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Fibonacci sequences and

group theory

A.M. Brunner

Three topics are studied in the thesis.

In the first a sequence of elements of a group, called a Fibonacci
sequence, is considered. Given an arbitrary group & and two of its

elements a, b a Fibonacci sequence on G with initial values a and b

is the sequence: a, b, ba, bab, ba.bza, ... , where each three consecutive
terms are of the form u, v, vu . For a particular group, and initial
values, our main interest is in whether the Fibonacci sequence is periodic
or not; if it is, then we wish to know the least positive period, called
the length of the sequence. We obtain information, mostly of a
combinatorial nature, about the freest two generator group to have a
Fibonacci sequence of a given length - mainly through the study of some of
its factor groups. Also included are some examples in which the lengths of
Fibormacei- sequences are computed directly from the presentation of a group.
Fibonacci sequences on non-abelian groups have previously been studied in

[41.

The second topic is T-systems of groups. These were first defined in
[2], and for an n-generator group are certain equivalence classes of the
generating 7n-tuples of the group. Fibonacci sequences are used to
determine the T-systems of several well known finite groups. A two
generator group with an abelian normal subgroup such that the quotient
group with respect to this subgroup is infinite cyclic, is shown to have

one T-system of generating pairs. Our main result on T-systems is to
show that the group gp[a, b; b_lazb = a3) has an infinite number of
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T-systems of generating pairs. A presentation is associated with a
representative generating pair in each of these T-systems. For each

positive integer #n this presentation is

[x, Y x_l[x, y]z, [x, xyn]]

Similar work, in which the DI-systems of the trefoil knot group have been

computed, has recently been done in [1].

The third topic is an isomorphism problem for the class of two
generator one relator groups which are an extension of a free group of
finite rank by a free group of rank one. The problem is that of
determining, from their one relator presentations, whether or not two
groups in this class are isomorphic. It is found to be sufficient to
consider certain "standard" presentations. Our results then provide
criteria which make it possible to distinguish most of these groups, modulo
their second derived groups, by means of these standard presentations. For
the class of groups which are an extension of a free group of rank two by a
free group of rank one a complete solution tc the problem is given which

generalizes results in [3].
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