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1. Let H be a group. We mean by an iV-series in H a decreasing series

of subgroups ft = Hy H2, . . . , Hn+i = {e} such that the commutator xyx~1y~1

of two elements x and y respectively in ft and Hj belongs to fδ+y, where

Hs= {e} for s>w + l. We call n the length of the iV-series (Hi). We mean

by a graded Lie ring of length n a Lie ring 2 which is a direct sum Ai +

+ -A* of additive subgroups Ah . . . , An such that [A/, AβαAi+j, where As = {0}

for 5>w + l. For each iV-series (Hi) of length # the graded Lie ring 2ί(Hi)l

is associated with (Hi) as follows1*:

1) 2ί(Hi)l is the direct sum of the additively written factor groups Ai

= HilHi+ι (i = 1, 2, . . . , w), and this direct sum gives the addition in 2C(ft)].

2) The Lie product [«, ft] of β e A ; and b<=Aj is the group commutator

tfyaf1.?-1 modulo Hi+j+i of the representatives ΛΓ and y respectively of α and b

in ft. We shall call β[(ft )] the graded Lie ring associated with the iV-

series (ft ).

In the present note we shall introduce triangular 2-cocycles of a graded

Lie ring 2 of length three and shall show that for each triangular 2-cocycle ϊ

of 2 we can define the Exponential Map Expy of 2 (onto a group) that is a

bijective map of 2 such that 1) Hi = Expy (Ai + A2 + At), H2 = Expy (A2 + A8),

ϋΓ3 = Expy(A3), Hi = {e} form an iV-series and 2) 2 is regarded as the graded

Lie ring SC(ft )] associated with (ft). Two triangular 2-cocycles r and y' are

called to be equivalent if the corresponding iV-series (Hi) and (Hi) are iso-

morphic. We shall call the equivalent classes of triangular 2-cocycles the

triangular cohomology classes of 2. We shall also show that for any iV-series

(Hi) of length three there exists a triangular 2-cocycle β of 2 [( f t)] such that

the iV-series corresponding to the pair (SCft)], β) is isomorphic to (ft ). So
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2> See [1] 18. 4 p. 329.
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we can conclude that the set of iV-series of length three corresponds bijectively

to the set of pairs consisting of a graded Lie ring 2 of length three and a

triangular 2-cohomology class of 2. This is a generalization of theory of central

extensions of abelian groups by abelian groups.

2. Triangular 2-cocycles. Let 2 = Ai + A2 + Az be a graded Lie ring of

length three. We regard Aj as an A -module on which At operates simply, and

denote by C2(Λ/, Aj) the additive group of 2-cochains of Λ, with coefficients

in Aj. We mean by a triangular 2-cochain a triangular matrix

_ (ni °
Tsi ΪS2J

with components 77/ in C2(Ai, Aj), (i<j). We denote by C2(L) the set of

triangular 2-cochains of L. For a = ax -f a2 + #3, b = bx + b2 + fa (o/f bi^Ai \ i =

1, 2, 3) and 7<=C2(2) we mean by 7(a, b) the triangular matrix

£1), 0

bi), 732(^2,

We shall now define triangular 2-cocycles of 2

Definition. A triangular 2-cocycle of 2 is a triangular 2-cochain 7 of 2

satisfying

(2) 9?*3iΛ#i bι, C\) -f L#i

(3) y(0, a) = ϊ(a, 0) = 0, (flGg),

(4) r2i(βi, δi)-r2i(δi, aL)=ίau b{],

2, a2), (a2,

LEMMA. Let 7 be a triangular 2-cocycle of 2 Then

(6) Ύziiau — ai) —m( - au «i)=C^i, ϊ2i(—alf aι)l,

. From (1), (2), (3) it follows

We mean by 5 the ordinary coboundary operator.
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0 = dn\(au - au βi) + β*i, 721 ( - 0i

u 0)) -

This proves (6).

3. 7%g Exponential Map associated to a triangular 2-cocycle. Let 7 be a

triangular 2-cocycle of 2. For β, , i/GA,- (ί = l, 2, 3), put

(7) 7r(βi + Λa + Λ8, fti + fta + fta) = mUi, fti)+r3i(βi, ftj)+r32(#2, fta)

and

(8) Pr(<*l + «2 + Λ3) = C\

We shall first show the following properties of η7 and py.

PROPOSITION 1. Let 7 be a triangular 2-cocycΐe of 2. Then

(9) ^ U 0)=τ?y(0, a)=0, (αeβ),

(10) 7?y(6, c ) - γ 7 ( t f + 6 + 7?yU, ft), c) + 7r(β, ft+C + 77r(ft, £?)) -1?,(β, ft) = 0,

(Λ, ft, C G 2 ) ,

(11) tf + pΛtf) + v , ( p y ( e ) , β) = Λ + p y (β) +τ? y (β, py(ΛV) = 0 , ( β e δ ) .

Proo/. By vir tue of (3), (7) it follows ^ ( 0 , a)=yΛat 0) = 0 , ( β ε 2 ) . By

virtue of (1), (2), (3), (6), (7) for <α = tfi-f-α2-h α 3, ft = ftj + ft2 + ft3, c = Cι + c2 + c3,

; ί = l , 2, 3), we have

a, ft), c) +τ? y (β, ft + c + τ?y(ft, c)) -Ύjria, ft)

3i(Λi, fti,>i)+rs2(ft2, C2)-ra2(Λ2 + fta + r2i(Λi, fti), C2)

- [β i , ft2]

: 2, r2i(fti, c 1 ))-r3a(Λa +

a + C2 + rai(fti, Ci), r2i(«i. fti + C\) ) - rs2(«2 + ft2,

l, fti, Cl) + [tfl
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732(02 + 62 + 02, 721(01, fa + Ci) + 721(61+ θi))+732(721(01, 61 + O1),

721 (#1

bu Oi) + [ θ i , 721(61,

732(721(61, c i ) , 721(01, 61 + c i ) ) - ,-32(721(01, fa), 721(01 + 61, o i ) ) = 0 .

This proves (10). From the definition (8) of pϊy putting pr(a) =

i f = l , 2, 3), we have

(ύί), α) = a + py(β) + 77r(«, Pj(β) ) + Vripr(β), β) -

—'θr{a, pγ(a)) = r2i(ci, β i ) ~ r2i(βi, ^ ) 4-732(^2, ^2) - 732(02,02)

2, 721(01,

Since Ci = - Oi and o2= -02-721(01, - β i ) , by virtue of (5), (6) we have

72i(θi, Cι) =721(01, Λi), 732(02, O2) = 732(02, O2),

and

7sι(θi, ax) - 731(01, Oi) 4- C01, (hi - C01, o2]

= rzι( - Oi, Oi) - 731 (θi, - Λi) + C — Oi, α 2 ] - [θi, — O2 - 721(01, - Oi)]

= 73i(-Oi, OX)-731(01, - O i ) + [θi, 72i(θi, - Oi)] = 0.

Hence o + p/(o)+^(p,(o), o) = 0. This completes the proof of Proposition 1.

For each triangular 2-cocycle y of 2 we shall define the set of symbols

{Expr(ύ0 | α e S ) with the following law of composition:

(12) ExpΛa)Eκpr(b) =Exp,(β + ̂  + ̂ (α, b))t (a,

We call the map Expy the Exponential Map of S with a base 7, and call y the

basic triangular 2-cocycle of the Exponential Map Expy.

PROPOSITION 2. Expy(2) = {Expy(o) |oe£} is a group and Expr is a bijective

map of S onto Expy(£).

Proof. By virtue of (9) we have Expy(α)Expy(θ) = Exρr(0)Expr(o) =

Expy(o), and thus Expy(0) is the unit element. From (11) it tollows Expy(o)
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Expy(jθy(ύf)) = Expy(py(β))Expy(α) = Expy(O). This shows that Έxpr(pr(a)) is

the inverse element of Expr(a). From (10) it follows

a, b)+yr(a + b + 'qr(at b), c)

= Expy(« + 6 + c + τ?y(£, c) + τ?y(α, b + c + ηr(b, c))

= Exp,(β)(Exp,(& + c+ ?,(*, c)) = ExpyU) (Expy(6)Expy(c)).

This shows that Expτ(2) satisfies the associative law. Therefore Expy(2) is a

group. Since Expy(#) are symbols, we have Expy(α) =Expy(&) if and only if

a = b. This completes the proof of Proposition 2.

We mean by the Logarithmic Map Logy the inverse map of the Exponential

Map Expy. Namely Logy is a bijective map of Expy(2) onto 2 such that

(13) Logy(Expy(a)) = a, (βe S).

PROPOSITION 3. For any ai> bi&Ai U'=l, 2, 3) we have

(14) Logr(Expr(βi +

(15)

Proof. Since Expy(ύ?i 4- «2 + Λ3)Expy(^i + fe + ̂ 3) == Expy(«! + îH-

-f fe + ^?y(̂ i + «2 + «3, 1̂ + ̂ 24-fe), (14) follows from (7). (15) is an immediate

consequence from (8).

For the sake of simplicity we denote by Bu B2, Bs, B%, J34 the ideals of

A3, {0}, respectively.

PROPOSITION 4. If αeJ5, and b&Bj, we have

(16) Logr(Exp,(e)Exp,(6))eBmla(l-,y),

(17) LogΛExpΛαΓ^e B/,

(18) Logy(Expy(α)Expy(^)Expy(«)"1Expy(^)"1) == [e, 6] mod B, +y+i,

ê Λ̂ r̂  5s = {0} /or s>4.

Proof. (16) and (17) are immediate consequences of (14) and (15),

respectively. By virtue of (14), if a e S and &3eA3, we have Exρy(«)Expy(^3)
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= Expy(#4-W = Expy(£3)Expy(fl). This shows that Expy(A3) is a subgroup

contained in the center of Expy(2). Using this fact and (1), (3), (4), (14), (15)

we have for a = a±4- a2 4- a*, b = bι 4- b2 4- bz

Logr(Expy(a)

=C«i, 61] mod A3.

This proves (16) for ι = / = l. Since Expy(A3) is contained in the center, (16)

is also true for / = 3 or y = 3. So it is sufficient to prove (16) for a-a* and

b = bi + b2 (az, fa<E.AZi ί i G A ) . Using (14), (15), (6) we have

)Expy(<22)~1Expy(6i + fe)""1) = Logy(Exp?(tf2)Expr

{bx + fe) (Expr(^i 4- b2) Exp,(αa) )"x)

-f 732(̂ 2, fe))Expr(^i + α2 + b2 4- rrcίfc, έfe) + ίbu α2] )~x)

r32(α2, 62)) Exp y (h 4- α2 + 62 -h r32(«2, 62))"1

Expr(C6, air1)

= - &1, «2] = [«2, Λ]

This completes the prove of (16).

We shall now sum up the results in this paragraph in the following theorem.

THEOREM 1. Let ϊ be a triangular 2-cocycle of a graded Lie ring of length

three 2 = Ai 4-Λ +A 3 . Then Hi = Expy(^!4- A2 + A3), H2 = Exp,(A* + Az)9 H*

= Expy(A3), Hι = {e) form an N-series such that 2 is regarded as the graded

Lie ring associated with (Hi).

Proof (16), (17) and (18) in Proposition 4 show that Hu H2i HZi 7/4 form

an TV-series. Identifying Expy(#/) mod Hi+i with β, mod Zfc+i, we get the

identification of SC(fli)] with 2.

4. In this paragraph we shall prove the following theorem.*

THEOREM 2. Let Hi = //, H2> Hz, H4 = {e} be an N-series. Then there

exists a triangular 2-cocycle ϊ of the graded Lie ring 2E(iί)] associated with

{Hi) such that the N-series associated with the pair (2C(^i)D, ϊ) (in the sense

of Theorem 1) is isomorphic to the N-series (Hi).

In the proof of Theorem 2, we shall also show the structural meaning of

the triangular 2-cocycle 7.
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The proof of Theorem 2: We denote by 2[(#,•)] = AL + A2 + A3 the graded

Lie ring associated with (Hi). We shall identify Hi/Hi+1 with Ai and shall use

the both notations (the additive one and the multiplicative one) freely for the

sake of simplicity. Let us choose a family of representatives

fεft/ffi+i; l<i<j<3) such that

(19) *,•.,•(?) = e,

(20) V

(21) v

(22) ty,ί(e) =the unit element £ of

Put

(23) *,--,(?, ξt) = Vi,i-1(ξ)vi,i-Λξ')vi,i-1(ξξ')~\ (f, ξ'eHi/Hn ί = 2, 3),

(24) rsiUi, δi) = ci(βi, 61), rs2(«2, ^2) =^2(«2, ^2), (β/, fo^Ai', ί = l , 2)

and

(25) rβi(αi, M =c2(ι;a ii(βi), V2,i(^i)),

We shall prove that the triangular 2-cochain

_ (T21 ° \
T31 732

is a triangular 2-cocycle of SC(H/)]. Since r2i (resp. r.32) are the 2-cocycles

associated with the extension Hi/Ha (resp. H2/H4) of A% (resp. A3) by A\ (resp.

A2), we have 3γ2ι = 0 (resp. dγw = 0). Since vj,i(e) = the unit element e of

Hi/Hj+u we have 77/(0, βy) = ryι(«ι, 0) = 0 for β, e A, . Namely y(0, β) = y(β, 0)

= 0 for a G S. Since H* is contained in the center of H, from the definition

of 731 we have for #1, bu C16Λ1

au bi) + nΛai + bί9 d)) Vtάat + bi +

and
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Ci)) Vzι{ai)~1Vzi(c2(bιi Cι))~

zάbi + d)

cι)[_au T2i(bu

Hence by the associative law and the equality dr2i = 0 we have

( ) au bι-

in the additive notation. This shows that ϊ is a triangular 2-cocycle of 2[(ϋΓ,)].

We denote by σ the map of Hi onto Expτ(iίL(Hi)l defined by

^(^33(^3)^32(^2)^31(^1)) =Expy(ίZi 4-^2 + ^3), (ai^Ai).

We shall shows that a is an isomorphism. From the definition of y and {vj

it follows

(#33(03) #32^2) Vziicii))(vzz(bz) Vz2{b2) Vzi(bi))

szih) v&Sa z) Vzι(h2) V32(b2)~1v3ι(ai)

bz + C - b2, aι~])c2(a2, fe) #32^2 + b2)

, v2i(b1))

Vz

f £ 2 ] + 732(02,

= #33(03 + £ 3 +731(01* &i) + 732(02, fe) + [0i, b2l + 732(02 + b2, 721(01, bi)))

#32(02 + b2 + 721(01, bί)) #31(01 + bi).

Hence by virtue of (14) in Proposition 3 we have

(#33(03) #32(02) #3l(0l) #33(^3) #32(fe)

= Exp y (0ί + £i + 02 + 62 + 721(01, bi) + 0 3 + 63 + 731(01, bi) +732(03,

+ 7S2(02 + &2, 72l(01, i>l)

= E x p y ( 0 ! + 02 + 03) Exp y (£i + b2 + bz) = ^(#33(03) #32(02) #31(01))

This proves that <; is a homomorphism. Since obviousely a is bijective, (7 is an
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isomorphism. This completes the proof of Theorem 2.

Two triangular 2-cocycles 7 and 7f of 2 = Aι + A2 + Az are called to be

equivalent if the iV-series associated with the pairs (2, ϊ) and (2, y') (in the

means of Theorem 1) are isomorphic. We call the equivalent classes of tri-

angular 2-cocycles the triangular 2-cohomology classes of 2. Then by virtue

of Theorems 1 and 2 we can conclude that the set of pairs consisting of a

graded Lie ring 2 of length three and a triangular 2-cohomology class of 2

corresponds bijiectively to the set of iV-series of length three by means of the

Exponential Maps.

REFERENCE

[1] M. Hall, The Theory of Groups (1959), New York.

Supplement: Let 2 = Ai4- A2 + As be a graded Lie ring of length three. Let

m be a 2-cocycle of Ai with coefficients in A2 and γZ2 be a 2-cocycle of A2 with

coefficients in Az such that the extended group iV3 of by N2 with respect to γs2

is abelian, i.e.

is an exact sequence of abelian groups. We denote by H2

a(A2, As) the group

of all the abelian extensions of As by A2. We denote by δ7*2 the coboundary

operation of H2(Au A2) into HZ(AU As) with respect to the exact sequence

(*), then we have the following identity

δTs2(r2i)(au bu d) = rsziϊnibi, Ci), γ2χ(au bι + d))

-r»(r2i(βi» bχ)y rn(ai + bu d))t (alf bu C I G A I ) .

On the other hand if we put 7-32 = ϊs2 + 35 with a 1-cochain β of A2} we have

δΎ^(γ21) = δrHϊ2i) +a#, g{au bi) = β(r2i(alt fa)), (au bι e At).

These identities show that the mapping (732, T2i)-> δΎ3z(r2i) induces the zero-map

of H2a(A2, As)xH2(Au A2) into HZ(AU As). The map: γ2i->lau mibi, cjl

induces a homomorphism 1 of H2(AU A2) into H3(AU As). We denote by

K the kernel of 7, then we can parametrize by KxH2

a(A2, As) x H2(Ai, As)

all iV-series {Nu N2, Ns) such that associated Lie ring of {Ni} is canonically

isomorphic to 2 = Ai + A2 + As.
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