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Abstract

Selecting important variables and estimating coordinate covariation have received
considerable attention in the current big data deluge. Previous work shows that the
gradient of the regression function, the objective function in regression and classification
problems, can provide both types of information. In this paper, an algorithm to learn
this gradient function is proposed for nonidentical data. Under some mild assumptions
on data distribution and the model parameters, a result on its learning rate is established
which provides a theoretical guarantee for using this method in dynamical gene selection
and in network security for recognition of malicious online attacks.
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1. Introduction

With the increasing collection of vast quantities of data, it has become common
to encounter high-dimensional data sets in a variety of applications. In general, a
complicated model including many insignificant variables may result in less predictive
ability. Hence, it is desirable to select some important variables and estimate
coordinate covariance [7, 13].

Variable selection, also known as feature screening, aims at choosing a subset
of variables most relevant for predicting responses. Using a variety of criteria, for
example correlation or information theory, to rank features is a common way. The
variables with scores below a threshold are eliminated [4]. These ranking-based
methods focus on individual prediction power and are ineffective in selecting a subset
of variables that are marginally weak but in combination strong in prediction. Bayesian
learning [8] is another popular method based on some prior information, such as
sparsity. Lasso [12] and elastic net [14] are two widely used approaches of this type.
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However, they are based on the assumption of a linear model which is not suitable for
many practical applications.

Coordinate covariance is a measure of how much two random variables change
together. A sample covariance matrix is not a good estimator of population covariance
if the dimension of the input variable is high. Many methods have been proposed to
estimate the covariance in this case [2, 3]. However, almost all of them made some
assumptions on the distribution, such as a Gaussian distribution for simplicity or an
exponential distribution for sparsity. Moreover, these approaches made no connection
with variable selection.

Mukherjee and Zhou [7] introduced a gradient-learning algorithm which can
provide both variable selection and a covariance estimate at the same time. The
motivation of this algorithm is that the gradient of the prediction function provides
a natural interpretation of the geometric structure of the data. The larger the
norm of the partial derivative with respect to a variable, the more important the
corresponding variable is likely to be for prediction. Also the inner product between
partial derivatives indicates the coordinate covariance with respect to variation in the
prediction function. However, the data in that work needed to be sampled from an
unknown independent and identical distribution (i.i.d.). In many application domains,
this i.i.d. condition becomes inappropriate. For example, there are many Markov
models which are not identical [5, 11], and some discrete contracting dynamical
systems are not i.i.d. [9]. In this work, Under a Markov sampling condition [10], we
establish an online gradient-learning algorithm. The method is based on a nonlinear
model, and there are no special distribution assumptions for the samples.

The rest of the paper is organized as follows. In Section 2, the definition of the
proposed algorithm is given and some supporting results are introduced. Error analysis
of this algorithm is presented in Section 3, which ensures the feasibility of using this
algorithm theoretically.

2. Notation and definitions

We first introduce some notation that will be used in Section 3, and give the
definition of our proposed algorithm.

Let the input space X be a compact subset of R"” and the output space be ¥ =
[-M, M] for some M > 0. Each x € X is assigned a conditional probability measure
p(:|x) on Y. The regression function is defined as

fp(X)nyydp(ylx) xeX.

Define x = (x!,...,x") € R" and denote the gradient of the regression function by
Vf, = (0f,/0x",0f,/0x%,...,0f,/0x™)T. Our goal is to obtain Vf, from data {2}
with each z, = (x;, y;) independently drawn from a probability distribution p defined
on the product space Z =X X Y.
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Under the identical distribution assumption, namely, p” being fixed as p for each t,
Mukherjee and Zhou [7] proposed a least-squares type learning algorithm, defined by

T
f = argminl = > Wi = vy 100 0= x0P + A | @)
feH} ij=1

where A, 0 are two positive constants called the regularization parameters. Let
S = {z,-}l.T:l and let “-” denote the inner product in R"”. The weight W;‘,Tj = W;,x,- =
exp{—|Ix; — x j||2 /207%} is used to govern the “nearness” of the samples x; and x ;. The
function K : X x X — R is a Mercer kernel [1] and H is the reproducing kernel
Hilbert space (RKHS) associated with K. The hypothesis space H}, in equation (2.1)
is the n-fold of H, consisting of vectors of functions f = (f!, f2,..., fM" with the
norm ||f||7-{; ={>/ ||f€||f<}1/2. Denote « = supy ..y VK(X,T).

The purpose of this paper is to establish an algorithm for gradient learning with the
identical distribution assumption used in (2.1) weakened. As illustrated by Smale and
Zhou [10], we suppose that the marginal distribution sequence {pg)} of {p} converges
exponentially fast in the dual of the Holder space C*(X) for O < s <1 [6]. Here the
Holder space C°(X) is defined as the space of all continuous functions on X with
the norm || fllcscx) = Ifllec) + |flesx) being finite, where |flesx) = SUpyrex (If(X) —
SOI/lIx —rll*).

DeriniTiON 2.1. For 0 < s < 1, we say that the sequence {pg?} converges to a probability
measure py exponentially fast in (C°(X))* if there exist C >0, O <a <1 and a
probability measure px defined on X such that, for any f € C*(X),

< Cd||fllesxy forallzeN. (2.2)

f fx)dp(x) - f F(x) dpx(x)
X X

Now we define our gradient-learning algorithm as follows.

Dernition 2.2. The online algorithm for learning the gradient of the regression
function with z, sampling from p® independently is defined by f; = 0 and, for ¢ € N,

fo =1 - Uz[Wg;,],zt{yz;—l =y + £i(X01) - (Xor — X0 1)} (X0r — X011 K, + Ak
(2.3)
Here 7, and A, denote the step sizes and regularization parameters, respectively.

For brevity, we define the sampling operator Sy : Hy — R" as Sy(f) = f(x) =
(f'x),..., f"x)" and its adjoint operator as S! :R" — Hj, with Si(c) =
cKy, for all ¢ € R". Denote

Yy, = Wgt,l,zt()’Zz = You-1)(Xor — Xo1-1) € R",

o T nxn
Dy,, = Wy, 5,(Xor — Xop-1) (X2 — X1-1)" € R
We can rewrite our online algorithm (2.3) as

froi=(01- nt/lf)ft - ﬂt{ST sz,sz,,l(fz) - ST sz,}-

X2r-1 X2r-1
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To analyse the learning rate of f;, to Vf,, we introduce the integral operators
Lgon(f) = f f wlu(u = x)(u - x)" Kb () dpy ™" (x) dpg w),
X JX

Lg,(f) = f f Wy = x)(u — x)" Ky f(x) dpx(x) dpx(u).
x Jx
Define the vector functions
£100 = (Lg o + AD 00, (2.4)
f1, =Lk, + D't (2.5)

where

f,00, = fX fx Wy = X)(f,(u) — £,(0)Kx dp'F " (x) dp$"(w),

= [ [ WEa= 005w = £00K doxx) dox(w,
X JX
The error between f,,; and V f, can be decomposed into three parts as

fz+1 — Vfu = {ft+1 — f/l,,p(z’)} + {f/l”p(zn - f/l,,p} + {f/l,,p - pr} (26)

The first part of right-hand side is referred to as sample error, and the third part as
approximation error. The second part is caused by different measures. These errors
will be estimated in the next section.

For convergence analysis, the conditional distribution {pg?(ylx)} of {pg?} is assumed
to be independent of ¢ and is denoted by px. Furthermore, we need the kernel K to
satisfy the kernel condition, that is, K € C*(X X X) and there exists x; > 0 such that,
forallx,ue X,

IKx — Kullk < &5(IIx —ull®),

where Ky = K(x,:). The Mercer kernel K with the kernel condition yields that
Ifllesxy < (k + ko)lIfllx for any f € Hy. Therefore f € C*(X).

3. Main results

The first contribution of this paper is to estimate the second part in right-hand side
of (2.6), as follows.

Tueorem 3.1. Let £y jo0 and fa, be given by (2.4) and (2.5), respectively. Assume that,
for the conditional distributions {py : X € X}, there exists a constant C, > 0 such that
llox = pullicsry < Collx —ull® for all x,u € X. Then,

lIf2,0 — 1 penllyy < Coc® ' 1732671,

where the constant Cy is independent of o, o and A.
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Proor. Using (2.4) and (2.5),

1, — £1p00 = (Lgp + AD " H{E, » — (L + ADE yo0}
= (Lxp + AD Mo — £r00.0) + (Li po0 — Ly p)Ey pon }.

First, we rewrite this as
for — L0 0 = f f wy (@ = X)(f,(w) — f,(xX)K, dpx(x) d(px — pgt))(u)
x Jx

+ f f Weu(U = X)) = £,6NK ok @) d(ox - g )(X)
x Jx
=1, + 1.
Let h(x) = fxw{u(u = xX)(fo(w) = fo(x)) d(px — pgt))(u) and let Ai(x) be its ith
coordinate. By the reproducing property

n

2
Mol = >

i=1

2 n
f HX)Kydpy®)| =" f f K (K (x, DR (r) dpx(x) dpx ().
X K o JIxJx

According to Fubini’s theorem,

g = L [romosmmeats =g
— £,(r)) dpx(x) dpx(r)] d(px — p")(T),

which, together with (2.2), gives

||Ia||$4,, < nCa* max
K 1<i<n

f f H K (x, DWer (7 — F)(fy(T)
X JX

= Jo(0) dpx(X) dpx(r)

C(X)

Let|| - lucsx) and || - [luccx) be the norms with respect to u, and D = diameter(X). Then

W' = x)(f,() = f,(llucrcn < W@ = x)(f) = £,3))llucx
+ [Iwg o (fp(w) = L Nucoolt’ = X u e
+ Wi (fow) — LH®uewl’ = X lcx
<2MD +2MD"™* + DMWYy lucrx)
+ o) = fo®lucsx)
2M D>

<2MD +2MD'™ + —
g

+DMC,,
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so that

||Ia||;{2 < nCazl miax{zkzMD Sup |hl(x)|
X

}

+ ‘ f fx HE)KE, D)W =) ([ (1) = fo0)le.csondpx(x) dpx(r)

2—s

oM
< nCaZ’{zkzMD + KZ(ZMD]_S + -
g

2MD*s
0-2

n DMCP)} sup |1 ()|

2
< n(Ca/Qt)ZKz{ZMD +2MD!" + + DMCp} .

Similarly, we can get the upper bound

MDZ—s
o2

2 2
bl < n(Ca™ Y + 26, + |K|C.s(Xxx)){2MD +2MD + ; DMCp} .

Then [, — Gyl < 20y, + i) < C1a*" /o, with € being indepen-

dent of @, 0.
Next, for (LK’par) — Lgp)f 1,020, WE give the analysis of its general case, that is,
Lk yeof — Li of with £ € H. It can be rewritten as

Lgyeof — L of = f f W = x)(u - %) Ky dpy” () d(p§ ™ = px)(x)
X

X
+ fx fx W =)W = ) FEKy d(og” — px)(w) dox(x)
=10, + 1.
Using similar techniques to those in the proof of the first part,
IMell, < n(Ca® YLD + D /o + 2D [0*)flcsx) + DPIfl]?

X (1 + 26, + Koo
M1l < n(Ca®i’[(D + D>~ [ + 2D [a?)lflc:xy + DPIfleo.

Therefore \/2(”11“”5‘*2 + ||II,,||(2H2) < Cra® 7 Yfllesx) /o, with C, being independent of
a,o.
From (2.4),
/l”f/l,p‘Z')H«%.(}é < f f wl (v = v)* dp®V(x,y) dp®(u,v) < D?, (3.1)
zJz
which yields

n n

i i n

IEpmliccn = YL alleon < G+ k) Y IFL ollk < G+ kD \E :
Jj=1 j=1
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Combining the above results,

1 a,2l—1 azt—l n 21 1-3/2 .
r -1 9- -
||f/l,p - fﬂ,p(Z”H(}'{;é < Z{Cl - +C, - (k + k5)D \/;} <C'a”A o .

This completes the proof. O

To prove the convergence rate of algorithm (2.3), we need to find an upper bound
for a difference caused by the change of the regularization parameter from 4; to A;;| in
(2.5).

ProposITION 3.2. Let A; = ;i P with 0 < 11,8 < 1 and p € (C*(X))*. Then

4
KMDB 5,
A

“f/li,/,l - f/li+1,/1||'7’(l'é S

Proor. Using the notation in (2.5),
£y = Erp = Ly + 4D (€uo — Ly + vt DEy, o+ it ] = 4DE, )
= i ] = 4D Ly + 4D Ly + A D o,

so that |Ify, ;= f1,,, ullzy < (i = )/ Aidis Dol . Since A; = Ay = 1,867 for
some & € (i,1 + 1), this yields

B! 81,

[ ah— oAl < —
LB, G 1y e < )

2B.

I|f/l;,/1 - f/l,u,],p”‘?-(,'é < f,u,o‘”?'l,’é < /l_llﬁ_l(szD)-

O

We also need the following revised McDiarmid-Bernstein-type probability
inequality that was originally proposed by Mukherjee and Zhou [7].

Lemma 3.3. Let S ={z;}", be independently drawn from probability distributions
{p(i)};’il, respectively, let (H,| -||) be a Hilbert space and let F : Z™ — H be
measurable. If there is M > 0 such that IF(S) = Eg(FS)Il < 1\7Ifor each 1 <i<m
and almost every S € Z™, then, for any € > 0,

2

PsepnlllF(S) — Es(FS)|| > ) < Zexp{—M}-
E m

The proof of this lemma is similar to a result of Mukherjee and Zhou [7, Proposition
13], and hence is omitted here. Now we present our second main result.

Tueorem 3.4. Assume that the true gradient of the regression function f, is Vf, € Hy.
Taking A, = Lt ny=mt? and o =3Pt e N) with0 <28 <6 < 1/2,

~( 1 )minwz,(m)—m

By (i = Vipllpy) < €|
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Proor. From (2.6), first we need to estimate the sample error. Denote W,y = f;,| —
£, pen with £ 0 = 0. Then
Wit = = £y oo = ndSL, DxySxo (8) = ST Y + Af1)
=f - f/l, P = U,{S;t_] DerSxZH (f, f/l, p(zo) + S DXZISXZt—] (f/l,,p(z’))

- ST Yy, + Ak

X271

Let A, = (1 —nA)I - 77th2, | Xzz X1 gt sz, 0 XZtSXZz—l(f/lr,pw)) - S}{z,,] szz +
A; = I. Then, by iteration,

Xor-1

f,00 o — Lg pen (£, y00) and denote IT,

Jj=t+1

tot t t
Wi = Z l—[Aj(f/lm,p(z"’z’ - f/li’p(Zi)) - Z 1_[ Aj’]if,‘- (3.2)

=1 j=i i=1 j=i+l

In the following, we will analyse the two terms on the right-hand side of equation
(3.2). The operator n;A;1 +1n;S )2/ Dx,;S1,,, is positive and bounded by (n;4; +
nkD*)I. So, for j > to, where 1y is the smallest integer greater than (1714, + 171kD*)!/,
the operator A;: Hy — H} is positive and bounded by (1 —n;A)I, and hence

Al e < eX]D{ A;}. Since || llgg—gq < 1+ 1;4; + ;8D for j < 1o,

t

<A +ma + 771KD2)(’71/11+771KD2)”0 exp {_771/11 Z j—,li’—G}
T =

t
= Cyexp {—mal » j‘ﬁ‘g}. (3.3)

J=i

From Theorem 3.1 and Proposition 3.2,
s, o2 — Ea penllge < Ifa, pon = £a, pllee + 2, p — £a penllg + 114, p — £apllre
<Cl? - DV 4+ PP L i - DL (34
By Lemma 2(1) of Smale and Zhou [10], since a? = exp{—2iIn(l/a)} <
(b/2eln(1/a))’i~?, if we choose b = 33/2, the term with a*i**/? in (3.4) is dominated
by the polynomial term (i — 1)*~!'. Equation (3.3) and [10, Lemma 2(2)], together with
v=md,p1=B+6,pr=1-p, give

5

Z ]_[ Ay, o — £y yon)
i=1 j=i
Now we estimate the second term in the right-hand side of equation (3.2). Write

" <C'Cypy o™ 3.5)

! t t—1

Z mlfH < [1ame [ Améi),

=1 j i=1 =1 j=i+l p=I+1

-1
+ ]_[A,n,f,,mf,> +néliy,

i=1 j=i+l

https://doi.org/10.1017/51446181116000328 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181116000328

228 X.-M. Dong [9]

and denote z; = {Zy;_1, Z»;}. Notice that &; depends on z,;_1, Z»; and Ez (§;) = 0, while,
fori <t []'_;,, A; depends on zy,, Zy1, ..., Z1, Which yields

Jj=i+l
t
Ei‘ilzbszZI—lwszHl( 1—[ Ajnigi) =0
Jj=i+l
It follows that, for [ > i + 1, the expected value

.... (< 1_[ Ami&;, l—[ Apﬂz§1> K)

Jj=i+l p=I+1

=Esy 200 Zz:+1<EZ 21,2211 5. s T0i 1 1_[ Alnlgl’ 1_[ Aﬁm‘fl> .,

Jj=i+l p=l+1 H
=0.

Therefore

i€ )+ Bz lné By (3.6)

n): Ez1 ..... ( nAﬂh
Hy

Let H = H. C0n51der1ng the function F : Z> — H given by
F@) =S} DySx (£1,p00)=SE Y. & =F@)-Ez[F@)

Jj=i+l

Since
Ey, [F(z)] = f WY, (Fo(X) = yar + £ pen (%) - (o — X)) (X0 = X)Kx dp§' ™ (%),
b'¢
by the reproducing property of the RKHS and inequality (3.1),
IF @) — Eq, [F@)llz; < 2DK2M + DAllfy, plly) = M.
A similar result can be obtained for ||F(z;) — E,, [F @)]”7{2 < M,.
Then, by applying Lemma 3.3 with M=M,

82
PlIE Iy > e} <2 {-—}
il = 2) < 2exp{=2 s

for any 0 < £ < 1. Combining this with

B (1€, 12,1 = f P, = elde = fo PllIg g, > Velds

we see that, for any u > 0, E;,[Ilf,llﬂ”] <u+ Zfoo exp{—&/2M,(\e + 2M,)}de. If
K u

u> (2Mt)2,
fu P {_2M,( \/Eg 1M, }dg = f xp {_4\1{45, }d‘g
— 8M,(Vii + 4M,) exp {— 45 }
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Let f(u) = u+ 16M,(\u + 4M,) exp{—Vu/4M;}. It is easy to prove that the
minimizer of f(u) is ug = (4M,;1n2)?> and that f(ug) = (4M;1n2)* + 32M,2(1n2 +1).
Thus E; [I,I2,,] < (4M,1n2)? + 32M2(In2 + 1) < 48M2. Substituting (3.1) into (3.6),

K

Z 1_[ Ajmni§;

—1
i=1 j=i+l i

!
) < Z "7 exp {—2771/11 Z j‘ﬁ_g}.

i= Jj=i+l

2
EZ],,..,ng(
Hi
Using [10, Lemma 2(2)], together with equations (3.1), (3.5) and (3.3), we can find
an upper bound for the sample error as

Bayoan (Wit llgp) < C1# 270 4 Gy 012, 3.7)

For the approximation error in (2.6), we use [7, Proposition 9], namely,

~ (O
40 = Vfollgey < cg{ﬂ_ + ﬁ},
t

Combining this with (3.7) and Theorem 3.1,
Q2143812

Becalfisr = Vplg) < Gt Cor 0 4 G
(o8
1

+ 53{% P+ \/ﬂ_lt‘ﬁ/z}.
1

Using [10, Lemma 2(2)], we derive that (o>~ '#3/2)/ /l?/ %o~ can be dominated by 1/07%,
and thus, under the condition of the theorem, we have proved the desired result. O

4. Conclusions

In this work, an online gradient-learning algorithm is described that can provide
information of variable selection and coordinate covariance estimation for nonidentical
data. Under certain conditions, we show that the gradient derived by the algorithm is
an approximation of the true gradient of the regression function. Interesting areas
for future directions include using the proposed algorithm in network security for
recognition of malicious online attacks or for other related research areas, and to
improve the learning rate through choosing parameters adaptively.
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