ON THE EXPONENTIAL MAPS AND THE
TRIANGULAR 2-CHOMOLOGY OF GRADED
LIE RINGS OF LENGTH THREE

HISASI MORIKAWA

1. Let H be a group. We mean by an N-series in H a decreasing series
of subgroups Hiy=H, H, ..., Hns;={e} such that the commutator xyx 'y~
of two elements x and y respectively in H; and H; belongs to Hi+;, where
H;={e} for s=n+1. We call # the length of the N-series (H;). We mean
by a graded Lie ring of length # a Lie ring ¢ which is a direct sum A;+ - - -
+ A, of additive subgroups A, . . . , An such that [A4;, A;1C Ai+j, where As = {0}
for s>=n+1. For each N-series (H;) of length n the graded Lie ring QL(H;)]
is associated with (H;) as follows" :

1) QL(H;)] is the direct sum of the additively written factor groups A;
= H;/His; (1=1,2,...,n), and this direct sum gives the addition in QL(H;)].

2) The Lie product [a, b] of a= A; and b A; is the group commutator
xyxy!
in Hi. We shall call QL(H;)] the graded Lie ring associated with the V-
series (H;).

modulo H;+j+1 of the representatives x and y respectively of a and &

In the present note we shall introduce triangular 2-cocycles of a graded
Lie ring ¢ of length three and shall show that for each triangular 2-cocycle ¥
of € we can define the Exponential Map Exp, of { (onto a group) that is a
bijective map of € such that 1) H;=Exp, (A1+ A+ As), Hy=Exp; (4:+ Aj),
H;=Exp,(4;), Hy={e} form an N-series and 2) Q is regarded as the graded
Lie ring Q[(H;)] associated with (H;). Two triangular 2-cocycles 7 and 7’ are
called to be equivalent if the corresponding N-series (H;) and (H;) are iso-
morphic. We shall call the equivalent classes of triangular 2-cocycles the
triangular cohomology classes of Q. We shall also show that for any IN-series
(H;) of length three there exists a triangular 2-cocycle 8 of ¢ [(H;)] such that
the N-series corresponding to the pair (Q[H;)], B) is isomorphic to (H;). So

Received September 18, 1962.
1) See [1] 18. 4 p. 329.
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we can conclude that the set of N-series of length three corresponds bijectively
to the set of pairs consisting of a graded Lie ring { of length three and a
triangular 2-cohomology class of Q. This is a generalization of theory of central

extensions of abelian groups by abelian groups.

2. Triangular 2-cocycles. Let Q= A;+ A2+ As be a graded Lie ring of
length three. We regard A; as an A;-module on which A; operates simply, and
denote by C*(A;, A;) the additive group of 2-cochains of A; with coefficients

in A;. We mean by a triangular 2-cochain a triangular matrix

T 0

T31 T3

with components 7j; in C*(Ai, A;), (i <j). We denote by C*(L) the set of
triangular 2-cochains of L. For a=a,+a:+as, b=5b,+b,+b; (a;, bicA;; &=
1, 2, 3) and 7= C*(2) we mean by 7(e, b) the triangular matrix

(Tzl(al, bl), 0 >
rala, b)), 7rela, b)

We shall now define triangular 2-cocycles of Q:

Definition. A triangular 2-cocycle of { is a triangular 2-cochain ¥ of g

satisfying
(1) Ore1 =0, orz =0,
(2) arsi(ar. b1, ¢1) +Lay, 121(by, ¢1)]
+ 12(ra(by, ¢1), rulay, b+ c1)) —ra(rala, b)), ralai+bi, ¢)) =0,
(a1, b, c1€Ay),
(3) 700, @) =7(a, 0) =0, (a=Q),
(4) rea(an, ) = rulby, a) =lai, b,
(a;, bieAy),
(5) ra(a, b)) =71n(b:, @), (a2, b As).

LEemMA. Let v be a triangular 2-cocycle of Q. Then

(6) Tal(al, "(11) —7’31( ~ ai, al) =[a1, 7‘21( - ay, al)],
(aIEAl),
Proof. From (1), (2), (3) it follows

2 We mean by o the ordinary coboundary operator,
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0=0rula, —ai a)+la, ru(—ay, a)l
+ Tsz(Tzn( — a1, 01), Tm(al, 0)) — Taz(sz(al, - al), Tel(o. 01))
= 7‘31( - a, a) — 7’31(01, -~ a)

+La, ra(—a1 a)l, (a1 Ay
This proves (6).

8. The Exponential Map associated to a triangular 2-cocycle. Let 7 be a
triangular 2-cocycle of & For ai, bicA; (i=1, 2, 3), put

(7) (@4 as + as, byt b+ by) = rulas, b)) +rala, b))+ rela, b)
+ [a1, b1+ rs2(az + b, 121(a, 01))
and
(8) 0r(@1+ as+ as) =c1+ ¢+ s,
= —a, 2= —a—rula, 1),
cr= —as—raula, ¢1) —rala, ¢) —Lai, c1—rnla+ e, ralan, e)).

We shall first show the following properties of 7, and p;.

Provosttion 1. Let ¥ be a triangular 2-cocycle of Q. Then

(9) 7(a, 0) =7:(0, a) =0, (a€Q),

(10) 2:(b, ¢) = (@a+b+74:(a, b), ¢c)+n(a, b+c+ 10, ¢)) —n(a, b) =0,
(a, b, ce9),

(11) a+o:(a) +9:(p:(a), @) =a+ o, (a) +9,(a, p:(a)) =0, (aE=Q).

Proof. By virtue of (3), (7) it follows 7,(0, @) =7(a 0) =0, (ac). By
virtue of (1), (2), (3), (6), (7) for a=ai+a+as, b=b1+by+ b3, c =c1+ 2+ €3,

(a;, bi, c;i€A;i; i=1, 2, 3), we have

75(b, ¢) —nla+b+ua, b), ¢)+1s(a, b+c+1:(b, ¢)) —n(a, b)
=0oralay, b1, ¢1) +0rula, b1, ¢1) +ra(b, ) — ra@: + b+ ralai, b)), ¢)
+1alas, b+ o+ 1u(by, 1)) — ralas, b)) + (b1, ¢:1—Lai+ b1, c.]
+Las, b2+ c2+ 121(b1, 1)1 [ay, 5]
+ 12((be + c2, T21(by, €1)) = ra(@2 + b2 + 62+ resl @, b)), 121(@i+ by, c1))
+ru(a + b+ c2 + 121(by, €1), r2al@r, b+ 1)) — ra(a + be, 721(a@, b1))
=0orulai, b1, ¢1) + [a1, 121(b1, €1)]
+7e(as + b+ ¢z, 121(by, €1)) —rme(@2+ b2 + c2, T21(@01, B1))
+ 7@+ b2+ o+ 121001, €1), 1@y, bi+c¢1)) — 1@+ b + c2 + rulay, b)),
r21(a1+ by, c))
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=0orulay, by, ¢1) +La, raldy, c)]
+12(@+ b+ ¢z, Talar, bi+ 1) + ra(bi+ 1)) + ru(ralas, bi+c1),
r21(b1, €1))
—r2(@ + b+ a2, ra(ai+ b1, ¢1) +121(a1, b)) = ra(ralas+ by, 1),
ra1(as, 1)
=oralay, by, ¢1) + La1, ra(by, ¢1)]
+ re(ra(by, ¢, ralay, biter)) = relralas, by), ru(ai+ by, 1)) =0.

This proves (10). From the definition (8) of p,, putting 0,(a) =ci+c:+c¢s
(ciedA;: i=1, 2, 3), we have

a+0:(a) +n:(a, 0:(a)) = (a1+ as+ as) + (c1+ €2+ ¢3) + raula, 1)
+rulas, €) +rala, ¢) +Lai, ¢l + 1@+ ¢, r2(ay, ¢1)) =0,
a+ov(a) +1:(ps(a), @) = a+ ps(a) +ma, pr(a)) +1:(0s(a), @) —ni(a, 0:(a))
=7(0:(a), @) = (a, 0;(a)) = ralc1, @) — rasas, 1) +r10lca, @) - 132( @2, C2)
+ 7raler, @) —ralai, ¢1) + Ley, aidl — La1, ¢21+ rae(as + 2, 121(c1, a1))
—ra(@+c, ralar, €)).
Since ¢1= —a; and ¢z = — @, — 121(a;, — @), by virtue of (5), (6) we have
ru(ai, 01) =sz(01, ax), Taz(Cz, a) =ng(a2, 62),
and
raler, @) — ralai, 1) + [61, a] - Lai, c.]

=1a(—ai, @) —rala, —a)+[—ai, al—[a;, —as—1ula;, —ai)l

=ru( —ay, @) —rula, —a)+la, rala, —a)l=0.

Hence a + p;(a) +7,(0,(a), @) =0. This completes the proof of Proposition 1.
For each triangular 2-cocycle ¥ of & we shall define the set of symbols
{Exps(a) la=Q} with the following law of composition :

(12) Exp,(a) Exp,(b) = Exp,(a+ b+ 7:(a, b)), (a, bQ).

We call the map Exp, the Exponential Map of € with a base 7, and call 7 the
basic triangular 2-cocycle of the Exponential Map Exp;.

ProrosiTioN 2. Exp,(2) = {Exp,(a)|esQ} is a group and Exp, is a bijective
map of Q onto Exp,(Q).

Proof. By virtue of (9) we have Exp;(a)Exp,(0) = Exp,(0)Exp,(a) =
Exp;(a), and thus Exp,(0) is the unit element. From (11) it tollows Exp;(a)
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Exp;(0:(a)) = Exp,(ps(a)) Exp,;(a) = Exp,(0). This shows that Exp,(ps;(a)) is
the inverse element of Exp,(a). From (10) it follows

(Expy(a) Expy(8)) Exp;(c) = Exps(a+ b+ 7:(a, b)) Exp;(c)
=Exp;(a+b+c+nla, b)+n(a+b+n(a, b), ¢)
=Exp;,(@a+b+c+7:(b, ¢) +7:(a, b+ c+ (b, ¢))
= Exp;(a) (Exp;(b+ ¢ + 7: (b, ¢)) = Exp;(a) (Exp;() Exp,(¢)).

This shows that Expr(2) satisfies the associative law. Therefore Exp,(Q) is a
group. Since Exp,(a) are symbols, we have Exp,(a) = Exp,(s) if and only if
a=>5. This completes the proof of Proposition 2.

We mean by the Logarithmic Map Log; the inverse map of the Exponential
Map Exp,. Namely Log;, is a bijective map of Exp,(%) onto { such that

(13) Log;(Exps(a)) = a, (aeQ).
ProrosiTion 3. For any ai, bicA; (i=1, 2, 3) we have

(14) Log,(Exps(a1+ @+ a3) Exp; (b1 + by + b3)) = (a1 + b1) + (@z + bs+ rau( @1, b1))
+ (@s+ bs+ralas, b)) +re(ae, b)) + Lai, b]+ vse(a@e + b2, 121(as, b)),
(15) Log,(Exps(a;+a:+as)™") =Log:(p,(a; + @+ as))
= —ar— (& +tr1ula, —a)— (as+rula, —a)
+ ra2(@:, — a—rala, —a))
+[a1, —a—rular, a)l+71e( —1ua, a1), raula, —a))).

Proof. Since Exp;(ai+ a:+ a3) Exp,(bi+ b+ b3) = Exp,(a1+b1+a+ b+ as
+ b3+ 1y (@1 + G2 + @3, by+ by +b3), (14) follows from (7). (15) is an immediate
consequence from (8).

For the sake of simplicity we denote by Bi, B, Bs, Bs, B, the ideals of
Q=A+ A+ A;, Ax+ As, As, {0}, respectively.

ProrosiTiON 4. If a=B; and b= Bj, we have

(16) Log;(Exp;(a) EXpy (b) ) EBmln(i,i)y
a7 Log,(Exp,(a) )€ B;,
(18) Log,(Exp,(a) Exp,(d) Exp,(@) "Exp,()™") =[a, b] mod Bi+j+1,

where Bs ={0} for s=4.

Proof. (16) and (17) are immediate consequences of (14) and (15),
respectively. By virtue of (14), if a=Q and by A;, we have Exp,(a) Exp;(5;)
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= Exp,(a+ b;) = Exp,;(b:) Exp,(a). This shows that Exp,(A4s;) is a subgroup
contained in the center of Exp,(Q). Using this fact and (1), (3), (4), (14), (15)
we have for a=a,+as+as, b=b,+ b, + bs (ai, b A;)

Log,(Exp;(a) Exp;(5) Exp; (@) 'Exp;(5)™")
=7alar, b)) —ra(@y, —a)ra(by, — b)) + 71l —ay, —b) +raulai+ 8, —ai— )
= ralas, b1) = ra(b1, a1) =Lay, b:] mod As.

This proves (16) for i=j=1. Since Exp,(4;) is contained in the center, (16)
is also true for =3 or 7=3. So it is sufficient to prove (16) for a =@ and
b=b1+b2 (az, ngAz, b1EA1). Using (14), (15), (6) we have

Log, (Expy(a:) Exp; (b: + b2) Expy (@) 'Expy(b; + b,) ') = Log; (Exp;(a,) Expy
{61+ ) (Expy (b1 + b2) Expy (@) 7")
= Logs (Exps(b; + az + bs + 12 (@2, b)) ExXpy (b1 + G2+ b5 + 752 (s, @) + [b1, a: D7)
=Logy(Exps(b; + a: + bs + ra:(a@2, 8:)) Expy(b1+ @y + by + 732( a2, b2)) 7"
Exp,([b, a])7Y)
= —[by, ax1=[as, bil.

This completes the prove of (16).

We shall now sum up the results in this paragraph in the following theorem.

TaeoreM 1. Let 7 be a triangular 2-cocycle of a graded Lie ring of length
three Q = A1+ As+ As.  Then H, = Exp,(A;+ As+ As), H, = Exp, (4, + As), H,
= Exp,(A4s), H = {e} form an N-series such that Q is regarded as the graded
Lie ring associated with (H;).

Proof. (16), (17) and (18) in Proposition 4 show that H;, H,, H;, H, form
an N-series. Identifying Exp,(a;) mod H;+; with a@; mod B;:1, we get the
identification of QL(H;)] with &

4. In this paragraph we shall prove the following theorem:

TaeoreM 2. Let Hy=H, H,, H;, H,={e} be an N-series. Then there
exists a triangular 2-cocycle ¥ of the graded Lie ring QL(H;)] associated with
(H;) such that the N-series associated with the pair ({L(H;)], ¥) (in the sense
of Theorem 1) is isomorphic to the N-series (H;).

In the proof of Theorem 2, we shall also show the structural meaning of

the triangular 2-cocycle 7.
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The proof of Theorem 2: We denote by QU(H;)]1=A;+ As+ A; the graded
Lie ring associated with (H;). We shall identify H;/H;.+, with A; and shall use
the both notations (the additive one and the multiplicative one) freely for the
sake of simplicity. Let us choose a family of representatives {v;i(§) & Hi/Hj+1|
¢ H/Hi+1; 1<i<j<3} such that

(19) v;,i(§) =¢,
(20) ve, j(05,i(8)) = vp,i(€), ((€H\/Hivy; 1<i<j<k<3},

21 0k,j('0”ji(5)) = 'Uk,j(ﬂ)vk,i(s), (¢e Hi/Hiv1; 7€ Hy/Hiss;
1<i<I<j<k<3),

(22) vj,i(e) = the unit element e of Hi/Hj:1.

Put

(23) ci-1(&, &) = vi,i-1(8) vi,i-1(8") vi,i-1(£88) 77, (¢, &'eHi/H;; i=2, 3),

(24) ralay, by) =Cl(a1, by), Taz(az, bz) =62(02, ba), (ai, bi€A;; i=1, 2)

and

(25) ralai, b1) =62(1)2,1(ax), vz,l(bl)); (a1, bie Ay).

We shall prove that the triangular 2-cochain

(Tzl 0
731 T3

is a triangular 2-cocycle of QL(H;)]. Since rau (resp. rz) are the 2-cocycles
associated with the extension Hi/H; (resp. H:/H;) of A: (resp. As) by A; (resp.
A;), we have Or; =0 (resp. oru=0). Since v;,;(e) =the unit element e of
Hi/Hj.1, we have 7;(0, a;) = rji(ai, 0) =0 for ai€ A;. Namely 7(0, a) =7(a, 0)
=0 for e Q. Since H; is contained in the center of H, from the definition

of rs; we have for ay, b1, c1€ A,

(vs1(@1) a1 (81)) Va1 (1) = vs(21(a1)) V32 (021 (1)) war (1)

= cs(var(@1), 21(81)) Vaa(ver( @) v21(b1) ) var(er)

=ra(ar, b)) vsa(cu(ay, b)) va(a+ b) vuler))

= ral@y, b)vs(cal(ay, b)) rala+ by, e)via(calar+ b, €))
valai+ b+ cr)

=ra1(@s, b1) ralai+ by, € raelrulag, by, rula+ by, ¢1))
va(ra(as, b1) + ralai+ by, ¢0)) vsilas+ b+ ¢r)

and
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v31(a1) (v3:(b1) va1(c1)) = vl @y) va1(b1, €1) vae(ea(by, €1)) var(bs + €1)
=7u(b1, 1) va(a1) va:(ca(by, ¢1)) var(ar) valca(by, )
vaa(c2(b1, €1)) vsi(ar) v31(b1+ ¢1)
= r1a1(b1, e)lay, 12(by, €1)1vanlex(by, ¢1)) rar(ar, b1+ c1)
var(ca(ay, b1+ €1) vn(ar+ b1+ c1)
= 7a1(b1, ¢1) rar(@1, bi+ c)las, 721(by, €)112e(ra(by, €1), r2alar, b+ ¢1))
Va(r21(bs, €1) + 121(@s, b1+ €1)) var(@r+ b1+ c).

Hence by the associative law and the equality 9y, =0 we have

drulay, by, ¢1) -+ Lat, ra(b1, €)1+ va(rau(by, ¢1), ralar, bi+c1))
~r22(ra(ay, b)), reulai+ b1, ¢1)) =0

in the additive notation. This shows that ¥ is a triangular 2-cocycle of QL(H;)1.
We denote by ¢ the map of H; onto Exp:(Q[(H;)] defined by

o(va(as) vela) va(a)) = Expslai+ a: + as), (ai€ Ai).

We shall shows that ¢ is an isomorphism. From the definition of 7 and {v;i(&)}

it follows

(v33(as) var(@z) va(ar) ) (Uss( bs) v32( D) V31(B1))
= 033(as) v33(bs) Ve @) V22 (82) 032 (B2) T'031(@1) v2(82) V(@) T vsi(@r) w2 ()
= v(@s+ b+ [ — b, a1]) ca(as, B2) Vs2\ @2+ b2) Vs 021(@1)) 02 (021(51))
= vglas + b3+ Lai, b+ rn2(as, b)) va(az + bs) Cz(ﬂzl(al), 1)21(b1) )
Va2 (Va1 (@) v21(61))
= vg(as+ b3+ Lai, bo2d+ 1@, b)) ralar, b)) vela:+ b)) vele(a, b))
ve(a + 61))
= (s + by + ral@r. b1) + 1@, b2) +Lay, bl + 7@+ bz, 121(as, b1)))
v @+ b+ 1au(ay, b)) va(a;+ by).

Hence by virtue of (14) in Proposition 3 we have
(v33(@s) v (@) va1(@1) v33(B3) V32(8s) 031(81))
=Exp,(ai+ b1+ &2+ b2 + ra(as, b)) + as+ bs+ ra(ay, b)) +7rnlas, b)
+752(@e + b2, 121(ai, b1)))

= Exp,(a; + a2 + as) Exp; (b1 + b2+ b3) = o(vss(@s) vl @) va(ar))
U(Uas(bs) Va2 (b2) T)al(lh) ).

This proves that ¢ is a homomorphism. Since obviousely ¢ is bijective, ¢ is an
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isomorphism. This completes the proof of Theorem 2.

Two triangular 2-cocycles 7 and 7' of 8=A;+ A,+ A; are called to be
equivalent if the N-series associated with the pairs (g, 7) and (g, #’') (in the
means of Theorem 1) are isomorphic. @We call the equivalent classes of tri-
angular 2-cocycles the triangular 2-cohomology classes of &  Then by virtue
of Theorems 1 and 2 we can conclude that the set of pairs consisting of a
graded Lie ring € of length three and a triangular 2-cohomology class of &
corresponds bijiectively to the set of N-series of length three by means of the

Exponential Maps.
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Supplement: Let @ = A;+ A»+ A; be a graded Lie ring of length three. Let
721 be a 2-cocycle of A; with coefficients in A, and rz be a 2-cocycle of A, with
coefficients in A; such that the extended group N; of by N, with respect to 73
is abelian, i.e.
(%) 0->A;>N—> A2—0

is an exact sequence of abelian groups. We denote by H(A., A;) the group
of all the abelian extensions of A; by A.. We denote by 6™ the coboundary
operation of H*(A;, A.) into H*(A;, As) with respect to the exact sequence

(*), then we have the following identity
8"2(721) (a1, by, €1) = 122(721(by, €1), 721(@1, b1+ 1))
—re(rulas, b)), rulai+by, 1)), (as, b1, cr€ Ay).
On the other hand if we put 7i =72+ 08 with a 1-cochain 8 of A, we have
0™ (ra) = 8"(ru) + 08, glay, b1) = B(rau(ay, b)), (a1, b€ Ay).

These identities show that the mapping (rz, r21) - 8"(rx) induces the zero-map
of Hi(A:, As) XH?(Ai, A;) into H*(A;, As). The map: ru-Las, 1a(by, ¢1)]
induces a homomorphism X of H*(Ai, A.) into H*(A;, As). We denote by
K the kernel of ¥, then we can parametrize by K x H3(A., As) X H*(A1, As)
all N-series {NVi, N:, N3} such that associated Lie ring of {IV;} is canonically
isomorphic to & = A+ A: + As.
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