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Abstract. We study the eigenvalue problem — Zfi ] By, (105, ulP ™28, u) =
M2y in Q, u=0 on 9K, where Q is a bounded domain in RY with smooth
boundary 92, A is a positive real number, and p;,..., py, ¢ are continuous
functions satisfying the following conditions: 2 < p;(x) < N, 1 < g(x)forallx € Q,i €
{1,..., N} thereexist j, k € {1,..., N},j # k, such that p; = ¢ in Q, ¢ is independent
of x; and maxg ¢ < ming py. The main result of this paper establishes the existence
of two positive constants Ay and A; with Ay < A; such that every A € (A}, 00) is an
eigenvalue, while no A € (0, A¢) can be an eigenvalue of the above problem.

2010 Mathematics Subject Classification. 35D05, 35J60, 35J70, 58E05.

1. Introduction. The goal of this paper is to study the existence of solutions of
the following anisotropic eigenvalue problem

N
- Z 8Xi(|axiu|pf(X)728xiu) = )"|u|q(X)72u iIl Qv (1)
i=1

u=>0 on d<2,

where @ ¢ RY (N > 3)is a bounded domain with smooth boundary 9L, A is a positive
number, and p;, ¢ are continuous functions on € such that 2 < p;(x) < N and g(x) > 1
forallx e Qandie{l,..., N}

Our study is motivated by some recent advances on the eigenvalue problems for
anisotropic operators involving variable exponent growth conditions obtained in [19].
Considering different cases regarding the variable exponents p;(x) and g(x) involved
in equation (1), the authors of [19] found certain interesting results that will be briefly
presented in what follows:

e In the case when max{maxgpi, ..., maxgpy} < mingq and ¢ has a subcritical
growth, a mountain pass argument can be applied in order to show that any A > 0
is an eigenvalue of problem (1) (see [19, Theorem 2]).

e In the case when mingg < min{mingp, ..., mingpy} and ¢ has a subcritical
growth, using Ekeland’s variational principle, one can prove the existence of a
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continuous family of eigenvalues lying in a neighbourhood of the origin (see [19,
Theorem 4]).

* In the case when maxg ¢ < min{mingp, ..., mingpy} it can be proved that the
energy functional associated with problem (1) has a non-trivial (global) minimum
point for any positive X large enough and, consequently, any positive A large enough
is an eigenvalue of problem (1) (see [19, Theorem 3]). Obviously, in this case the above
result can also be applied and, thus, in this situation there exist two positive constants
A* and A** such that every A € (0, A*) U (A**, 0o) is an eigenvalue of problem (1) (see
[19, Corollary 1]).

Our paper supplements the above results on problem (1) by considering a new
case, when there exist j, k € {1, ..., N} with j # k such that p; is independent of x;,

pi(x)=q(x), YxeQ and maxq < minpy.
Q Q

In this situation it will be proved that small values of A cannot be eigenvalues of
problem (1) while every A large enough is an eigenvalue of problem (1).

On the other hand, we point out that our study extends to the case of anisotropic
equations the results obtained in [22] and generalizes some other existing results on
eigenvalue problems involving variable exponent growth conditions [11, 12, 20, 21, 23].
Finally, we note that equations of type (1) are models for various phenomena which
arise from the study of electrorheological fluids (see [7, 14, 20, 29, 30]), image processing
(see [6]), or the theory of elasticity (see [35]).

2. Abstract framework. In this section we recall some definitions and basic
properties of the variable exponent Lebesgue-Sobolev spaces L70)(2) and WOl 7 (')(Q),
where Q is a bounded domain in RY. We will also introduce an adequate functional
space where problems of type (1) can be studied. Such a space will be called an
anisotropic variable exponent Sobolev space and it can be characterized as a functional
space of Sobolev’s type in which different space directions have different roles.

Set C.(Q) = {h € C(Q) : min, g h(x) > 1}. For h € C;(Q) we define

ht = sup h(x) and h = ing2 h(x).
XE

xeQ

For p € C,(RQ), we introduce the variable exponent Lebesgue space
L’O(Q) = {u : u is a measurable real-valued function such that / lu(x)[P™ dx < oo},
Q

endowed with the so-called Luxemburg norm

|M|p(.) = inf M > O; /
Q

which is a separable and reflexive Banach space. If |Q2] < co and p;, p, are variable
exponents in C () such that p; < p, in Q, then the embedding 17>)(Q) — I[70(Q)
is continuous.

Let 170(Q) be the conjugate space of I70)(R2), obtained by conjugating the
exponent pointwise, that is, 1/p(x) + 1/p'(x) = 1. For every u e I’V(Q) and v €

u(x) p(x)

uw

dxfl},
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L7 0(Q) the following Holder type inequality

/ uv dx
Q
is valid.

An important role in manipulating the generalized Lebesgue—Sobolev spaces is
played by the p(-)-modular of the L7*)(Q2) space, which is the mapping p, : L/)(Q) —
R defined by

1 1 )
< | =+ o= | lulpolvlpc (2
(p P pO)IVIp'()

Pp(y () = / ul"™ dx.
Q

If u,, u € L7Y)(Q) then the following implications hold

- +

lulpy > 1= Jully < ppy(u) < Iulﬁ(), ©)
|u|p() <1l= |u|p() = pp()(u) = |u| () (4)
|u, — u|,,(.) -0 p,,(.)(un —u) — 0, ®)

since pt < oo.
Next, we define WO1 P0(Q) as the closure of Cl(2) under the norm

lulli,pe) = [Vulp) -
We point out that the above norm is equivalent with the following norm

N

lalloey = Y |-

i=1

provided that p(x) > 2 for all x € Q (see [18]). Hence W,”’(Q) is a separable,
reflexive Banach space. Note that if s € C,(Q) and s(x) < p*(x) for all x € Q, where
pr(x) = Np(x)/[N — p(x)] if p(x) < N and p*(x) = oo if p(x) > N, then the embedding
WO1 PO(Q) < L) is compact. For proofs, details and further results on variable
exponent Lebesgue and Sobolev spaces we refer to Musielak’s book [24] and the papers
of Kovacik and Rakosnik [17], Edmunds et al. [8-10], Samko and Vakulov [31], while
for applications of such kind of spaces to the study of partial differential equations we
refer to [1-7, 15, 19-23, 26, 29, 30, 35].

Finally, we introduce a natural generalization of the variable exponent Sobolev
space W 2t )(SZ) that will enable us to study problem (1) with sufﬁc1ent accuracy. For
this purpose let us denote by p : 2 — RY the vectorial function p p =@, ...,pn). We
define W0 P ()(Q) the anisotropic variable exponents Sobolev space, as the closure of
C5°(2) with respect to the norm

N
el = 2 3t -

i=1

As it was pointed out in [19], W, 1 P )(SZ) is a reflexive Banach space.
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We also note that in the case when p; are all constant functions, the resulting

anisotropic Sobolev space is denoted by WO1 "7 (), where fy) is the constant vector
(1, ..., p~)- The theory of such spaces was developed in [13, 25, 27, 33, 34].

On the other hand, in order to facilitate the manipulation of the space WOl P (')(Q)

. - -
we introduce P, P_ € R" as

Po=@,....p%), P_=@].....py)
and P{, P*, P~ e R" as
Pt =max{p],....pY}, Pr=max{p;,....py}, P_=min{p],....py}.

Throughout this paper we assume that

Y
Z—_ > 1, (6)
i-1 i

and define P* € Rt and P_ o, € R by

N

-t
D op—1
i=1

P*

, P_ o =max{PT, P*}.

We recall that if s € C, () satisfies 1 < s(x) < P_ o, for all x € @, then the embedding
WO""(‘)(Q) — L*0(Q) is compact (see [19, Theorem 1]).

3. The main result. We say that A € R is an eigenvalue of problem (1) if there
exists u € Wg’p(')(Q)\{O} such that

N
/ :Z N NN Muww—zw} dx =0
Q

i=1

forallp € W& P (')(Q). For A € R an eigenvalue of problem (1) the function u from the
above definition will be called a weak solution of problem (1) corresponding to the
eigenvalue .

In this paper our basic assumptions on the functions p;, ¢ involved in equation
(1) will be the following:

(A1) Assume that there exists je({l,...,N} such that g¢(x)=q(xi,...,
Xj—1, Xj41, . . ., Xy) (i.e. ¢ is independent of x;) and p;(x) = ¢(x) for all x € Q.
(A2) Assume that there exists k € {1, ..., N} (k #j with j given in (A1)) such that

max g(x) < min pi(x).
xe2 xXeQ
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Define the Rayleigh type quotients Ay and A; associated with problem (1) by

N N 1
/ Z |3ulP™ dx / Z |l dx
QT Q
Ao = inf =l A= inf =1 .

pi(x)
ue TO@\(0) / || dx ue Wy 7@\ /
Q Q

1

|u) 7 dx
q(x)

The main result of this paper is given by the following theorem:

THEOREM 1. Assume that conditions (Al) and (A2) are fulfilled. Then 0 < Ay < A
and every A € (A1, 00) is an eigenvalue of problem (1), while no x € (0, Ay) can be an
eigenvalue of problem (1).

REMARK 1. At this stage, we are not able to say whether Ay = A; or Ag < A;. In the
latter case, an interesting question concerns the existence of eigenvalues of problem (1)
in the interval [Ag, A1]. We propose to the reader the study of these open problems.

REMARK 2. The result of Theorem 1 also supplements some earlier classical results
on ecigenvalue problems. For instance, in the case when in equation (1) we consider
pi(x) = g(x) =2forallx € Q,i € {1,..., N}, abasic result in the elementary theory of
partial differential equations asserts that the spectrum of the negative Laplace operator
(in H}(Q)) is discrete (if Q is a bounded domain in RY with smooth boundary).
This celebrated result goes back to the Riesz—Fredholm theory of self-adjoint and
compact operators on Banach spaces. Furthermore, in the case when in equation (1)
we have p;(x) = g(x) =p for all x e Q, i € {1,..., N}, with p > 1 a given constant,
then the operator involved in the equation is similar with the p-Laplace operator, i.e.
Apu = div(|VulP~2Vu). In this case the Lusternik-Schnirelman theory asserts that
the spectrum of the negative p-Laplace operator contains at least an unbounded
sequence of positive eigenvalues, say 0 < u; < o < --- < u, < ---. Unfortunately,
to our best knowledge, nothing is known in general about the possible existence of
other eigenvalues in (1, 00). However, it is known (see [4]) that u is an isolated point
of the spectrum (actually, 1 is given by the infimum of the Rayleigh quotient which
defines 1, above).

We point out that in the two cases presented above the two Rayleigh quotients,
which define A; and X, are equal and consequently, in these two cases, we have A| = Ag.
Clearly, that fact is a consequence of the homogenity of the equations in these two
particular cases. The loss of homogenity in the case emphasized in Theorem 1 will lead
to a continuous spectrum for problem (1).

4. Anauxiliaryresult. A key result in proving Theorem 1 is given by the following
proposition which extends the result of relation (11) in [13]. The proof of this result is
inspired by the proof of relation (11) in [13].

PROPOSITION 1. Assume that condition (Al ) is fulfilled. Then there exists a positive
constant C = C(aj, g*) such that

/ |u 1) dx < C/ 0,,ul"™ dx, Y ue Cy(RQ).
Q Q
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Proof. First, we recall the definition of the width of the domain € in a direction.
Consider that {ey, ..., ey} is the canonical basis in R". We say that Q has width a; > 0
in the ¢; direction if

sup (x —y, e;) = a; .
X,pe

Without loss of generality, we assume that
Qc {xeRY; 0 < x; <aj}.
For each u € C}(Q2) we put
v(x) = u(x)dyu(x).

Next, we extend u and v on the whole RY by setting 0 outside supp(u)
and supp(v). For each x = (xi, ..., Xj_1, X}, Xj41, ..., XN) € RY let us denote x’ =
(X1, .+, Xjo1, Xjg1, ..., XN) € R¥-1. In order to emphasize the jth component of x
we will write x = (x;, X').

With the above notation we have g(x) = g(x') for all x € RY. Note that

o = 1@, )17 — Ju(0, X))
q(x’)
a/ , aj- ,
- / lu(t, X)) 120 F (1, X') dt — / lu(t, X720~ (2, x') dt,
0 0

a/- ,
— [ lu(t, x)| 1) 20(1, x') dt
0

where vE(z, X') = max{0, +v(z, x')}.
On the other hand, the following equality holds true

/ lu(t, X)) 2 u(t, X)| dt = / lu(t, X)) 20 F (1, X') dt
0 0
a; ,
+ / lu(t, X)) 20~ (¢, X') dt.
0
The above equalities imply

a/ A 1 a/ !
/ lu(t, x| 120 F (1, X') dt:§ / lu(t, X)) 12 u(t, x)| dt.
0

0

Using the last relation and some elementary estimates we deduce
S x/ !
. ) = () [ e )2, ) s
0

x, ,
< q(x) / lu(t, x| 20t (e, X) di
0

IA

q(x) / u(t, X2 (e, x) dt
0

@ / u(t, X)) |9y, u(t, X)| dt,
0
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for all x; € (0, aj). Now, using Young’s inequality, we deduce that

_ 4 -1

g(x) 7
e T [u(t, x)| 7% 4

, 1
lu(t, x')|4>)~1 |0, u(t, X)) Ned¥
: q(x) q(x')e?)

|y u(z, )77,

forall (¢, x') € RN and all ¢ > 0.
The last two relations yield

7Y 1 ) a; a;
ey < 4D — 1 s INUES! INVED!
|u(xj’x)| - 2 & 0 |u(lvx)| dt+ 2€q(x,) 0 |8Xju(lvx)| dta

for all x; € (0,a)), all X' € R and all ¢ > 0. Integrating the above inequality with
respect to x; € (0, a;) we get

9 , N —1 4 ,
/ lu(t, x')|9) dt < aj&gq(;uf)l / lu(t, X)) dt
0 2 0
. aj
_J 719X
28(1()(/) ‘/0 |a.X/u(t1x)| dt,
for all X € RY and all ¢ > 0. Next, for all ¢ € (0, 1) we find

+

g =1 (Y () a Y (46
[l—aj 7 gql:|/0 lu(z, x')|9 dt§28‘7+ A |0y u(t, x| dt,

for all X' € RY. Obviously, there exists g € (0, 1), small enough, such that

+ _ 1

a::l—ajq 5 86#’1 > 0.

Thus, we find

a/ ’ CZJ aj 7
lu(t, x)| 1) dr < |0y u(t, X') 1) dt.
2l Jo

0 (2

9

Finally, letting C = - and integrating the last inequality with respect to x’ € RV
OLE,
we conclude ’

/ ]9 dx < c/ |9, ul 1) dx,
Q Q ’

for every u € C}(Q).
The proof of Proposition 1 is complete. |

5. Proof of the main result. From now on E denotes the anisotropic variable
exponent Orlicz-Sobolev space WO1 2 (')(Q). Define the functionals J, I, J1, I : E — R
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N
1 ) 1
J(u) = / —|oul™ dx, Iw) = | ——u?Y dx,
o 2 i ™! 709

N
Ji(u) = / Z|8x,.u|‘""(x) dx, Il(u)z/ ]9 .
@iz Q

Standard arguments imply that J, I € C'(E, R) and their Fréchet derivatives are given
by

N
;). v) = f 3 (o ul™™ 7 g udy dx. (), v) = f Wl dx,
QD Q

forallu, v € E.
e First, we note that by Proposition 1 we can easily infer that
Ji(u) J(w)

Ao = inf >0 and A; = inf >
0= LeE\o) Li(u) U7 b \0) I(u)

¢ Second, we point out that no A € (0, A¢) can be an eigenvalue of problem (1).
Indeed, assuming by contradiction that there exists A € (0, o) an eigenvalue of
problem (1) it follows that there exists a w; € E \ {0} such that

(J'(w;), v) = A(Il(w;),v), VveE.
Thus, for v = w; we find
(' (ws), wa) = AL (wy), wy),
that is,
Ji(wz) = AL (wy).

The fact that w; € E\ {0} assures that Ij(w,) > 0. Since A < ¢, the above
information yields

Ji(wy) = Aol (wy) > AL (wy) = Ji(wy).

Clearly, the above inequalities lead to a contradiction. Consequently, no A € (0, A¢)
can be an eigenvalue of problem (1).
¢ Third, we will prove that every A € (11, 00) is an eigenvalue of problem (1).
In order to do that, we need the following auxiliary result.

LEMMA 1.
Jw)

m =
jull; =00 1 (1)

Proof. Assume by contradiction that the conclusion of Lemma 1 does not hold
true. Then there exists an M > 0 such that for each n € N* there exists a u, € E with
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”un”;M > nand

J(”n) <
Ty =M

@)

While ||un||;(_) = Zf\il |0y, Unlp, ) = 00 as n — oo, the sequence {|dy, nlp.)}n (With k
given by condition (A2)) is either bounded or unbounded.
On the other hand, it is not difficult to see that

/ Jua] ) 5/ ul? dx+f ul’" dx, YuekE.
Q Q Q@

Next, using relation (11) in [13] we find that there exists a positive constant ¢; such that

/ [ul?” dx—}—/ " dx < ¢ (/ | ul? dx—i—/ |9 ul?” dx> ., YucekE.
Q Q Q Q

Since by condition (A2) we have ¢* <p, < Pt < P_ ., we deduce that L0 is
continuously embedded in Lo (2). The above pieces of information lead to the existence
of a positive constant ¢, such that

. i
fQ ul® < calldgul) )+ 19qulf ], VueE. (8)

If {19y, 14| py (-} is bounded then by inequality (8) we have that {/(u,)}, is also bounded
while by relation (19) in [19] we have that

J(uy) > c3||un||ij) — s, VneN*,
5

where ¢3 and ¢4 are two positive constants. Consequently, in this case we obtain that
lim,,_, o f((f:; = oo which contradicts (7).
Now, we assume that |9y, u,|,,() = 00, as n — oo, on a subsequence of u, denoted

again u,. We can assume that |0y, u,|, ) > 1 for all n. Using relations (3) and (8) we

find
¢ By U |PF) dx Pi
J(u,,) - 5'/5‘2 | Xk I’ll - C5|ax/<un|p:(‘) v " c E ne N*
el + - jtl + - ) )
I(u”) 02[|8xkun |Zk(') + |axkun |Zk(')] 02[|axkun |Zk(') + |8xkun |Z,‘,(.)]

where ¢s is a positive constant. Since by condition (A2) we have p,, > ¢* the above
inequalities show that J(u,)/I(u,) — oo, as n — oo, which contradicts again (7).
Therefore, the conclusion of Lemma 1 is valid. O

Now, we are prepared to show that every A € (11, 00) is an eigenvalue of problem
W Let A € (A1, 00) be arbitrary but fixed. Define 75, : E — R by
T, (u) = J(u) — A (u).
Clearly, T;, € C'(E, R) with

(T:(w), v) = (J' (W), v) — MI'(w),v), YueekE.
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Thus, A is an eigenvalue of problem (1) if and only if there exists u; € E \ {0} a critical
point of Tj.
By Lemma 1 we get that 7 is coercive, i.c. limHuHa()ﬁoo T (u) = co. On the other
P

hand, similar arguments as those used in the proof of [20, Lemma 3.4] show that the
functional T; is weakly lower semi-continuous. These two facts enable us to apply
[32, Theorem 1.2 ] in order to prove that there exists u; € E a global minimum point
of T; and thus, a critical point of 7. In order to conclude that A is an eigenvalue of
problem (1) it is enough to show that u, is not trivial. Indeed, since A; = inf,cg\ (0} Jw

and A > ) it follows that there exists v, € E such that o
J(y) < Al (vy),
or
T;(vy) <O.
Thus,
iréf T, <0

and we conclude that u,, is a non-trivial critical point of 7;, that is A is an eigenvalue
of problem (1).
¢ Finally, we note that by the above arguments we can infer that Ao < ;.

The proof of Theorem 1 is complete.
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