained mechanisms efficiently, the Denavit—Hartenberg conven-
tion is adopted to describe the PPP manipulator kinematically, and the Euler angles are utilized to derive geometric
constraints of synthesized over-constrained mechanisms. Next, kinematic equations of the PPP manipulator can be
modularized and applicable to analyze different closed-loop mechanisms. At last, by adjusting link lengths, twisted
angles, and joint angles of the synthesized PPPRR and PPCR mechanisms to form other over-constrained mecha-
nisms configurationally. The novelty of this research lies in modularizing the over-constrained mechanism into two
movable serial manipulators whose end-effectors share identical trajectory and orientation. Thus, defining geomet-
rical constraints of the over-constrained mechanism can be transformed into finding angular parameters describing
the orientation of these two serial manipulators such that the end-effector coordinate system of two manipulators
can properly be aligned. Angular parameters of the serial manipulators can be easily determined by means of Euler
angles, which yields an advantage of easy calculation since it only involves the computation of Euler angles param-
eters. The presented method can be extended to the kinematic synthesis and analysis of more spatial closed-loop
mechanisms.

1. Introduction

In mechanism and machine science, the degree of freedom of a mechanism has always been a far-
reaching issue. Ahead of any analysis and synthesis, the most fundamental prerequisite is to confirm
the existence of a mechanism by checking its degrees of freedom. In kinematics, Chebychev—Griibler—
Kutzbach criterion [1, 2] is usually used to evaluate the degree of freedom of closed-loop linkages. Some
closed-loop linkages have a degree of freedom less than one based on the Chebychev—Griibler—Kutzbach
criterion, but they are mobile due to the unique geometric relationship of the mechanism. These mech-
anisms are called over-constrained mechanisms. Kinematicians have used different methods to discover
many spatial mechanisms that violated the formula of degrees of freedom. Bennett [3] first proposed
a four-bar linkage with the nonintersecting and nonparallel revolute joint in 1903. In 1922, Delassus
used two revolute joints and prismatic joints to form a four-bar chain and derive the joint arrangements
required to form a mobile linkage [4-6]. Afterward, Dimentberg [7] and Savage [8] also attempt to
find geometric constraints of an overconstrained but mobile four-bar linkage with cylindrical joints. In
1967, Hunt investigated four-bar and five-bar linkages with prismatic joints and spherical joints and
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restricted the rotational freedom of the ball joints to obtain a series of over-constrained mechanisms
[9]. Waldron [10, 11] summed up geometric constraints of each joint in mobile four-bar linkages in
space by solving kinematic closed-loop equations. In 1970, Pamidi and Soni [12, 13] fixed the cylin-
drical joints of a five-link mechanism to find out various five-link over-constrained mechanisms. Since
the parallel revolute joints are the common geometric constraint addressed by Dimentberg, Savage, and
Pamidi, Baker derived the possible combinations of the five-link mechanism by assuming that adjacent
revolute joints are parallel [14, 15]. Research regarding over-constrained mechanisms has continued
to evolve and develop in modern time. Lee and Hervé use the geometric relationship of the oblique
circular cylinder to synthesize a set of five-link over-constraint mechanisms [16]. Guo et al. applied
the screw theory to infer the characteristics and actual degrees of freedom of various multi-link over-
constrained mechanisms [17]. However, some past literature searched for the geometric relationship
of over-constrained mechanisms based on conjectures. For example, Pamidi and Soni first assumed
that adjacent revolute joints of the five-link mechanism were parallel, and then derived the remaining
geometric constraints through the closed-loop equations of the mechanism [12, 13]. For these related
works, there are excessive assumptions and geometric restrictions for these four-bar or five-bar linkages.
In addition, to find the existing criteria of an over-constrained mechanism, loop closure equations are
required to relate link dimensions and joint variables. Derived loop closure equations are highly non-
linear so that it is challenging to identify necessary geometrical constraints while maintaining the joint
variables of the over-constrained architecture solvable. Therefore, an alternative method is proposed in
this paper to examine the existence of over-constrained mechanisms. First, Section 2 investigated the for-
ward and inverse kinematic analyses of a PPP open-chain manipulator. Next, Sections 2 and 3 present
a synthesis method of several over-constrained mechanisms by constraining the end-effector of a PPP
open-chain manipulator to a trajectory identical to those of another open-chain manipulator. Hence,
angular parameters describing the orientation of one serial manipulator can be arbitrarily chosen. Next,
by means of Euler’s angle representation, angular parameters of another serial manipulator can then
be easily determined such that the end-effector coordinate system of two manipulators can properly be
aligned. Then, these two movable serial manipulators can be assembled to form an over-constrained
architecture with mobility. Because of adopting the Euler angles parameters of the manipulator
orientation, the geometric constraints of the five-link over-constrained mechanism obtained by the pre-
sented method will be less than that proposed by Pamidi and Soni [12, 13]. This presented approach
also yields an advantage of easy calculation since it only involves the computation of Euler angles
parameters.

Except for discovering over-constrained mechanisms from mathematical manipulations, Goldberg
proposed combining two sets of Bennett four-bar linkages to form a new five-link over-constraining
mechanism [18], thereafter Waldron [19], Baker [20], Chen [21], and others continued the same method
to synthesize more over-constrained mechanisms. Although new mechanisms can be synthesized by
syncopating common portions of mating mechanisms, this approach has not yet made the best use of
its strength because existing mechanisms are all based on a combination of Bennett four-bar linkages.
Few kinematicians noticed the possibilities of new mechanisms that could be constructed by combining
distinct source modules. Thus, Section 5 adopts the over-constrained mechanism obtained in Section 4
as source module, and then uses the configuration synthesis method proposed in the above-mentioned
literature to further synthesize more prismatic joint-based over-constrained mechanisms.

2. Forward and inverse kinematic analyses of a PPP open-chain manipulator

In this paper, the Denavit—Hartenberg convention [22] is adopted to describe the three-link PPP manip-
ulator kinematically. According to the coordinate system definition of D-H notation, the transformation
matrix 1T from the previous coordinate system i — 1 to the next coordinate system i can be expressed
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Figure 1. PPP open-chain manipulator.

as
cosf; —sinb;cosa; sinf;sinc;  a; cosb;
- sinf; cosf;cosq; —cosb;sine; a;sinb;
TiT= . (D
0 sin «; COS o; d;
0 0 0 1

After properly attaching frames X;Y;Z; i=0, 1,2, and 3) to each link of the PPP open-chain manip-
ulator in Fig. 1, its D-H parameters can be tabulated in Table I. Notice that all joints are prismatic such
that the parameter 6; is constant and specifically denoted by 6,; for distinction.

Substitute the D-H parameters of Table I into the transformation matrix 17 in Eq. (1) and multi-
ply the transformation matrices of three adjacent links to obtain the matrix 7 in Eq. (2). This matrix
T represents the relative position and orientation relationship between the end-effector coordinate
system O3;X;3Y3Z; and the fixed coordinate system OyX,Y,Z, of the PPP open-chain manipulator in
Fig. 1.

ST =9T,TiT (2

Matrix 7 contains a 3 x 3 rotation matrix R and a 3 x 1 translation matrix P, which can be
expressed as

3)
where the 3 x 3 rotation matrix IR can be expressed as
ay dp dp
gR = | da dxpn daxp 4

dz; a4z dss
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Table I. Link parameters for the PPP open-chain manipulator.

Link 0; d; a; o
1 0c1 d, a; o
2 6., d, a, o
3 0.5 ds as o3

The elements of the rotation matrix IR in Eq. (4) can, respectively, be expressed as

ayy = c03(c0:C0: — c0t150,150:) + $0.3(—CO 0010380 + 50150550, — €O.1ct250,) )
app = —co3805(cO,¢05 — cat150,.,56,5) + cazcO5(—cot; cotr€0.050,.) — car .50, + 56,50, 50,)
+ saz(cas s, 5a, + cot 0080, 50, + €O.150550,) 6)

a3 = cotz(catys0,., 50, + ca 056,50, + cO,,50,,505) + sO.3503(cH,.1¢6,5 — coty56,,56,5)

— cBa503(—cacay 0,56, — cor .50, + 56,50, 50) 7)
Ay = cO3(ca; 0,50, + c0,250.1) + $03(caicay 0,10, — catz50.150, — cOc150150t,) (®)

Ay = —ca350:3(ct1€O:150,9 + 0250.1) + cazcle(coyconclei €Oy — catz 50150, — 0,150 50)
+ sa3(—carcO,. 50, — ca cO,.1¢0.050 + 56,,50,,50) )

Ay; = coi3(—catrcl, 50 — oty 0,050, + 56.150550,) + 5653503 (cot 6,150 + €0.050,1)

— cOs03(ca caycO,c0.0 — caty50.1505 — cO,.15050,) (10)

az = 0,350,850, + 565(caycO050, + coysay) (11)

Az = —c380,550 350 + cozcl 3 (carcOy50, + caysan) + sas(cocay, — B850 50) (12)
as3; = coz(cacoty — 050 50,) — cO3503 (00050, + coysa,) + 56,050,350 503 (13)

Notice that in rotation matrix R there are only six angular parameters a;, a,, a3, 0.1, 0.5, and .,
which are all constant. In other words, the orientation of the end-effector of the PPP manipulator remains
unchanged, while the input parameters of three prismatic joints d,, d,, and d; are actuated.

In addition, the 3 x 1 matrix 3P in Eq. (3) can be expressed as

C|d2 + C2d3 + C3a, + cia, + Csds3
2P = | oy + c7d5 + csa, + coay + croa3 (14)
dy +cidy + cpds + ci3ay + cuas

where the coefficients of the translation matrix $P in Eq. (14) can, respectively, be expressed as

¢, = s6,,50, (15)

¢y = ca 50,150 + cot 0,080,150 + €0.150,50, (16)
c3=cl, 17

¢y =cb,¢0, — cou 56,56, (18)
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Table I1. Link parameters for the three-link Cartesian robot.

Link 0; d; a; o
1 0 d, 0 —-90°
2 90° d, 0 —-90°
3 0 d; 0 0
s = c0.3(cO.1¢0.5 — cay56,150.0) — $05(coticotr 0050, + catrcO,156,, — 56,50, 50) (19)
e = —Ccb. 50, 20)
Cc7 = —capcl, 50 — cot1cO,c0050; + 56,850,250 21D
cs = 56, 22)
Cy = cat1€B,156,, + 6,256, (23)
Cro = cO;(cat;cO,150.5 + c0.956,1) + s6.3(ca,carcO,,c0., — caty50.150,5 — O, 150, 50) 24)
¢ = ca (25)
Clp = €O COly — OSSOl (26)
C13 = 80,850 27
C4 = CO:350,050; + 505 (caycO,80, + coysa) (28)

From Eq. (14), itis known that the three elements of the translation matrix P have a linear relationship
with three prismatic joints d;, d,, and d;. Suppose that the ranges of three prismatic joints d;, d,, and d;
are infinite. Thus, the origin of the end-effector coordinate system O; has no boundary workspace. In
other words, the end-effector of the PPP manipulator can be moved to any point in the three-dimensional
space theoretically.

If the three sliding joint axes are arranged to be perpendicular to each other, as described by the D-H
parameters tabulated in Table II. By substituting these D-H parameters into homogeneous transformation
matrices, a relatively simple expression for the elements can be obtained as expressed in Eq. (29):

0 0 -1 —-d
0 -1 0 4
sT= 29)
-1 0 0 4
0 0 0 1

Suppose that the endpoint of this manipulator, relative to the end-effector coordinate system and the
fixed coordinate system, is expressed as [x, y, z]” and [X, Y, Z]", respectively. Coordinates [X, y, z]" and
[X,Y,Z]" can be related by the following coordinate transformation:

X X
Ylzor| Y (30)
V4 z
1 1
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Figure 2. Spatial PPPP mechanism by combining two open-chain manipulators.

Hence, expanding Eq. (30) yields
X _d3 — 7
Z dl —X
1 1

From Eq. (31), it can be found that the end-point of the manipulator is controlled by three joint
variables d,, d,, and d;. From Eq. (29), we found that this manipulator can be configured into a Cartesian
robot, which has linear movements in the three Cartesian coordinates, that is, in x, y, and z axes that are
mutually perpendicular.

3. Synthesis of a spatial PPPP mechanism

In Section 2, it has been demonstrated that the three-link PPP manipulator has a fixed orientation and an
unlimited workspace. Therefore, its end-effector can be constrained to trace a trajectory identical to that
of another open-chain manipulator. If another open-chain manipulator is a single link adjacent to the
fixed link by a prismatic joint in Fig. 2(a), the PPP manipulator and the single link can be concatenated
to form a spatial closed-loop PPPP mechanism in Fig. 2(b).
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When such a closed-loop chain containing four prismatic joints is formed, the multiplication of trans-
formation matrices between adjacent links of such a closed-loop chain is equal to an identity matrix,
namely,

TITATT =1, (32)

To find geometric constraints of twisted angles between the links, a 3 x 3 rotation matrix ~}R is
extracted from Eq. (32) and a closed-loop equation can then be expressed as

‘RIRARIR =1, (33)

To avoid the complexity faced by Pamidi and Soni [12, 13], this paper proposes an alternative way
to simplify the solutions of the closed-loop equation. First, multiply Eq. (33) by an inverse matrix jR~'
to obtain the following equation, namely,

‘RiRSRR =R (34)

From the perspective of kinematics, rotation matrix {R)R3R represents the end-effector orientation
of the PPP manipulator relative to the fixed coordinate system. Similarly, rotation matrix 3R~ repre-
sents the end-effector orientation of the P-joint single-arm manipulator relative to the fixed coordinate
system. Therefore, Eq. (34) implies that when the PPPP mechanism satisfies the closed-loop equation,
the end-effector orientation of the PPP manipulator and the P-joint single-arm manipulator must be
identical. Therefore, this paper attempts to meet the closed-loop equation of the PPPP mechanism by
exploring the end-effector orientation of the PPP manipulator. To this end, rotation matrix {R}R3R = IR
of the PPP manipulator is set to be equal to Euler angle representation R, («, 8,¥), as shown in
Appendix A, namely,

gR = REuler(as ﬂ’ V) (35)
Eq. (35) can further be rearranged as
SRRy, (o, B, y) =1 (36)

From Eq. (36), multiplying rotation matrix R and Ry, (c, B, y) together forms an identity matrix /5.
This constraint in the Equation can be regarded as the necessary condition to meet the closed-loop equa-
tion of the PPPP mechanism. In addition, once Euler angle parameters («, 8, y) are determined and used
to characterize the P-joint single-arm manipulator, the closed-loop equation of the PPPP mechanism can
be met satisfactorily. However, the P-joint single-arm manipulator only requires two angular parameters
according to the D-H notation. To properly substitute Euler angle parameters into the D-H parameters,
this paper proposes decomposing the Euler angles convention such that Euler angle parameters («, 8, ¥)
can be appropriately fit into the D-H notation.

Two types of Euler angles notations, ZXZ and XZX, are used for demonstration.

First, suppose that rotation matrix {R}R3R of the PPP manipulator is represented by the ZXZ Euler
angles, which is

IRRIR = R.(y) R.(B) R.(0) (37
Eq. (37) is deliberately rearranged as
RZ'(y) YR:RER = R.(B) R.(«) (38)

such that the right side of the equal sign only contains matrix R,(8) and R_(«). In doing so, only two
Euler angle parameters o and 8 are required and thus can be fit into the D-H notation for describing the
P-joint single-arm manipulator.

Next, matrix {R in Eq. (38) is further decomposed into a multiplication of matrices R,(6,,) and R, (c,),
namely,

R7'(y) R.(6.) Ri()) 2R3R = R.(B) R.(0) (39)
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Figure 3. Synthesis of spatial PPPR mechanism using ZXZ Euler angles convention.

In Eq. (39), matrix R;‘ (y) and R.(6.,) can be combined as one rotation of §,; — y around the z-axis,
namely,

R.(01 — v) Ru(@)) 2RER = R.(B) R.() (40)

LetR.(6.1 — y) R.(a)) and R, (B) R.(«) be denoted by one matrix (}/R and 3R™!, respectively, such that
Euler angle parameters can be appropriately fit into the D-H notation and the successively rotational
transformations along the closed-loop PPPP mechanism can be expressed as

YRIRR =R (41)

The ZXZ Euler angles embedded in Eq. (41) can be interpreted using Fig. 3 from the perspective of
kinematics. Fig. 3(a) illustrates an open-loop PPP manipulator whose end-effector and initial coordinate
system are 0;X;Y3Z; and OyX,YZ, respectively. If a P-joint single-arm manipulator is connected to
the open-loop PPP manipulator to form a closed-loop mechanism, the P-joint single-arm manipulator
must share identical end-effector and initial coordinate system O;X5Y3Z; and OyX,Y,Z,. For this pur-
pose, as shown in Fig. 3(b), angular parameters of the P-joint single-arm manipulator can be substituted
with Euler angle parameters («, 8, ) so that end-effector coordinate system O;X;Y;Z; can be trans-
formed to initial coordinate system OyX,Y(Z, via the newly added single-arm manipulator. Besides,
from Fig. 3(b), it can be interpreted that matrix 3R~ represents a coordinate system transformation
from O3X;Y3Z; to Oy XY ,Zy, and matrix (}/R represents a coordinate system transformation from
0,X,Y \Z, to OO/XO/YO/ZO/.

Because Euler angle y can be used to orientate X, toward X, 6., in Eq. (40) can be assumed as a
dummy parameter equal to zero. At last, D-H parameters in Eq. (41) can be tabulated in Table III.

Now, suppose that rotation matrix {RiR3R of the PPP manipulator is represented by the XZX Euler
angles, which is

TRyRIR = R.(y) R.(B) Ro(e) (42)
Eq. (42) is deliberately rearranged as
IRRRR' () = R.(y) R.(B) (43)

such that the right side of the equal sign only contains matrix R,.(y) and R,(8). In doing so, only two
Euler angle parameters y and B are required and thus can be fit into D-H notation for describing the
P-joint single-arm manipulator.
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Table II1. Link parameters involving ZXZ Euler angles conven-
tion for the closed-loop PPPP mechanism.

Link 0; d; a; o;
1 -y d, a o
2 0. d, as [2%]
3 0.3 d; a; o
4 —a d, a, —B

Figure 4. Synthesis of spatial PPPR mechanism using XZX Euler Angles convention.

Next, matrix 3R in Eq. (43) is further decomposed into a multiplication of matrices R,(6.3) and R, (ct3),
namely,

TRIRR.(0:3) R(3) R, () = R.(y) R.(B) (44)

In Eq. (44), matrix R, (o3) and R;l (o) can be combined as one rotation of «; — ¢ around the z-axis,
namely,

TRIRR.(65) R(ay — ) = R.(y) R.(B) (45)

Let R (65) R.(a; — ) and R, (y) R.(B) be denoted by one matrix R and i/R‘l, respectively, such that
Euler angle parameters can be appropriately fit into the D-H notation and the successively rotational
transformations along the closed-loop PPPP mechanism can be expressed as

The XZX Euler angles embedded in Eq. (46) can be interpreted using Fig. 4 from the perspective of
kinematics. Fig. 4(a) illustrates an open-loop PPP manipulator whose end-effector and initial coordinate
system are 0;X;Y3Z; and OyX,Y(Zo, respectively. If a P-joint single-arm manipulator is connected to
the open-loop PPP manipulator to form a closed-loop mechanism, the P-joint single-arm manipulator
must share identical end-effector and initial coordinate system O;X;Y3Z; and OyX,Y(Z,. For this pur-
pose, as shown in Fig. 4(b), angular parameters of the P-joint single-arm manipulator can be substituted
with Euler angle parameters («, 8, y) so that end-effector coordinate system O;X;Y3;Z; can be trans-
formed to initial coordinate system OyX,Y(Z, via the newly added single-arm manipulator. Besides,
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Table IV. Link parameters involving XZX Euler angles conven-
tion for the closed-loop PPPP mechanism.

Link 0,~ d,- a; o;
1 961 dl a; o
2 02 d, a (0%}
3 O3 ds as —o
4 —,3 d4 ay -V
Link 2
Link 1
I ’ Link 3

Z
Xo 1 0 o x=—ay
el y = —dysinay,
Yo =— % ) Z 04 z = —dy cosay

Figure 5. Kinematic analysis of a spatial PPPP mechanism.

from Fig. 4(b), it can be interpreted that matrix i/R’l represents a coordinate system transformation
from Oy X, Y, Zy to OyX Y Z, and matrix % R represents a coordinate system transformation from
Oy Xy Y Zy 1o 0,X,Y,7,.

Because Euler angle o can be used to orientate Z; toward Zy, a3 in Eq. (45) can be assumed as a
dummy parameter equal to zero. At last, D-H parameters in Equation can be tabulated in Table IV.

Because the motion of the PPPP mechanism can be characterized by picturing its end-effector being
constrained to trace a linear trajectory, the kinematics of the PPPP mechanism can be analyzed based
on the kinematics of the PPP manipulator. In reference to Fig. 5, the end-effector and initial coordinate
system of the PPP manipulator are denoted as O;X3Y;Z; and OyX,YZ, respectively. When the PPPP
mechanism is moving, the origin O; of the end-effector is constrained to move along axis Z;, a straight
line whose equation can be expressed as

—a,
L(d) = | —d,sina, (47

—d, cos oy

By setting the elements of the 3 x 1 matrix P, as expressed in Eq. (14), equal to these of L(d,) in
Eq. (47), joints variables d,, d,, and d; can be expressed in terms of d,, namely,

di = — (ar + a,C0 + a3¢0:3 + 4001 CO + ducotysat 5., + dus0ts 0,250 — asco 56,56,
+dyca50,C0,150:2) /50150, (48)

https://doi.org/10.1017/50263574722000868 Published online by Cambridge University Press


https://doi.org/10.1017/S0263574722000868

Robotica

Table V. ZXZ Euler angles convention for synthesized PPPP mechanism.

Link 0; d; a; a;
1 —y d, 130 45°
2 —-70° dy 140 55¢
3 —60° ds 160 70°
4 —a dy 160 —B
Table VI. D-H table for synthesized PPPP mechanism.

Link 0; d; a; o;

1 —55.7477° d, 130 45°

2 =70° d, 140 55°

3 —60° d; 160 70°

4 —97.2240° dy 160 74.0753°

dy = (car 50,0,y — 50,580,150, + coty50,0,1¢02) (a4 + a1¢0 + a60,1¢00 + a360,1c02C0:3

— a,ca,56,,56,, — asco 0,356,156, — azcot, 0,150,080 + azsat St,86,,560,3

— A300 0y CO0550,.1503) [ (Sat 50280, + (cota 50156, + S0t2¢0,150,5 + cat150,0,050,1) (dysoy

+ a0, + azc65(c,,50.1 + ca,cO,,56,5) —a3s6,5 (st 50,0, + cotr 56,56, ,—cat corch,,¢6,)

+ a,C0556,.1 + ayca1¢6,156,,)) /S0t 50256,9

dy = — (a; + aycB.y + a4cb. + a3c0.0,3 + disays6,, — a3ct,505603) [s0t,56,

4203

(49)

(50)

A numerical example is provided to illustrate using the ZXZ Euler angles convention to synthe-
size an over-constrained PPPP mechanism. First, five arbitrary angular parameters {0,,, 6.3, &¢, &y, 23} =
{—=70°, —60°,45°,55°,70°} and four-link parameters {a,, a,, as, a,} = {130, 140, 160, 160} are assumed

and substituted into Table III, which is tabulated in Table V.

Next, substituting five arbitrary angular parameters {6,,, 63, o, &5, &3} = {—70°, —60°,45°, 55°,70°}
and 6,; = 0 into rotation matrix R in Eq. (4) yields,

(3)R(9c1 =0,002,05, 01, 05,03) =

Then, use to calculate Euler angle 8, which is

app
A

asz

B =+cos ' ay = +87.273°

as
A3

dss

&1y

(52)

Here, the negative value of Euler angle 8 is adopted to solve for Euler angle « and y using Eqs. (A4)

and (AS5), which are

o= atanZ(— asy, _6132) = 97.2240°

y = atan2(— a3, a»,) = 55.7477°

(53)

(54)

The aforementioned results, which are tabulated in Table VI, can be used to structure a closed-loop
PPPP mechanism, as shown in Fig. 6.
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(b) <~

Figure 7. Two open-chain manipulators used to form A spatial PPPRR mechanism.

4. Synthesis of a spatial over-constrained five-bar mechanisms and their isomers PPPRR
mechanism

4.1. PPPRR mechanism

Because the end-effector of the PPP manipulator can be constrained to move along an arbitrary space
curve, in Section 3, its trajectory is purposely assigned to move along a straight line and connected
to a P-joint single-arm manipulator to form a closed-loop PPPP mechanism. This synthesis concept is
further extended by assigning the end-effector trajectory of the PPP manipulator to be circular, as shown
in Fig. 7(a). Hence, the end-effector now can be connected to a two-arm RR manipulator, as shown in
Fig. 7(b).

Recall that the orientation of the PPP manipulator is fixed. To form a closed-loop mechanism by
combining a PPP manipulator with a RR manipulator, the end-effector of the RR manipulator must be
constrained to move along a circle without changing its orientation. In reference to Fig. 7(b), when joint
axes of two revolute joints are parallel and the second joint variable 6, is a summation of adding the
first joint variable 6, with an arbitrary constant ¢, endpoint O, of the RR manipulator traces a circular
trajectory and the orientation of the end-effector coordinate system O,X,Y,Z, is always identical to that
of OyX,Y,Z,. Hence, the RR manipulator can be combined with the PPP manipulator by sharing the
same end-effector trajectory and orientation.
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Link 0 (Ground)

Figure 8. Spatial PPPRR mechanism by combining two open-chain manipulators.

For a better illustration, coordinate systems of the PPP and RR manipulator defined according to the
D-H notation are labeled in Fig. 8(a). 0;X;Y;Z; and Oy X,Y(Z, are the end-effector and initial coordinate
systems, respectively, for the PPP manipulator. 0,X,Y,Z, and O¢XYZs are the end-effector and initial
coordinate systems, respectively, for the RR manipulator. Notice that revolute joint Z, is parallel to
revolute joint Zs. Now, let origin O; be coincident with origin O, and the orientation of coordinate
system O;X;Y;Z; remain unchanged relative to that of O,X,Y4Z,. In doing so, a closed-loop five-bar
PPPRR mechanism is formed, as shown in Fig. 8(b).

The DH parameters for the PPPRR mechanism are presented in Table VII. Notice that all joint vari-
ables 0; for prismatic pairs are specifically denoted by a constant 6,; for distinction. Likewise, all joint
offsets d; for revolute pairs are specifically denoted by a constant d,; for distinction. In addition, to form
a closed-loop mechanism by combining a PPP and RR manipulator, two revolute joint axes of the RR
manipulator must be parallel and the difference of their joint variables must be constant. Thus, two more
constraints that must be met can be expressed as

a,=0 (55)
Os=¢—0, (56)
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Table VII. Link parameters for the closed-loop PPPRR

mechanism.

Link 9; d; a; o
1 951 d 1 a, o
2 0(.2 d2 a, (05
3 0(.3 d3 as [0 £)
4 64 d(4 ay Oy
5 05 d.s a, os

Next, by substituting the D-H parameters in Table VII into the transformation matrix of the PPPRR
mechanism, a multiplication of five 3 x 3 rotation matrices can be extracted and expressed as

‘RIRARIR!R = I (57)
Multiply Eq. (57) by inverse matrices SR~ 3R™' to obtain the following equation, namely,
SRIRZR =R~ 3R™! (58)
Substituting Egs. (55) and (56) into matrices ¢R~' 3R~! yields the following equation:
cop s¢ 0
RTVIR'=| —spcas  cpcas  sas (59)
s¢psas  —cPsas  cos

It can be found that 4R~' }R™" in Eq. (59) can be further decomposed into a multiplication of matrices
R.(—as) and R (—¢), namely,

1 0 0 cd s 0
R(—as)R.(—¢)=]0 cas sas || —s¢ cp O (60)
0 —S0s Cls 0 0 1

Therefore, from Egs. (58), (59), and (60), we can find that
IRR3R = R (—as) R.(—) (61)

Now, a similar manipulation of rotation matrices, as mentioned in the previous section, can be applied
to properly fit Euler angle parameters into D-H parameters. Two types of Euler angles notations, ZXZ
and XZX, are used for demonstration. First, we discuss the case using the ZXZ Euler angles. In reference
to Eq. (40), this equation is deliberately rearranged as

“R\RSR = R,(B) R.(c) (62)
where,
YR=R.(0 — ) Rule) (63)

By comparing Eq. (61) with (62), it can be found that the ZXZ Euler angle parameters («, 8, y) can
be appropriately fit into the D-H parameters in Table VIII describing the closed-loop equation of the
PPPRR mechanism.

Next, we discuss the case using the XZX Euler angles. In reference to Eq. (45), this equation is
deliberately rearranged as

'RRYR =R.(y) R.(B) (64)
where,

YR=R.(65) R.(a; — ) (65)
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Table VIII. Link parameters involving ZXZ Euler angles conven-
tion for the closed-loop PPPRR mechanism.

Link 0; d; a; o;
1 -y d, a o
2 0. d, a [2%]
3 0.3 d; a; o
4 04 dey a, 0
5 —a —0, des as -B

Table IX. Link parameters involving XZX Euler angles convention
for the closed-loop PPPRR mechanism.

Link 0; d; a; o;
1 6., d, a o
2 6, d, a, o)
3 003 d3 as —u
4 6, dy a, 0
5 —B—0, des as -y

Table X. ZXZ Euler angles convention for synthesized PPPRR

mechanism.

Link 0, d; a; o;
1 -y d, 180 50°
2 —60° d, 140 40°
3 —=70° d; 130 55°
4 A 85 100 0
5 05 55 120 —pB

By comparing Eq. (61) with (64), it can be found that the XZX Euler angle parameters (¢, 8, y)
can be appropriately fit into the D-H parameters in Table IX describing the closed-loop equation of the
PPPRR mechanism.

A numerical example is provided to illustrate using the ZXZ Euler angles convention
to synthesize an over-constrained PPPRR mechanism. First, five arbitrary angular parameters
{6.2, 0.3, a1, a0y, 003} = {—60°, —70°, 50°, 40°, 55°} and seven link parameters {d.4, d.s, a;, a,, as, d,, as} =
{85, 55, 180, 140, 130, 100, 120} are assumed and substituted into Table III, which is tabulated in
Table X.

Next, substituting five arbitrary angular parameters {04,045, a1, 0, 00z} =
{—60°, —70°, 50°, 40°, 55°}and 6., = 0 into rotation matrix IR in Eq. (4) yields,

ap ap  dadp
RO, =0,0,,600, a1, 05,03) = | a2 axn ax (66)
as 4z ds3
Then, use Eq. (A3) to calculate Euler angle §, which is
B ==2cos a;; =£87.273° (67)

Here, the negative value of Euler angle 8 is adopted to solve for Euler angle y using Eq. (AS),
which are

Yy = atan2(— ays, a23) =63.0047° (68)
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Table XI. D-H table for synthesized PPPRR mechanism.

Link 0; d; a; o;

1 —63.0047° d, 180 50°
2 —60° d, 140 40°
3 —70° d; 130 55°
4 A 85 100 0
5 05 55 120 87.273°

(a) Iy (b) 2

Figure 10. Cylindrical joint formed by a revolute and a prismatic joint along the same axis.

The aforementioned results, which are tabulated in Table XI, can be used to structure a closed-loop
PPPRR mechanism, as shown in Fig. 9.

4.2. Isomers of PPPRR mechanism

The cylindrical joint is a joint that provides one translational and one rotational of freedom along the
same joint axis. Therefore, when two adjacent R joints and P joints are shown in Fig. 10(a) where the R
joint axis Zy and P joint axis Zp are coaxial, the R joint and P joint will be configured to a cylindrical
joint, as shown in Fig. 10(b).
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(b) P Joint
O

R Joint

X4

Figure 11. Synthesized PPPRR mechanism and its isomer.

Because of a cylindrical joint that can be formed by a revolute and a prismatic joint along the same
axis, the synthesized PPPRR mechanism can be transformed into another over-constrained mechanism
with a cylindrical joint. For example, set a; =0 and o3 = 0 in Table VIII, a PPPRR mechanism based
on the ZXZ Euler angles convention can be synthesized in Fig. 11(a), where P joint axis Z, and R joint
axis Z; and are coaxial. Thus, a PPCR mechanism can be formed, in Fig. 11(b), by combining the P joint
and R joint into a cylindrical joint. In addition, the D-H parameters describing the closed-loop equation
of the PPCR mechanism can be listed in Table XII.

5. Mobile assemblies derived from PPPRR and PPCR mechanisms

In this section, synthesized PPPRR and PPCR mechanisms can be further used as source modules to form
other mobile assemblies. These assemblies may provide a much large archive allowing the engineers to
choose desired motions and trajectories. To synthesize new mechanisms configurationally, link param-
eters of PPPRR and PPCR mechanisms are correspondingly adjusted such that two source modules can
be assembled as another over-constrained mechanism.

5.1. RRPRRP mechanism

Figure 12 shows an assembly configuration of the two PPPRR mechanisms and their schematics. In
Fig. 12(a), Z; is the direction of axis i, and [a;, «;] represent the common normals and the skew angles
between joint axes Z; and Z;,,. The joint variable of a revolute joint of axis Z; is denoted by 6;, while
the joint variable of a prismatic joint is denoted by 6,;, a constant value. When the PPPRR mechanism is
configured based on the presented method using the ZXZ Euler angles convention, angular parameters
0., O3, 01, @5, and a5 can be freely assigned. Hence, [a;, ;] of the first PPPRR mechanism can be set
equal to [a,, ;] of the second PPPRR mechanism. In addition, 6,, of the first PPPRR mechanism can be
set equal to 6, of the second PPPRR mechanism. In doing so, Z;, Z,, and Z; are, respectively, parallel
toZ,,7Z,,and Z,, as schemed in Fig. 12(b).

Next, combining these PPPRR mechanisms by aligning [a,, o] with [a;,«/] and [a,, a,] with
lay, o] leads to coincidences of Z, and Z/, Z, and Z/, and Z; and Z,, as shown in Fig. 12(c).

Now, joint variable d, of the first PPPRR mechanism is constrained to be joint variable d, of the
second PPPRR mechanism. Therefore, two PPPRR mechanisms with independent motion are synchro-
nized. Afterward, collinearly overlapped links [a;, ;] and [a,, ] as well as [a,, a,] with [ay,ay]
now can be removed to form a single closed-loop six-bar RRPRRP mechanism in Fig. 13(a). Since
the prismatic joints along axis Z; and are coaxial, they can be equivalently replaced by one prismatic
joint adjacent to link [as, 5] and [ay, ay]. Besides, the twisted angle of the substitute prismatic joint
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Table XII. Link parameters involving ZXZ Euler angles
convention for the closed-loop PPCR mechanism.

Link 0, d; a; o;
1 -y d, a o
2 6., d, a, o)
3 0.3+ 6, dy;+d., a, 0
4 —a — 0, d.s as —B

(&)

(b) (©

[az, a3]

[as, as)

—————————— Qqr, Uqyt
[agr, @y] lay,ay]

[ay a,] [ [ay,ay]

[az,a;]  lag.ay]

[ag, 4] [ay. a)

2y @y [d2, B2l [dyr, 021 [ay, ay)

2y, ay,a
lay, @] [ay,ay] [ay, a,] |“1’-“|.'|

lag, as]

Figure 12. Assembly of the two PPPRR mechanisms and their schematics.

is 6y — 6.5. Likewise, the prismatic joints along axis Z, and Z can be equivalently replaced by one
prismatic joint adjacent to link [a,, o] and [a,/, «]. Besides, the twisted angle of the substitute pris-
matic joint is 6., — 60 /. The rest of [a;, a;] for the synthesized RRPRRP mechanism are all identical to
these of original PPPRR mechanisms. In addition, due to the constraint d, = d,, the movement of the
synthesized RRPRRP mechanism is the same as the two PPPRR mechanisms run synchronously with
equal input variables, as simulated in Fig. 13(b).
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(a) s N b 6, (b)

las, a)

[ay.a,] lay. ay]

Be1 — 9:,-1’

Figure 13. Synthesized RRPRRP mechanism and its motion animation.

5.2. RRPRC mechanism

Figure 14(a) shows an assembly configuration of the PPPRR and PPCR mechanism. As mentioned, five
angular parameters 6,,, 0,3, o, o, and o3 of the PPPRR mechanism can be freely assigned. However,
for the PPCR mechanism, only three angular parameters 6,,, «;, and «, can be freely assigned. Hence,
[a, ;] and [a,, o] of the PPPRR mechanism can be set equal to [a;-, «;-] and [a,, oy ] of the PPCR
mechanism. In addition, 6., of the PPPRR mechanism can be set equal to 6, of the PPCR mechanism.
In doing so, Z,, Z,, and Z; are, respectively, parallel to Z/, Z/, and Z,, as schemed in Fig. 14(b).

Next, aligning [a,, o] with [a,/, o] and [a,, o] with [a,, o] yield coincidences of Z, and Z,/, Z,
and Z,, and Z; and Z,, as shown in Fig. 14(c). Now, joint variable d, of the PPPRR mechanism is
constrained to be joint variable d,r of the PPCR mechanism. Therefore, two mechanisms with indepen-
dent motion are synchronized. Afterward, removing collinearly overlapped links [a,, o] and [a/, o /]
as well as [a,, a,] with [ay, oy ] yields a single closed-loop five bar RRPRC loop in Fig. 15(a). In the
combined loop, the prismatic joint along axis Z; and the cylindrical joint along Z.are coaxial, they
can be equivalently replaced by one cylindrical joint adjacent to link [as, a3] and [ay, oy ]. Besides, the
twisted angle of the substitute prismatic joint is 6 ; — 0,3. Likewise, the prismatic joints along axis,
Z, and Z can be equivalently replaced by one prismatic joint adjacent to link [a,, o] and [a, a ].
Besides, the twisted angle of the substitute prismatic joint is 6., — 6 . The rest of [a;, ;] for the syn-
thesized RRPRC mechanism are all identical to these of original PPPRR and PPCR mechanisms. The
synthesized RRPRC mechanism should be immobile since its mobility is zero based on the predic-
tion of Chebychev—Griibler—Kutzbach criterion. However, its mobility inherit from the synchronized
motion of input variables d, = d, driving the combined PPPRR and PPCR mechanism, as simulated in
Fig. 15(b).

5.3. RCRC mechanism

By the same token, two PPCR mechanisms are assembled as shown in Fig. 16(a) and schematized in
Fig. 16(b). Three angular parameters 6,,, «;, and «, for these two PPCR mechanisms can be corre-
spondingly assigned such that [a, ;] and [a,, a,] of the first PPCR mechanism are equal to [a;-, o]
and [ay, ap'] of the second PPCR mechanism. In addition, 6,, of the first PPCR mechanism can be set
equal to —6 , of the second PPCR mechanism such that Z;, Z,, and Z; are, respectively, parallel to Z,
Zy,and Z,, as schemed in Fig. 16(b).

Next, two PPCR mechanisms can be combined by aligning [a,, «;] with [a;, @;-] and [a,, ;] with
[ax, ay]so as to achieve coincidences of Z; and Z,-, Z, and Z,-, and Z, and Z;., as shown in Fig. 16(c).
Now, two PPCR mechanisms move synchronously with equal input variables due to the constraint
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(a)
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¢
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(b)

(c)
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[az, @3] [a,r, ay] lay, ay]

(g, ay)

[dz- 3:2]

[ay, @] lay, ay] la,, @]

[y ay)

Figure 14. Assembly of the PPPRR and PPCR mechanisms and their schematics.

d, =d,. Afterward, a single closed-loop four-bar RCRC loop in Fig. 17(a) can be formed by remov-
ing collinearly overlapped links [a;, ;] and [a,, /] as well as [a,, a,] with [a N 1/]. In the combined
loop, the prismatic joint along axis Z; and the cylindrical joint along Z, can be equivalently substituted
by a cylindrical joint adjacent to link [a;, &;] and [ay, oy ]. Besides, the twisted angle of the substitute
cylindrical joint is 6., + 6. Likewise, the prismatic joints along axis Z; and Z,/ can be equivalently
substituted by a cylindrical joint adjacent to link [a;, 3] and [a, @ ]. Besides, the twisted angle of the
substitute prismatic joint is 0; + 6_. The rest of [a;, ;] for the synthesized RCRC mechanism are all
identical to these of original PPCR mechanisms. The synthesized RCRC loop is also an over-constrained
mechanism, as simulated in Fig. 17(b). An intriguing research that relates the RCRC linkage and its
ressemble linkage, the RCCC linkage, is the passive coupling method proposed by Dimentberg [23]. He
suggests synthesizing the RCRC linkage by locking the degree of freedom of one revolute joint of the
RCCC linkage. This approach may provide an extended investigation of the ongoing discussion but is
not within the scope of this paper.

https://doi.org/10.1017/50263574722000868 Published online by Cambridge University Press


https://doi.org/10.1017/S0263574722000868

Robotica 4213

[as, @3]

(a5, @] [az, ;)

(b)

Figure 15. Synthesized RRPRC mechanism and its motion animation.

6. Closing remarks

This paper presents a synthesis method of spatial over-constrained mechanisms. First, the kinematics
of a three-link PPP manipulator is investigated based on the Denavit—Hartenberg notation. Next, the
end-effector of the PPP manipulator is constrained to trace a straight trajectory such that its end-effector
can be combined with that of a P-joint single-arm manipulator. By doing so, these two open-chain
manipulators can be assembled to form a spatial closed-loop PPPP mechanism. By the same token, the
end-effector of the PPP manipulator can be constrained to trace a circular trajectory such that the end-
effectors of the PPP and RR manipulators can be combined to form a PPPRR mechanism. In addition, the
synthesized PPPRR mechanism can be transformed into an over-constrained PPCR mechanism by align-
ing the revolute and prismatic joints of the original PPPRR mechanism. The DH parameters of those
synthesized mechanisms are defined by incorporating them with the Euler angles notations. Solving
the Euler angle parameters is advantageous to avoid excessive algebraic assumptions. At last, PPPRR
and PPCR mechanisms are further adopted as source modules to concatenate other mobile assem-
blies. These assemblies can be correspondingly configured into over-constrained RRPRRP, RRPRC, and
RCRC mechanisms by the common link-pair (CLP) method by Wohlhart [24]. Compared with deriving

https://doi.org/10.1017/50263574722000868 Published online by Cambridge University Press


https://doi.org/10.1017/S0263574722000868

4214 Fu-Hsiung Lee and Kuan-Lun Hsu

Be1
(@) Fay

(b) (©)

[agr, ay]

la,, a,)
S [ay, @] [ag.ay]

lay, az) lay,ay]
[as, @3]

(@) (b)
Z,,Zy

[as, @3]

/
lavad 0] oy )

‘ \ Ty L
e

6:1' + 63

Figure 17. Synthesized RCRC mechanism and its motion animation.
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geometrical constraints from closed-loop equation analytically, the modular method presented in this
research is more intuitive to find the over-constrained mechanisms.

In addition, our work aims to provide a synthesis method of spatial over-constrained mechanisms
based on the kinematics of a specific serial manipulator. Some concepts are similar to the previous
studies by Li and Angeles’s work [25, 26]. They are devoted to promote a 3-CCC parallel manipulator
by refining its kinematic, singularity, workspace, and dexterity analyses. To the goal for both of our
research, kinematic analyses that describe the input/output function among mating parts are required.
One noticeable difference between our methods is the mathematical foundations adopted. We apply D-H
notations to relate link dimensions and joint variables for the serial manipulator and derive the position
and orientation of the manipulator end-effector based on the homogeneous transformation matrix rep-
resentation. Li and Angeles’s work establishes the constraint-screw systems for every CCC limb [25]
and solves a quartic resolvent polynomial to yield the orientation of the moving platform. Although the
mathematical formulations are distinct, both of our works attempt to simplify the analyses by decoupling
the rotational and translational motion of the end-effector. We verify that the serial PPP manipulator
has an unchanged orientation and unlimited workspace by separately examining the elements governing
rotation and translation. Hence, we can concentrate on aligning the orientations of the end-effector coor-
dinate system of two manipulators without paying attention to coinciding the origin of the end-effector
coordinate system. Li and Angeles reveal that the orientation of 3-CCC PKM can be individually solved
without considering the linear displacement of the cylindrical joints. Besides, they found that the singu-
larity of the 3-CCC PKM only results from the orientation of the moving platform. Both of our works
indicate that the complexity of a kinematic problem may be reduced by considering the rotation and
translation of the links individually. This feature, as suggested by Li and Angeles [25, 26], may provide
an intriguing enlightenment on relevant research in the future.
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Appendix A

Euler Angle Representation for Rotation Matrices

The orientation of the PPP manipulator can be defined by the Euler angle representation [27,28].
Hence, this section summarizes the conventions of ZXZ Euler angles and XZX Euler angles, respec-
tively. First, to describe the orientation of the end-effector coordinate system O;X;Y3Z; using the ZXZ
Euler angles convention, all elements of rotation matrix R are set to be equal to these of rotation operator
R.(y) R.(B) R.(x) specified by ZXZ Euler angles («, 8, ), which can be expressed as

SR=R.(y) R.(B) R.() (AD)
namely,
ay ap  ap cacy —sacfsy —cysa —cacfsy  sBsy
ay an ap | =| sacPcy +casy cacBecy —sasy  —sfcy (A2)
as axnp  as sasf casf cp

Analyzing Eq. (A2) allows to find the solution of the required ZXZ Euler angles («, 8, y), which can
be expressed as

B==xcos ay (A3)
o= atanZ( + asy, :|:a32) (A4)
y =atan2( % a3, Fas) (A5)
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Similarly, to describe the orientation of the end-effector coordinate system O;X;Y3Z; using the XZX
Euler angles convention, all elements of rotation matrix R are set to be equal to these of rotation operator
R.(y) R.(B) R.(x) specified by XZX Euler angles («, 8, y), which can be expressed as

SR=R.(y) R.(B) R(a) (A6)
namely,
a, dap daps cf —casp sasf
Ay ap axp | =| sPcy cocPecy —sasy —sacfcy —casy (A7)
as axn  an sBsy sacy +cacBsy  cacy —sacfsy

Analyzing Eq. (A7) allows to find the solution of the required XZX Euler angles («, 8, y), which
can be expressed as

B ==+cos ay (A8)
a = atan2(ay;, —day,) (A9)
y = atan2(as, az1) (A10)

Cite this article: F.-H. Lee and K.-L. Hsu (2022). “A synthesis method of spatial over-constrained mechanisms based on
kinematics of serial manipulators”, Robotica 40, 4193-4217. https://doi.org/10.1017/S0263574722000868
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