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FIXED POINT THEOREMS FOR LIPSPCHITZIAN SEMIGROUPS

BY
HAJIME ISHIHARA

ABSTRACT. Let U be a nonempty subset of a Banach space, S a left
reversible semitopological semigroup, S = {T; : t € S} a continuous
representation of § as lipschitzian mappings on U into itself, that is for
each s € S, there exists ks > 0 such that ||Ts(x) —Ts(y)|| < k|lx —y]| for
x,y € U. We first show that if there exists a closed subset C of U such
that Ngco{T;x : t Z s} C C for all x € U then S with limsup, kg < V2
has a common fixed point in a Hilbert space. Next, we prove that the
theorem is valid in a Banach space E if lim supy ks < N(E)"/z.

1. Introduction. Let S be a semitopoligical semigroup, i.e., S is a semigroup with
a Hausdorff topology such that for each a € S the mappings s —a-sand s — s-a
from S to S are continuous. Let U be a nonempty subset of a Banach space E. Then
a family S = {T, : t € S} of mappings from U into itself is said to be a lipschitzian
semigroup on U if § satisfies the following:

(1) T(x) =T, Ts(x) for t,s € S and x € U;

(2) the mapping (s,x) — Ty(x) from S X U into U is continuous when S X U has
the product topology;

(3) for each s € S, there exists ky > 0 such that ||Ts(x) — Ts(y)|| = ks|lx — y|| for
x,y€eU.

A semitopological semigroup S is left reversible if any two closed right ideals of
S have nonvoid intersection. In this case, (S, =) is a directed system when the binary
relation “<” on S is defined by a < b if and only if {a}UaS D {h}UbS. A lipschitzian
semigroup on U is said to be a uniformly k- lipschitzian if k; = k for all s € S. Fixed
point theorems for uniformly k-lipschitzian semigroups were first studied by Goebel
and Kirk [6] and Goebel, Kirk and Thele [7]. Lifschitz [10], Downing and Ray [4] and
Ishihara and Takahashi [8] proved that in a Hilbert space a uniformly k- lipschitzian
semi-group with k£ < V2 has a common fixed point. Also Casini and Maluta [3]
and Ishihara and Takahashi [9] proved that a uniformly k-lipschitzian semigroup in
a Banach space E has a common fixed point if k < N(E)~'/2, where N(E) is the
constant of uniformity of normal structure. In these results, except [7], domain U of
semigroups were assumed to be closed and convex.

In this paper, we first show that if S is left reversible and if there exists a closed
subset C of U such that Nsco{Tx : t 2 s} C C for all x € U then a lipschitzian
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semigroup on nonconvex domain in a Hilbert space with limsup, ks < V2 has a
common fixed point. Next, we prove that the theorem is valid in a Banach space E if
lim sup, k, < N(E)~'/2. These results are the generalization of [5], [8], [9].

2. Fixed point theorems. Let {B, : @ € A} be a decreasing net of bounded l
subsets of a Banach space E. For a nonempty subset C of E define,

r({Ba},x) = igf sup{|lx = y|| : ¥y € Bo}:

r({Ba},C) = inf{r({Ba},x): x €C};
A({By},C) = {x € C : r({Ba},x) = r({Bas},C)}.

We know that r({Bs},-) is a continuous convex function on £ which satisfies the
following:

Ir({BDI}vx) - r({Ba}vy)l S ”)C —y” s r({ch}7x)+ r({Bﬂ’}ay)

for each x,y € E. It is easy to see that if E is reflexive and if C is closed convex then
A ({B},C) is nonempty and moreover, if E is uniformly convex then it consists of
a single point, cf. [11]. For a subset C, we denote by coC the closure of the convex
hull of C, by d(C) the diameter of C and by R(C) the Chebyshev radius of C, i.e.
R(C) = inf sup,ccyec [x—y||. The uniformity N(E) of normal structure of E is defined
by

o R(C) . .

N(E) = sup E(C—) : C is anonempty bounded convex subset of E withd(C) > 0) .
It is known that if N(E) < 1 then E is reflexive, cf. [1], [9]. [12]. We start with

proving a fixed point theorem in a Hilbert space. The following lemma which was
proved in [8] plays a crucial role in the proof of the theorem.

LEMMA 1. Let C be a nonempty closed convex subset of a Hilbert space H. Let
{By : @ € A} be a decreasing net of nonempty bounded subsets of H and let
{a} = A({Bq},C). Then

r({Ba}, C)Y+ lla — tz < r({Ba},x)*

for every x € C.
We also know the following:

LEMMA 2. Let C be a nonempty closed convex subset of a Hilbert space H and
let {By : o € A} be a decreasing net of nonempty bounded subset of C. Then the
asymptotic center a of {Bo: o € A} in C is an element of NaC0Byg.
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Proor. Let zg be the nearest point to a in coBg. Then we have |y —zg|| = ||y —al|
for all y € coBg. So we have

r({Ba},zp) < sup{[ly — zsll : y € Bg} = sup{|ly —al| : y € Bg}.
Let {z3,} be a subnet of {z3} which converges weakly to zo. Then we obtain
r({Ba},z0) = lim il;f r({Ba},2s,)

< liminf sup{[ly — al| : y € By, } = r({Ba}, ).

Hence we have zp = a. Since {zg } is arbitrary, we obtain {z3} converges weakly to
a. Therefore a € Ny CoB,.

THEOREM 1. Let U be a nonempty subset of a Hilbert space H and let S be a
left reversible semitopological semigroup. Let S = {T, : t € S} be a lipschitzian
semigroup on U with limsup, k, < v/2. Suppose that {T,y : t € S} is bounded for
some y € U and there exists a closed subset C of U such that Nsco{Tx : 1 2 s} CC
for all x € U. Then there exists a z € C such that T,z = z for all s € S.

Proor. Let By(x) = {T\x : t 2 s} for s € S and x € U. Define {x, : n 2 0} by

induction as follows:
X0 =Y,
{x2} = A({Bs(xn-1)},c0U) forn 2 1.

By Lemma 2, we have x, € Nyéo{T;x : t 2 s} C C C U and hence {x,} is well
defined. Let r,(x) = r({Bs(xs-1)},x) and r, = r({Bs(xn—1)},colU) for n 2 1. Then
by Lemma 1, we have ||x, — u||> < r,(x)> — r2 for all u € coU and n Z 1. Putting
u = Tyx,, we have

n — Tsxa||* = ralTsx)> — 12

= (lim sup (Tixn—t — Tyxal)* — 12
= (limtsup T Toxny — Toxa|)? — 12
< k2 limtsup T ixnt — xal)? — 72
=k — Dr}.

Let n = limsup, k2 — 1. Then we obtain

2

n+1 “2

2 .
Frs1 ()" = hmtsup ITexn — xn

IIA

r

' 2 2 2 2
(llmssup ki —Dry=nr; =0

IA

for all n 2 1. Since

(|41 _Xn“2 S 2fjoner — Tt)(n”2 +2|| T, —Xn|!2
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for all t € S and n 2 0, we have
IXns1 — x| £ 2 lim sup || Txy — Xpe1 [ +2 lim sup || 7.x, — x|
< 22 + 20 (xn)? = 4nrl '
Therefore since < 1, {x,} is a Cauchy sequence of C. Let x, — z. Then for s € §,
llz = Tszl|* = 31z = xal® + 3]l — Toxal|* + 3[| Ty — Tz
< 301+ k2|2 = xa]|? + 3]}xn — Toxa||* — 0

as n — 00. Therefore T,z = z for all s € S.
As a direct consequence, we have the following:

COROLLARY 1. Let U be a nonempty subset of a Hilbert space H and let T be a
mapping from U into itself such that

(IT"x — T"y|| = kallx — y||

forall x,y € U and n 2 1, where {k,} is a positive sequence with lim sup, k, < /2.
Suppose that {T"y : n 2 1} is bounded for some y € U and there exists a closed
subset C of U such that N,co{T*x : k Z n} C C for all x € U. Then there exists a
z € C such that Tz = z.

If we confine ourselves to nonexpansive or asymptotically nonexpansive semi-
groups, we have the following result.

THEOREM 2. Let U be a nonempty subset of a Hilbert space H and let S be a
left reversible semitopological semigroup. Let S = {T, : t € S} be a lipschitzian
semigroup on U with limsups k; = 1. Suppose that {T\x : t € S} is bounded and
Msco{Tx : t 2 s} C U for some x € U. Then there exists a z € U such that Tz = z
forall s €S.

Proor. Let By = {T\x : t 2 s} for s € S and let a be the asymptotic center of
{B;} in coU. Then by Lemma 1, we have

r({Bs},coUY +|la— T.al* < r({B}, T:a)* < k2r({B,},a)’
for all ¢+ € S. Hence we have
Iimtsup lla —T.a|* < (lim,sup k}r({B,},coU)* — r({B;},coU)* = 0.
Therefore we obtain

|la — Tsal| < limsup|la — T.al| +limsup || T,a — Tyal|
t t

= lim’sup [la = T.al| + &, lim’sup |Ta—al| =0
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forall s € S.

Next, by a method similar to that of the proof of Theorem 1, we prove a fixed
point theorem in a Banach space. An important lemma is a result proved in [9], which
we state here as:

LEMMA 3. Let C be a closed convex subset of a reflexive Banach space E. Let
{By : @ € A} be a decreasing net of nonempty bounded closed convex subsets of C
and let B = (), Bq. Then

r({Bs},B) £ N(E)inf d(B,).

THEOREM 3. Let U be a nonempty subset of a Banach space E with N(E) < 1
and let S be a left reversible semitopological semigroup. Let S = {T, :t € S} be a
lipschitzian semigroup on U with limsup, k; < N(E)~'/2. Suppose that {T, : t € S}
is bounded for some y € U and there exists a closed subset C of U such that
Nsco{T,x : t 2 s} C C for all x € U. Then there exists a z € C such that Tsz = z
forall s €S.

Proor. Without loss of generality we may assume that lim sup; k; = 1. Let B;(x) =
co{T.x : t 2 s} and let B(x) = N;By(x) for s € S and x € U. Define {x, : n 2 0} by
induction as follows:

Xo=1Y;
Xy € A({Bs(xp—1)}, B(xp—1)) forn 2 1.
Well-definedness of {x,} follows from that B(x) C C C U for all x € U. Let
ra(x) = r({Bs(x,—1)},x) and r, = r({Bs(x,—1)}, B(x,—1)) for n 2 1. Then from x, €
B(x,_1) = NB,(x,—) for n 2 1, we have
Fus1(xn) = lim sup || Tyx, — x,|| = lim sup(lim sup || Tox,—1 — Tyxa||))
N N t
< (lim sup k;) lim sup || Tox,—1 — X4|| = (lim sup k;)r,
N t s
< (lim sup k)N (E) inf d(By(x,_1))
R s

and
inf d(B;(x,—1)) = inf sup{||Tsxp—1 — Tpxn—1]| : @, b 2 s}

< ]im[sup(limssup ITsxn—1 — Trxp—1]])
= lim,sup Fn(Tixp—1) = (lim,sup k)rn(xn—1)-
Let n = (lim sup, k,)’N (E). Then we have
Fust () = (lim sup kp)r, < (lim sup k)N (E)rp(xn_1)

= Nra(x,—1) = 1"ri(xo)
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and
”xn+l “xn“ = r({Bs(xn)}axn-H) +r({Bx(xn)}7xn) = Ips1 + Pt (Xn)

< (lim sup k)~'n"'r1 (xo) + 011 (x0)

= 29"ri(xo)

for all n 2 1. So, {x,} is a Cauchy sequence of C and hence {x,} converges to a
point z € C. Therefore we have

”Z - Tsz” lim ”xn - s-xn” é lim (rn+l(-xn) + rn+l(Ts-xn))
n—oo n—o0

< lim (1 +ks)n"ri(xo) = 0
n—o00

forall s €S.

We know that if £ is uniformly convex then N(E) < 1, cf. [2]. Hence the following
corollary which is a direct consequence of Theorem 2 is generalization of the result
of Goebel and Kirk [6].

COROLLARY 2. Let U be a nonempty subset of a Banach space E with NE) < 1
and let T be a mapping from U into itself such that

IT"x = T"y|| = kallx =yl

for all x,y € U and n 2 1, where {k,} is a positive sequence with limsup, k, <
N(E)~'/2. Suppose that {T"y : n Z 1} is bounded for some y € U and there exists
a closed subset C of U such that N,co{T*x : k 2 n} C C for all x € U. Then there
exists a z € C such that Tz = z.

REMARK 1. Casini and Maluta [3] showed that the condition N(E) < 1 is weaker
than €y(E) < 1 of [7]. Goebel, Kirk and Thele employed the condition that there
exist a bounded closed convex subset C of U such that for each x € U and ¢ >
0, dist(Tix,C) < e(t Z s) for some s € §. This condition implies that there exists a
closed subset C of U such that Ngco{T,x : t 2 s} CC forallx € U and {T,y : t € S}
is bounded for some y € U. In fact, it is easy to see that {T,y : t € S} is bounded
forall y € U. Let z € Ng¢o{T,x : t 2 s}. Then for each € > 0, there exist s € S such
that dist(T,x,C) < ¢/3 for every t 2 5. Also there exist 0 = X; = 1/, A\ = 1)
and t; 2 s with ||z — 37, \iT,x|| <¢€/3. For each 1 =i = n, choose u; € C so that
IT;x — ui|| < (2/3)e. Then we have

dist(z,C) £ ||z — Z || = ||z — E AT x| + Z M| Tx — will
i=1 i=1 i=1

Se/3+) N2/de=e.
i=1

Since ¢ is arbitrary, we have z € C. Therefore N;co{T,x : t 2 s} CC forallx € U.
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The following example, due to Goebel and Kirk [5], shows that there exists a
lipschitzian mapping which is not uniformly k-lipschitzian.
ExaMPLE. Let B denote the unit ball in the Hilbert space /> and let T be defined as
follows:
T : (x1,x0,x3, ) — (0, X7, axz, azxz, - - )

where a; is a sequence of numbers such that 0 < g; = 1 and Hf’iz a; < 1/ \/5 Then
ITx — Ty|| < 2||x — y|| for x,y € B and moreover ||T"x — T"y|| < 2], aillx — y||
for n 2 2. Thus

2 n
im2[Ja =21im[Ja < V2.
n n
1=2 i=2

Clearly the mapping T is not uniformly k-lipschitzian with k& < V2.
REMARK 2. Let 7Y be a positive real number and let § = {T, : ¢ € S} be a lipschitzian
semigroup with lim sup; k; <. Then, putting k. = sup,>, k,, we have

ITox = Toyll < ksllx = yll < supkiflx — y]| = kiflx = ]|

25

and limg k! = lim sup, k;. Hence § is a lipschitzian semigroup with lim, & <.
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