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VARIATION REDUCING PROPERTIES OF
DECREASING REARRANGEMENTS

KONG-MING CHONG

Introduction. One well-established characteristic of the operation of
decreasing rearrangement is its variation reducing property. A systematic
study of this property has been made in considerable detail by G.F.D. Duff in [5]
and [6]. He proved some inequalities related to the operation of rearrangement
in decreasing order showing that the total variation of a sequence or an
absolutely continuous function is in general diminished by such rearrangement.
He also showed that the L? norm of the difference sequence (or the derivative
function) is diminished by this rearrangement operation unless the given se-
quence (or absolutely continuous function) is already monotonic (or equal to
a monotonic function almost everywhere). One of his inequalities [5, Theorem
4.1, p. 1168] was later generalized (except for the case of equality) for almost
everywhere differentiable functions by J.V. Ryff in [10, p. 455].

In this paper, we establish some spectral inequalities (i.e. expressions of
the form f< g or f<K g where < and < denote the Hardy-Littlewood-Polya
spectral order relations) showing that the variation reducing properties of
decreasing rearrangements can also be expressed in the sense of the weak
spectral order . With these spectral inequalities, we obtain some results of
Duff and Ryff as particular cases. Moreover, we give conditions for equality in
Ryff's generalization of Duff’s inequality which was not discussed by Ryff
in (10, p. 455].

1. Preliminaries. Let (X, A, u) be a finite measure space, i.e., X is a non-
empty point set provided with a countably additive non-negative measure p
on a o-algebra A of subsets of X such that p(X) < co. Whenever X is clear
from the context, we shall often write f -dp for integration over X. By
M(X, u) we denote the set of all extended real valued measurable functions
on X. Two functions f € M(X, u) and g € M(X’, '), where ' (X') = u(X),
are said to be equimeasurable (written f ~ g) whenever
1) wlx:fx) >¢) = w({x:gx) > ¢})
for all real t. If f ~ g, it is not hard to see that

(2) @(f) ~ @)

whenever ® : R — R is a Borel measurable function. Moreover, if (X’, A’, u’)
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is any other measure space with u’'(X’) = u(X), then one can easily verify that
(3) foo~f

whenever ¢ : X — X’ is a measure-preserving map, i.e., ¢ 1(E) € A and
p(e~(E)) = p/(E) forall E € A'.

If f € M(X, u), it is well-known that there exists a unique right continuous
non-increasing function 8, on the interval [0, u(X)], called the decreasing re-
arrangement of f, such that §, and f are equimeasurable. In fact,

(4) o,(s) =inf{t € R:p(fx: f(x) > t}) = s}

for all s € [0, p(X)].
In what follows, we denote the Lebesgue measure on the real line R by m.
If fg€ M(X, p) and f+, gt € LY(X, p) where u(X) = a < 0, then we
write f < g whenever

t t
f 8,dm < f 8, dm, t € 0, al
0 0

and f< g whenever f < g and

f B,dm = f 50dm‘
0 0

In the sequel, expressions of the form f< g (respectively f < g) are called
strong (respectively weak) spectral inequalities.

In establishing the spectral inequalities to be given below, we need the
following results proved earlier in [2].

TrEOREM 1.1 (Chong [2, Theorems 2.3, 2.8, 3.1 and Corollaries 2.4 and 3.2]).
Suppose (X, A, u) is a finite measure space. Suppose f, g € M(X, p) with in-
tegrable positive parts. Then f< g if and only if [®(f)du < f@(g)du for all
non-decreasing convex functions ® : R — R or, equivalently, ®(f) <K ®(g) for
all non-decreasing convex functions ® : R — R such that ®+t(g) € LY (X, u).

IffL gandif ®: R — Ris stricily convex increasing such that ®(g) € L'(X, u),
then f@(f Yap = [®(g)du if and only if f ~ g.

Moreover, if ® : R — R 1s strictly increasing convex and if f, g € LY (X, u)
are such that f K g, then the strong spectral inequality f < g holds whenever the
integmlsffb(f )du andf@(g)du are finite and equal.

TaeorEM 1.2 (Hardy, Littlewood and Pélya [7, Theorem 10, p. 152] and
Chong [3, Theorem 2.5 and Corollary 2.6]). Suppose f, g € L'(X, u), where
p(X) < oo. Thenf < g if and only if [®(f )du < [®(g)du for all convex func-
tions ® : R — R or, equivalently, ®( f) < ®(g) for all convex functions : R —R
such that ®+(g) € LY(X, p).

If f < g and if ® : R — R is stricly convex such that ®(g) € LY (X, u), then
the equalityf<1>(f )du = fd)(g)du holds if and only if f ~ g.
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2. Variation reducing properties of decreasing rearrangements. In
this section, we prove some new spectral inequalities showing that the varia-
tion reducing properties of decreasing rearrangements can also be expressed
in the sense of the weak spectral order <.

We assume in the sequel without further comments that for any given
n-tuple a = (a4, as, ..., a,) € R", the n-tuple a* = (a/*, ao*, ..., a,*) will
always denote the decreasing rearrangement of a; here we have regarded a as
a measurable function defined on a discrete measure space with #» atoms of

equal measures. We also denote by Aa the vector (Aa;, Aas, ..., Ag,;) in
R"!, where Aay, = a341 —ar, B =1,2,...,n — 1.
THEOREM 2.1. Ifa = (ay, ao, . . ., a,) is any n-tuple in R*, then
|Aa*| < |Aa|
where strong spectral inequality holds if and only if |Aa*| ~ |Aa| or, equivalently,
the sequence {ai, as, . . ., a,} is monotonic.
Proof. By definition, we have |Aa| = (|as — a1, [az — asl, . . ., |a, — an]).
After interchanging the summands in each component of |Aa| if necessary,
we have
IAal ~ (lail - al*lv Iaiz - (Zz*|, ] Ia”iﬂ—l - an—l*l)
for some permutation (1, 72, ..., %,-1) of # — 1 integers from the sequence
{1,2,...,n}.
Now, if a1* ¢ {ay, as, ..., a4_1}, then (ay, ..., a4 ;) ~ (a2*, ..., a,*)

and so, by [3, Theorem 3.3] (which is a generalization for general L! functions
of a spectral inequality of Lorentz and Shimogaki [8, Proposition 1, p. 34]
via Luxemburg's Theorem [9, Theorem 9.5]), we have

(la2* — ar*|, las* — a*|, . .., |a* — @nr*])
<L ('atl - al*’y |a12 - (12*|, ceey la’in—l - an—l*l)-
Hence |Aa*| < |Aal.
If a1* € {as, @4, ..., a4}, say a* = a;;for some 1 < j <n — 1andif
{ar, az, ..., a} — {@u, @y ooy} =
for some 1 < k = n, then
A ~ (Jay — ar*|, ..., ey —a|, ..o, @iy — ant*])
g (I(Lil - al*lr ) Ia‘lj—l - aj—1*|y lak - a’j*lr
Ia’iiﬂ - a1+1*[r ) lain—l - an—l*l)
> (Iaz* — a1*|, lda* - Gz*ly ey Ian* - an—1*|),
again by [3, Theorem 3.3].
Finally, if the sequence {a, . . ., a,} is monotonic, then clearly |Aa*| ~ [Aa]
and, a fortiori, |Aa*| < |Aa|. If the sequence {ai, ..., a,} is not monotonic,
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then at least one of the components of the vector Aa is the sum of two or more
non-zero components of the vector Aa* (since there must be three non-
monotonic consecutive components of a) and so

S ot < 3 s,
i.e. the spectral inequality |Aa*| < |Aa|is (strictly) weak.
COROLLARY 2.2. Ifa = (ay, as, ..., a,) € R* then
®(|aa*|) < ®(|aa|)

and, 1n particular,

T e(aat) s % a(aad)

for all increasing convex functions ® : R+ — R.
If ® is strictly increasing and convex, then the stromg spectral imequality
®(|aa*|) < ®(|Aal) holds or, equivalently,

n—1 n—1
2. ®(ldar]) = 2 ®(lAai)
i=1 i=1
if and only if the sequence {a., as, . . ., a,} is monotonic.

Proof. This follows easily from Theorem 2.1 by virtue of Theorem 1.1.

COROLLARY 2.3. Leta = (ai, az, ..., a,) € R*wherea; > 0,1 =1,2,...,
n. If by iy1 = @i/@41 07 aiy1/a; whichever is greater or equalto 1,1 = 1,2, ...,
n — 1, then

ar* a* an_1*
(bIZ; b?.’iv e rbn—l.n) << (_l* y _2; y e ey L;)
asg as a,
where strong spectral inequality holds if and only if the seugence {a,, . .., a,} is
monotonic.

Proof. The result follows easily on applying Theorem 2.1 to the vector
loga = (log a,, ..., log a,) and then exponentiating, i.e. using Theorem 1.1.

As a direct consequence of Corollary 2.2, we have the following theorem of
G.F.D. Duff [5, Theorem (2.1), p. 1156].

TaeoreM 2.4 (Duff). Ifa = (ay, ..., a,) € R", then
n—1 n—1
2 ldarP = X Aaf, pz 1
k=1 k=1
where equality holds if and only if the sequence {a,, . . . , a,} is monotonic.

In [6, Theorem 3, p. 423], Duff obtained an improved version of Theorem
2.4. We observe that the proof given by him (except for the case of equality)
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is immediately applicable to extending his result to more general concave or

convex functions, provided we use the following lemma. Our method gives

necessary (and sufficient) conditions for equality to hold in his theorem.
Lemma 2.2. Ifa, 2 0,7 = 1,2,..., n, then

®(a) + ...+ ®(,) = ®ar+a+...4+a)+ (n—1)2(0)

for all convex functions ® : Rt — R and the inequality is reversed if ® : R+ - R

1s comcave.
If & is strictly convex or strictly concave, then equality holds if and only if
all except possibly one of the ay's,1 = 1,2, ..., n, are zero.

Proof. It is easy to see that the strong spectral inequality
(al,az,...,an) < (a1+a2+...+am0,...,0)

holds. With this spectral inequality, the result then follows easily from Theorem
1.2.

THEOREM 2.6. Let a = (a4, ao, ..., a,) be any n-tuple in R*. If N, denotes
the number of intervals of {a,} that contain the open interval (a*, ar\*), B =
1,2,...,n—1,and if ®: R+ — R s a convex function satisfying ®(0) = 0,
then

n—1

2 Nea(laa) 5 % @A)

where equality holds if ® is the identity map of R*. The inequality is reversed if
% : Rt — R s concave and satisfying ®(0) = 0.

If & is strictly convex or strictly concave, then equality holds if and only if the
sequence {a., as, . . ., a,} is monotonic.

Proof. Using Lemma 2.5, the proof of the first part of the theorem is essen-
tially the same as that given in [6, Theorem 3, p. 423].

The sufficiency of the condition for equality is clear. To prove the necessity,
let & : R* — R be strictly convex. If the sequence {ai, as, ..., a,} is not
monotonic, then there must be at least three non-monotonic consecutive
components of a, and so at least one of the components of the vector Aa is the
sum of two or more non-zero components of the vector Aa*. Using the fact that
U'ﬁ:}[ai, a1] = [an*, a1*], it is then not hard to see that

:_; Nod(|Aat]) < ; &(|Aa]).

Remark. Theorem 2.6 implies, in particular, that

Y 2(sat) s 3 @(laa))
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for all increasing convex functions ® : Rt — R, and so it gives an alternative
proof for Theorem 2.1 by virtue of Theorem 1.1.

In [10, p. 455], Ryff obtained a continuous analogue of Theorem 2.4 for
almost everywhere differentiable functions defined on the unit interval [0, 1].
We observe that the proof given by him is readily applicable to extending the
spectral inequality given in Theorem 2.1 to almost everywhere differentiable
functions and to obtain conditions for strong spectral inequality. His proof
implies, in particular, the following interesting result.

THEOREM 2.7. If a function f is differentiable almost everywhere on a finite
interval [0, a], then there exists a measure preserving transformation o : [0, a] —
[0, a] such that

6/|oe = |f'] m-a.e.

Proof. In [10], Ryff proved that there exist a measure preserving map o of
the interval [0, a] into itself and a set D C [0, a] satisfying m(D) = a,
[f'(@t)] < o, |8/|oa(t) < oo, f(}) = é,00(t) for all £ € D, and o'(¢t) 2 1,
6/ o0a(t))d’(t) = f'(t) wheneveréd/ oa(t) # 0,t € D.

Thus, on the subset of D where §/ 0 ¢ # 0, the preceding paragraph implies

lb/loe = |f']

which is also trivially satisfied on the subset of D where 6,/ o ¢ = 0. Since
m(D) = a, the result follows.

THEOREM 2.8. If f is almost everywhere differentiable on a finite interval [0, a],
then

S winim < [ o7

for all non-decreasing (not necessarily convex) functions ® : R+ - R and, in
particular,

®(l6/) < &(f'])
for all non-decreasing functions ® : Rt — R such that ®+(| f'|) is integrable.
If & is strictly increasing such that (| f'|) is integrable, then the strong spectral
inequality ®(|8/|) < ®(| f'|) or the equality
I stinan = [ aarnam

holds if and only if ®(|8/]) ~ ®(|f’]) or |6/ ~|f']
If f is absolutely continuous, then |8/ < |f'| or |6/| ~ | f'| if and only if
[ is monotonic.

Proof. By (2), (3) and Theorem 2.7, we clearly have ®(|3/|) ~ ®(|6/| o 0) =
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®(|f']) and so ®(|8/|) < ®(|f’|) whenever @ is an increasing function such
that ®*(| f’|) is integrable.

If ®: Rt >R is strictly increasing such that ®(|f’|) is integrable, then
[ao(s/)dm = [&(|f'|)dm implies [&®(|5/ 0o|)dm = [®(|f'|)dm and so
®(|6/| oe) = ®(|f’|) m-a.e.,, which, in turn, implies that [§/| oo = |f’|
m-a.e. Hence |6/ ~ | f'| since ¢ : [0, a] — [0, a] is measure preserving.

Clearly, the condition is sufficient.

The last assertion follows directly from the preceding paragraph and Duff’s
Theorem [5, Theorem (4.1), p. 1168].

Remarks. (i) Theorem 2.8 extends Duff-Ryff Theorem [10, p. 455].
(ii) If f is only required to be differentiable almost everywhere on [0, a],
then the equality

S wtiam = [ giam

does not necessarily imply that f is monotonic. Take, for example,

f = Xtw.am + 3Xtass.2a T 2X12as3.0
where x denotes characteristic function. Then, clearly, f’ = 0 = §/ m-a.e.,

but f is not monotonic.
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