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Abstract

We describe the group of all reflection-preserving automorphisms of an imprimitive complex reflection
group. We also study some properties of this automorphism group.
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1. Introduction

Let N (respectively, Z, R, C) be the set of all positive integers (respectively, integers,
real numbers, complex numbers). For any k£ < n in N, we use the notation [k, n] :=
{k,k+1,...,n}and [n] :=[1, n]. Shephard and Todd classified all finite complex
reflection groups (see [5]). There are two families of such groups: primitive and
imprimitive. For any m, p, n € N such that p | m (read ‘p divides m’), let G(m, p, n)
be the group consisting of all n x n monomial matrices whose nonzero entries
ai, ..., a, are the mth roots of unity with (]_[?:1 a;)™'? = 1. In [2], Cohen proved
that any irreducible imprimitive reflection group is isomorphic to some G(m, p, n)
(see [2, Subsection 2.4]). We see that G(m, p, n) is a Coxeter group if either m <2
or (p, n) = (m, 2).

By an automorphism ¢ of a reflection group G, we mean that ¢ is an automorphism
of the group G as an abstract group which sends any reflection of G to a reflection.
In the present paper, when we mention an automorphism of G, we always mean that
G is regarded as a reflection group. Denote by Aut(G) the group consisting of all
automorphisms of G.

The aim of this paper is to describe the group Aut(m, p, n) := Aut(G (m, p, n)).
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Set
Int(m, p, n) := {1, | g € G(m, p, n)},
where g : x > gxg™ ' is the inner automorphism of G (m, p, n) determined by g. The
structure of Aut(m, p, n) is well known in the case where G(m, p, n) is a Coxeter
group. More precisely, when m < 2,

G(m7 p7n)e{Ahs Bk,Dl|hZ],k22,lZ4}

1

and
Aut(m, p, n) =Intim, p,n) - T

with I" the graph automorphism group of G(m, p, n). On the other hand, we have
G(m, m, 2) = I,(m), the dihedral group generated by two reflections sy, sg, where
a, B are two unitary vectors in a plane with inner product («, ) = — cos(/m).
Then Aut(m, m, 2) consists of all transformations which send s, to any reflection
sq' of I(m) and sg to another reflection sg for some unitary vectors o', B’ satisfying
(a', B') = cos(km /m) for some 1 < k < m with gcd(k, m) =1 (see [3]).

So we need only consider the case of m > 2 and n > 1 and (p, n) # (m, 2) for
Aut(m, p, n) in this paper. Our results can be stated briefly as follows. Set

Intim, 1,n), = {rs” | g € G(m, 1, n)},

where rép ) denotes the restriction of 7, to G(m, p,n). For any k € [m] with
gcd(k, m) = 1, the transformation ¥ : (a;;) — (af‘j) on G(m, p, n)isin Aut(m, p, n)
(see Lemma 3.5). Let

W(m) :={Y | k € [m], ged(k, m) =1}.

We have
Aut(m, p, n) =Int(m, 1, n), X W(m)

for (m, p, n) ¢ {3, 3, 3), (4, 2, 2)}. In particular,
Aut(m, p, n) =Int(m, p, n) X V(m)

if gcd(p, n) = 1. We also determine the structure of Aut(m, p, n) in the exceptional
cases (see Theorem 7.1). As a consequence, we obtain the order of Aut(m, p, n) in all
cases (see Proposition 7.2).

The above description for the group Aut(m, p, n) is also applicable to most cases
of G(m, p, n) being a Coxeter group (see Remark 7.3).

We also study some properties of Aut(m, p,n). Among others, we give an
explicit description of its centre (see Propositions 7.4-7.6, Subsections 7.7 and 7.8
and Corollary 7.9).

This paper is organized as follows. In Section 2, we collect some concepts and
results for later use. We study some general properties of Aut(m, p, n) in Section 3. In
Sections 4-6, we describe Aut(m, p, n) explicitly in three cases: p = 1 and p = m and
p € [2, m — 1], respectively. In Section 7, we study some properties of Aut(m, p, n).
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2. Preliminaries

2.1. Let V be a Hermitian space of dimension n. A reflection in V is a unitary
transformation of V of finite order with exactly n — 1 eigenvalues equal to 1. A
reflection group in V is a finite group generated by reflections in V. A reflection
group G is called a real group or a Coxeter group if there is a G-invariant R-subspace
Vo of V such that the canonical map C ®g Vo — V is bijective. Call G a complex
group otherwise (according to this definition, a real group is not complex).

2.2. A reflection group G in V is called imprimitive if G acts on V irreducibly
and if V is a direct sum V=V, @ Vo @ --- @ V; of nontrivial proper subspaces
Vi (i €[t]) of V such that G permutes the set {V; |i € [¢]}. In this situation, the
family {V; |i € [t]} is called a system of imprimitivity for G. Cohen [2] showed
that any imprimitive complex reflection group is isomorphic to G(m, p, n) for some
m, p,n € Nwith p |mandm > 2 andn > 1 and (p, n) # (m, 2); he also showed that
G(m, p,n) (p|m and n > 2) has a unique system of imprimitivity if it is irreducible
under the natural action on C" and

(m, p,n)¢{(2,1,2), 4,4,2),3,3,3), (2,2,4)} (see[2, Lemma 2.7]).

The group G(1, 1, n) (n > 2) is reducible and hence is not imprimitive.
In this paper, when the group G (m, p, n) is mentioned, we always assume p | m
andm > 2 and n > 1 and (p, n) # (m, 2) unless otherwise specified.

23. Any w € G(m, p, n) can be expressed in the form w =[ay, ..., a, | o] with
some o € S, where S, is the symmetric group on the set [r] and a; € Z for i € [n],
such that the entry of w in the (k, (k)o)-position is exp((2mag/—1)/m) for k € [n].
We have p | Z}'_, ax.

An element w =[ay,...,a,|o] of G(m, p,n) is a reflection if one of the
following conditions holds.

(1) We have o = (i, j), a transposition of i and j for some i # j in [r] and also
a; +a; =0and ap =0modm for k #1i, j. In this case, denote w by s(i, j; ;) and
call it a reflection of type I. Clearly, any reflection of type I has order 2. We also
have s(i, j; a;) = s(j, i; —a;). All reflections of type I are contained in the subgroup
G(m, m, n) of G(m, p, n);

(2) We have o = 1, and there exists k € [n] with a; =% 0 and ¢; = 0 mod m for all
i € [n]\ {k}. In this case, denote w by s(k; ax), and call it a reflection of type II.
The reflection s(k; ay) is a diagonal matrix with order m /gcd(m, ai). Such reflections
exist only when p < m.

By [1], we know that G (m, p, n) has a generating set Sy consisting of:
(i)  n+ 1reflections so, s and s; fori € [n — 1]if p € [2, m — 1];
(ii)) nreflections sg and s; fori € [n — 1]if p=1;
(iii) n reflections si and s; fori € [n — 1]if p =m,

where so = s(1; p) and s; =s(1,2; —=1) and s; =s(i, i + 1; 0).
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24. Let G beareflection group. Following Shi in [6, Subsection 1.9], a presentation
of G by generators and relations (or just a presentation of G for short) is by definition
a pair (S, P), where:

(1) S is a finite generating set for G which consists of reflections, and S has
minimally possible cardinality with this property;

(2) P isafinite set of relations on S, and any other relation on S is a consequence of
the relations in P.

We say that S is a generating reflection set of G if § satisfies (1).

2.5. Fori##jandi' # j in [n], and k, k', | € Z with m {1, denote 1 = s(i, j; k),
t'=s@i’, j'; k') and s = s(i’; ). Then

it =1't it i, j}n{i’, j' =9,
t't---=t'tt - (m/ged(k — k', m) factors on each side) if (i, j) = (i’, j'),

t't - =t'tt - (m/ged(k + k', m) factors on each side) if (i, j) = (', '),

't =1t'tr otherwise.

ts = st ifi" ¢{i, j},
stst =tsts if i’ € {i, j}.

From the above relations, we see that two noncommuting reflections r, ' €
G(m, p, n) satisfy the relation rr'rr’ =r'rr'r if and only if either exactly one of
r, v’ has type II, or r = s(i, j; k) and r' = s(i, j; k') for some i # j in [n] and some
k,k' € Z with m/gcd(k — k', m) =4. This fact will be useful in the subsequent
discussion.

2.6. Denote by o(s) the order of s € G(m, p, n). We have a presentation (Sop, Pp)
of the group G (m, p, n), where Sy is the generating reflection set as in Subsection 2.3
and Py is a relation set on Sy given as follows (see [1]).

(1) When p =1, the set Py consists of the relations: o(sg) =m and o(s;) =2
for i € [n—11; s;8i418 = siy18i8i41 for i € [n —2]; s;5; =s;s; for i — j| > 1;
S0S180S1 = §1505150-

(2) When p =m, the set Py consists of the relations: o(si) =o(s;) =2 for
i €n—1]; sisit18 = sip18i8i41 fori € [n —2]; s;5; = ss; for i — j| > 1; sisi =
sisy fori > 2; 515257 = 5281525 0(5]51) = m; 575152575152 = 525]51525]51.

(3) When p € [2, m — 1], the set Py consists of the relations: o(si) =o(s;) =2
for i € [n —1]; o(so) =m/p; sisit18; = si418i8i+1 for i € [n —2]; s;5; =s;5; for
li —jl>1; sisi=sis) for i >2; sis2s] =s28152; o(s(s1) =m; s[51528]5152 =
5281515281515 S081508] = 515051505 50515081 = S15051503 S08]51 = 5151503 (s;sl)p_l =
1

— /
5o S1508)-
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3. Automorphisms of a reflection group

3.1. Denote by Aut(G) the automorphism group of G. The aim of this paper is
to describe the automorphism group Aut(m, p, n) := Aut(G(m, p, n)) of the group
G(m, p, n).

LEMMA 3.2 (See [7, Subsection 2.10 and Lemma 2.1], [8, Lemma 2.2]). Let S be a

generating reflection set of the group G (m, p, n).

(1) If p=1, then S consists of n — 1 reflections of type I and one reflection of type
1l and order m.

(2) If p=m, then S consists of n reflections of type I.

(3) Ifpel2,m—1] then S consists of n reflections of type I and one reflection of
type Il and order m/ p.

Denote by | X| the cardinality of a set X.

LEMMA 3.3. Let So be the generating reflection set of G(m, p,n) as in
Subsection 2.3. Then for any n € Aut(m, p, n), the image of So under n can be
displayed as follows.

(1) When p =1, the n-tuple (n(so), n(s1), . . ., n(sn—1)) is equal to

(s((Mo; k), s((Do, (Do k), ..., s((n — Do, (n)o; kp—1)) (3.3.1)

for some o €S, and k, ki, ..., ky_1 € Z with k coprime to m.
(2) When p = m and (m, m, n) # (3, 3, 3), the n-tuple (n(si), nes), .., n(sn=1))
is equal to

(s((Da, (2)o; k), s((Do, )05 k1), ..., s((n — Do, (M)a; kn—1))  (3.3.2)

for some o € S, and ki, ki, ..., ky—1 € Z with ged(ky — ki, m) = 1.
(3) When p € [2, m — 1] and (m, p, n) # (4,2, 2), the (n + 1)-tuple (n(so), n(s}),
n(s1), ..., n(sp—1)) is equal to

(s((Wa; ph), s((Do, 2)a; k), s(Da, (2as k), ..., s((n = Do, (0)a; kn—1))
(3.3.3)

for some o €S, and k, ki, ki, ..., ky_1 €Z such that ged(ky —k}, m) =1 and
ki — ki =k mod m/p (hence, ged(k, m/p) =1).

PROOF. Let (So, Po) be the presentation of the group G (m, p, n) as in Subsection 2.6.
Then for any n € Aut(m, p, n), the pair (n(Sp), n(Pp)) is again a presentation of
G(m, p, n), where n(Pp) is the relation set on 1(Sp) which is obtained from Py by
substituting the elements of Sy by the corresponding elements of 1(Sp).

(1) By the relation o(n(sp)) = o(sp) = m > 2 in Subsection 2.6, we see that 1(sg)
is a reflection of type II. Now by Lemma 3.2(1), the images of all reflections in
So \ {so} must be of type I. We claim that there exist some permutation %1, hy, ..., hy
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of 1,2,...,n and some k, k1, ..., k,—1 € Z with gcd(k, m) =1 such that n(s;) =
s(hy, hjy1; k) forl € [n — 1] and n(sg) = s(h1; k). This can be seen by Subsection 2.5
and the relations:

®  nGnCsi+Dn(si) = nsi+n(si)n(siy1) fori € [n —2];
1) n(sin(sj) =n(sjIn(si) fori, j € [0, n — 1] with |i — j| > 1;
(iii) n(so)n(s1)n(so)n(s1) = n(s)n(so)n(s1)n(so)-
So (1) is proved by taking o € S, with (j)o = h; for j € [n].
(2) Recall that all reflections in G(m, m, n) are of type 1. By Subsection 2.6, we
have the relations:

®  nonGsi+Dnsi) =nsi+1)n(sin(siy1) fori € [n —2];
(i) n(sin(sj) =n(s;)n(s;) fori, j € [n — 1] with |i — j| > 1;
(i) o(n(spn(s)) =m > 3;

Av) n(sPn(s2)n(sy) = n(s2)n(spn(s2);

) n(spPns) =n(spHn(sy) forl € [3,n —1].

Then by the assumption that (m, m, n) # (3, 3, 3), there is a unique system of
imprimitivity of G(m, m,n) which is necessarily fixed by any automorphism
(see Subsection 2.2). So we see by Subsection 2.5 that there exist some
permutations hy, ho, ..., h, of 1,2,...,n and some k/l, ki, ..., ko—1 € Z with
ged(ky — &k}, m) =1 such that n(s;) = s(h;, hiy1; ki) for i € [n —1] and n(s)) =
s(hy, ho; k’l). So we obtain (2) by taking o € S, with (j)o = h; for j € [n].

(3) We claim that 7(sp) is of type II. For otherwise, we would have o(n(sp)) =
m/p = 2 and exactly one reflection (say ¢) of type II in the set A = { r](si), nis;)|ie
[n — 1]} by Lemma 3.2(3). If n > 2, then there is also some ¢’ € A \ {¢t} with {z, t'} #
{n(s1), n(s))} and 7’ # t't by the assumption of n > 2. By Subsection 2.5, we would
have #/tf' = t'11't, which gives rise to a contradiction by Subsection 2.6(3). If n = 2,
then So = {so, 51, s;}. By Lemma 3.2(3) and the symmetry of sy, s{ in Sp, we may
assume that n(sg) and n (si) have type I, and 1 (s1) has type I without loss of generality.
So n(s1) =s(hi; k) and n(so) = s(hy, ho; k1) and n(s}) =s(hy, hy; kj) for some
permutation Ay, hy of 1, 2 and some kq, kﬁ, k € Z. Hence m = o(n(sl)n(s;)) =4 by
Subsections 2.5 and 2.6, which would imply (m, p, n) = (4, 2, 2), contradicting our
assumption. So the claim is proved.

Now n(sg) is of type II. Then all reflections in A are of type I by Lemma 3.2(3).
By the same arguments as that in (1) and (2), we see by Subsections 2.5 and 2.6(3)
that there are permutations /iy, ..., h, of 1, ..., n and some &, ki, ki,....kn_1€7Z
with ged(k, m/p) =1 and ged(k — k/l, m) =1 such that n(s;) = s(h;, hi+1; ki) for
i € [n — 1], that n(so) = s(hy; pk) and that n(s{) = s(h1, ha; k}). Furthermore, by
the relation

(D))~ =n(s0) " nls1nlsoIn(sy),

we have k; — k| =k mod m/p. Hence, we obtain (3) by taking o € S, with (i)o = h;
fori € [n]. d
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3.4. Set

d(m) :={i €[m — 1] | ged(@, m) =1}.
Then @ (m) is a multiplicative group modulo m of order ¢ (m), an Euler number. For
any k € ®(m) and any n x n matrix w = (a;;), define ¥y (w) = (afj). In particular,
when w=laj,...,a,|0]e€G(@m, p,n), we have Yy(w)=lkay,...,ka,|o]
€ G(m, p, n). So Y can be regarded as a transformation on G(m, p, n) (we adopt
such a viewpoint from now on).

LEMMA 3.5.

(1)  We have yry, € Aut(m, p, n) for any k € ®(m).

(2) The set V(m) :={yy | k € ®(m)} forms a subgroup of Aut(m, p, n) of order
¢ (m).

PROOF. Since G(m, p, n) consists of monomial matrices, we have

Vi (wy) = Y ()Y (y) forany w, y € G(m, p, n).

By the condition ged(k, m) = 1, there exists some j € ®(m) with kj =1 mod m. So
Y j = ¥k = Y is the identity transformation on G (m, p, n). By the description
of reflections in Subsection 2.3, we see that i stabilizes the reflection set of
G(m, p,n). So Y € Aut(m, p, n). Hence, (1) is proved and (2) follows by noting
that v : k — Y is an injective group homomorphism from & (m) to Aut(m, p, n) with
the image W (m). O

3.6. Forany g € G(m, p, n), define
Tg:G(m’ pvn)_) G(m7 pv }’l)

by setting 7, (x) = gxg_1 for any x € G(m, p, n). Then g is an inner automorphism
of G(m, p,n) which stabilizes the reflection set of G(m, p,n). Hence, 7, €
Aut(m, p, n). Let

Int(m, p, n) = {1, | g € G(m, p, n)}.
By a well-known result in group theory, we obtain the following result.
LEMMA 3.7. The subgroup Int(m, p, n) is a normal subgroup of Aut(m, p, n).
LEMMA 3.8. We have Int(m, p, n) N W (m) = 1.

PROOF. Assume t € Int(m, p, n) N W(m). Then there exist some g =[ay, ..., d, |
ole G(m, p,n) and k € ®(m) with T =71, =;. For any x =[by, ..., b, | o’]
€ G(m, p,n), we have t4(x) =[c1, ..., cn | oo’c~!] for some ¢y, ..., ¢, €Z and
Vi (x) =[kb1, ..., kb, | 0']. The equation 7, = v implies that co’c~! = o/ for any
o’ € Sy, that s, o is in the centre of S,,. If n > 2 then o = 1, hence g is diagonal. Take
any diagonal x = [by, ..., b, | 1] € G(m, p, n) withby, . .., b, notall zero. We have

(b1, ..., by | 1] =1,(x) =Yy (x) = [kb1, . .., kb, | 1].

This implies kK = 1 and hence T = 1, as required.
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It remains to consider the case where n =2 and o = (12). Then p <m by
the assumption at the end of Subsection 2.2. The equation 74(x) = ¥ (x) for any
x =[b1, by | 11 € G(m, p, n) amounts to the equation system kbj; = by and kby =
b1 mod m for any by, by € Z with p | (by + by). However, the latter does not always
hold by observing the case of by =0 and b, = p. So 7, # V¥ in this case.

So our result is proved. O

3.9. Forany g € G(m, 1, n), the inner automorphism 7, of G(m, 1, n) stabilizes the

normal subgroup G(m, p, n) of G(m, 1, n), with the restriction régp) = Tg|G(m, p,n)

being in Aut(m, p, n). We use the notation
Int(m, 1,n), ={rs” | g € G(m, 1, n)},
which forms a subgroup of Aut(m, p, n) normalized by W (m). We can show
Int(m, 1, n), N W(m) =1
by an argument similar to that for Lemma 3.8, hence
Int(m, 1, n),W(m) =1Int(m, 1, n), X W (m).

Use the notation ¢ = ts(p) withs =s(1; 1) € G(m, 1, n).

LEMMA 3.10. For any x,y € G(m, 1, n) and any divisor p € N of m, we have

r,EP) = ‘cy(p) if and only if Ty = T,.

PROOF. We need only show that r,ﬁ” ) = ry(p ) implies 7, = 7. Now r)E” ) = ty(p ) if and

only if 7, (g) = 7y(g) for any g € G(m, p, n). The latter holds if and only if y~lx lies
in the centralizer ZG(u,1,,)(G(m, p, n)) of G(m, p, n) in G(m, 1, n). Thus, to show
the equality T, = 7y, we need only show that Zg ,,1,,)(G(m, p, n)) consists of scalar
matrices.

Take any z =[z1, ..., 20 | 61 € ZG(m,1,0)(G(m, p, n)) with some zy, ..., z, €Z
and o € §,,. By the equations

(s, i+1;0)=s0i+1;0) forallie[n—1], 4

we see that o lies in the centre of S,;. We claim o = 1 (that is, z is diagonal). It is
obvious in the case n > 2. If n =2 and o = (1, 2), that is, z = [z1, z2 | (1, 2)]. Then
the equations t,(s(1, 2; k)) = s(1, 2; k) with k =0, 1, imply that

zi=zymodm and <z =22+ 2modm.

This is impossible by our assumption of m > 2. Hence, the claim is proved and so z is
diagonal. Then (4) further implies that

===z, modm.

So z is a scalar matrix. Hence, our conclusion follows. O
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4. The group Aut(m, 1, n)
THEOREM 4.1. We have Aut(m, 1, n) = Int(m, 1, n) X W(m).
PROOF. The group Aut(m, 1, n) has a normal subgroup Int(m, 1, n) and a subgroup
W (m) by Lemmas 3.5 and 3.7. So Aut(m, 1, n) has a subgroup
G :=Int(m, 1, n)W(m) =Int(m, 1, n) X V(m)

by Lemma 3.8.
Take any n € Aut(m, 1, n). Then by (3.3.1), the image of the generating set Sp of
G(m, 1, n) under 7 is as follows:

(m(s0), n(s1)s - .., n(sn—1))
= (s((Do; k), s((Do, 2)o; k1), ..., s((n — Do, (n)o; ky—1))

for some o € S, and some integers k, ki, ..., k,—1 with k coprime to m. Identify o
with [0, ...,0] 0] € G(m, 1, n). Then

((tom)(50), (Tom(51)5 -+ -5 (TeM)(Sn=1))
=65 k),s(,2; k1), ...,s(n—1,n; k,_1)).

There exists w :=[p1, ..., pp | 1] € G(m, 1, n) satisfying that p; € [m] for j € [n],
and p; — pi+1 = —k; mod m fori € [n — 1]. Then

(TwTom(50), (TwToM(51), - - -, (TwTon)(Sa—1)) = (s(15 k), 51, ..., $p-1)-

Since gcd(k, m) =1, there exists a unique ¢ € ®(m) with kc=1modm. Then
YeTwTon = 1. Hence n = t,-17,,-1 Iﬁc_l € G. So our equation is proved. d

5. The group Aut(m, m, n)

We describe Aut(m, m, n) in two cases: (m,m, n) = (3,3, 3) and (m, m, n) #
3, 3, 3).

5.1. Let (Sp, Pp) be the presentation of G(3, 3, 3) with Sy = {si, s1, 52} and Py
as in Subsections 2.3 and 2.6 (2). Define u:So — G(3, 3, 3) by setting u(s)) =
s(2,3; —1), u(sy) =s1 and u(sz) = so. We see that 1(Sp) is a generating reflection
set of G(3, 3, 3) and that all relations in Py remain valid when substituting s by 1(s)
for all s € Sp. So u can be extended to an automorphism of G (3, 3, 3), still denoted

by u.
THEOREM 5.2. We have Aut(3, 3, 3) = (7, 1, Y2 - 1).
PROOF. This can be checked directly by GAP (see [4]). O
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THEOREM 5.3. Let G1:=Int(m, m, n) X V(m) and G, :=1Int(m, 1, n),, X ¥(m).
Then Aut(m, m, n) = G, for any (m, m, n) # (3,3,3). In particular, if gcd(m, n) =1,
then Aut(im, m, n) = G1.

PROOF. By Lemmas 3.5, 3.7, 3.8 and 3.10, we have G| C G, C Aut(m, m, n).
Take n € Aut(m, m, n). Then by (3.3.2), the image n(Sp) of Sy under n is as
follows:

(s, nGs1), -y n(sp—1))
= (s((Da, (Qo; k), s((Do, (2)o; k1), - .., s((n — Do, ()0 kn—1))

for some o €S, and k|, k1, ..., k,—1 € Z with ged(k; — k|, m) =1. As before,
identifying o with [0, ..., Olo] € G(m, m, n), we obtain

(T () (Tam)(51)s - - - s (TaM)(Sa—1))
=(s(1,2; ki), s(1,2; k1), ...,s(n—1,n; k,_1)).

If gcd(m, n) =1, then there exists a unique w :=[p1, ..., p, | 11 € G(m, m, n)
satisfying that p; € [m] for j € [n], and p; — p;11 = —k; mod m for i € [n — 1], and
m | Y7, pi. Then

(TwTem (), TwTom (1D, - -\ (TwTeM(Sn-1)) = (s(1, 2 k] — k1), 51, ..+, Su—1)-
(5.3.1)
If ged(m, n) > 1, then there exists w’ :=[p], ..., p, | 1] € G(m, m, n) satisfying
p;- € [m]for j € [n],and p; — p; | = —k; modm fori € [2,n — 1],andm | }_[_; p;.
We have

(T Toem) (s @ Toem)($1)s - -« o (Tuw Ton) (Sn—1))
=(s(1, 2; k] + (p] — Py)), s(1, 25 ky 4+ (P} — DY)y 52+« s Sn—1)-

In this case,

(PP kg ) (s)), PP R, .., PP TR ) (sam1))
=(s(1, 2; k] — k1), $1, 82, -« ., Sn—1)- (5.3.2)

In each of the cases (5.3.1) and (5.3.2), we have gcd(ki — k1, m) = 1, hence there
exists a unique ¢ € ®(m) such that (k] — k1)c = —1 mod m. Then

T, 1T, 1Y, € Gy if gcd(m, n) =1,
Tt Ty 1 TP P2y 7l € Gy if ged(m, n) > 1.

So our conclusion follows. O
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6. The group Aut(m, p, n) with p € [2, m — 1]

In this section, we describe Aut(m, p, n) with p € [2, m — 1]. We deal with two
cases: (m, p,n) = (4, 2, 2) and (m, p, n) # (4, 2, 2). Setq =m/p.
6.1. Let (Sg, Po) be the presentation of G (4, 2, 2) with Sp = {so, s;, s1} and Py as
in Subsections 2.3 and 2.6(3). Define v : S — Sp by setting v(sg) = s1 and v(s1) = g
and v(s) = s|. We see that all relations in Py remain valid when substituting s by v(s)
for all s € Sg. So v can be extended to an automorphism of G (4, 2, 2) which is still
denoted by v.

THEOREM 6.2. We have Aut(4, 2, 2) = (1, v).
PROOF. This can be checked directly by GAP (see [4]). O
THEOREM 6.3. Let Gy :=Int(m, p,n) Xx W(m) and G, :=Int(m, 1, n), X W(m).

Then Aut(m, p, n) = Gy forany (m, p, n) # (4, 2, 2). In particular, if ged(p, n) =1,
then Aut(m, p, n) = Gy.

PROOF. By Lemmas 3.5, 3.7, 3.8 and 3.10, we have G| C G, C Aut(m, p, n).
Take n € Aut(m, p, n). Then by (3.3.3), the image 1(Sp) of So under 7 is as follows:

((s0), 1)), n(s1), - -+, nlsp—1)) = (s(Da; pk), s(Do, 2)a; kY),
s((Mo, Do k1), ..., s((n — Do, (n)o; kp—1))

for some o €S, and some k, k’l, ki,...,ky—1€Z with gcd(k,gq)=1 and
ged(ky — ki, m) =1 and k| — k| = k mod g. By identifying o with [0,...,0]0] €
G(m, p, n), we obtain

((Tem)(50)s (Tam)(s))s (TaM)(51)s - - - s (TaM)(Sn—1))
= (s(1; pk), s(1, 2; k/l), s(1,2; k1), ...,s(n—1,n; k,_1)).

When ged(p, n) =1, there exists w :=[py1, ..., pn | 1] € G(m, p, n) such that
pj € [m] for j € [n], and p; — piy1 = —k;modm fori € [n—1], and p |} /| pi.
Then

((twzem) (S0), (fwfcrn)(si), (TwToeM($1)s - - o, (TwTen)(Sn=1))
= (s(1; pk), s(1, 2; K} — k1), s1,+ .., Sp—1). (6.3.1)

When ged(p, n) > 1, there exists w':=[p], ..., p, |11 € G(m, p, n) such that
p;. € [m]for j € [n],and p] — p;,, = —k; modm fori € [2,n — 1],and p | }_[_; p].
Then

(T Tom (50)s (Tw Tem)(5)), (T ToM($1), - - - (Tw/ To ) (Sn—1))

= (s(1; pk), s(1, 2; k| + (p] — PY)), s(1, 25 ki + (P — P5))s s2, -« s Sp—1)-

https://doi.org/10.1017/51446788708000748 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788708000748

134 J.-Y. Shi and L. Wang [12]

. ,_ ,_
In this case, let k = (P2~ P17k Ty To 1. Then

(K (50), k(s7), k(51), - . k($p=1)) = (s(1; pk), s(1, 25 ky — k1), s1, 82, - - ., Su—1)-
(6.3.2)

In each of the cases (6.3.1) and (6.3.2), we have gcd(k’1 — k1, m) = 1, hence there
exists a unique ¢ € ®(m) with (k; — kj)c =1 mod m. Hence, (k; — k})c =1mod g
as g | m. Since k; — k} = k mod ¢, we have kc = 1 mod g. Then

‘L’Ufﬂwfnﬁc_] € Gy if ged(p, n) =1,
1 rn_lr(w/)_uklﬂ’/l_péxﬁc_l € Go ifged(p,n) > 1.
So our conclusion follows. O

REMARK 6.4. Suppose that (m, p, n) # (3, 3, 3), (4, 2, 2). We have
|Int(m, p, )| =G (m, p, n)|/|Z(m, p, n)| =n!m"~"/gcd(n, p)
and
[Int(m, 1, n),| = |Int(m, 1, n)| = |G(m, 1, n)|/|Z(m, 1, n)| = n! m" L

the latter follows by Lemma 3.10, where Z(m, p, n) is the centre of G(m, p, n).
Hence, gcd(p, n) = 1 if and only if Int(m, p, n) =Int(m, 1, n),. Let G, G be given
in Theorem 6.3 (respectively, Theorem 5.3). Then we see that gcd(p, n) =1 if and
only if G| = Gy if and only if ¢ € G.

7. Some properties of Aut(m, p, n)

In this section, we shall study some properties of Aut(m, p, n). Theorem 7.1
summarizes the main results in Sections 4-6. Proposition 7.2 provides the order
of Aut(m, p,n). In Propositions 7.4-7.6, we study the centre Z(Aut(m, p, n))
of Aut(m, p, n) with (m, p, n) ¢ {(3, 3, 3), (4, 2, 2)}. Then we study Aut(3, 3, 3)
and Aut(4, 2, 2) in Subsections 7.7 and 7.8, respectively. Finally, the order of
Z(Aut(m, p, n)) is summarized in Corollary 7.9.

THEOREM 7.1. We have:

(1) Aut(m, p, n) =Int(m, 1, n), x W(m) if (m, p,n) ¢{(3,3,3),(4,2,2)}; in
particular, Aut(m, p, n) =Int(m, p, n) X W(m) if gcd(p, n) = 1;

(2) Aut(3,3,3) = (15, i, Y2 - 1);

(3) Aut4,2,2) =, v).

PROPOSITION 7.2. The order of the group Aut(m, p,n) is equal to m"~' . n!.

¢(m) if (m, p,n) ¢{(@3,3,3), 4,2,2)}, to 432 if (m, p,n) = (3, 3, 3), and to 48
if (m, p,n) =4, 2, 2).
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PROOF. The result in the case of (m, p, n) € {(3, 3, 3), (4, 2, 2)} can be checked by
GAP (see [4]). Now assume (m, p, n) ¢ {(3, 3, 3), (4, 2, 2)}. By Remark 6.4, we have
[Int(m, 1, n)p,| = n! m"~!. This implies the result by Theorem 7.1(1). d

REMARK 7.3. Recall the description of Aut(m, p, n) when G(m, p, n) is a Coxeter
group (see the introduction). We see that Theorem 7.1 and Proposition 7.2 also hold
when G(m, p, n) is a Coxeter group with (m, p,n) ¢ {(2,2,4), (2, 1,2), (1, 1, 2)},
where each of G(2, 2, 4), G(2, 1, 2) has more than one system of imprimitivity (see
Subsection 2.2). We see that

Int(2, 1, 4)2 x W(2) = Int(2, 1, 4),

is a subgroup of Aut(2, 2, 4) of index 3 and, hence, |Aut(2, 2, 4)| = 576. We also see
that

Int(2, 1,2) x ¥(2) =Int(2, 1, 2)
is a subgroup of Aut(2, 1, 2) of index 2 and, hence, |Aut(2, 1, 2)| = 8. Also,
Aut(l, 1,2) =1Int(1, 1, 2) = 1.

In Propositions 7.4-7.6, we assume (m, p, n) ¢ {(3, 3, 3), (4, 2, 2)}.
PROPOSITION 7.4. The group Z(Aut(m, p, n)) is trivial when n > 2.

PROOF. Take n € Z(Aut(m, p,n)). Then n - 7, =1, - n for any g€ Sy (see
Subsection 2.3 for Sp). This implies that t -1 is the identity automorphism of
1

n(g)-g

G(m, p,n). Hence, n(g) - g~ € Z(m, p, n), that is,

ng =lag,...,ag|1]-g forsome ag € [0, m — 1] with nag, = 0 mod p.
(7.4.1)

By Lemma 3.3, we see that both g and n(g) are reflections of G(m, p, n) with
the same type and order and hence the same eigenvalue multi-set. By the assumption
n > 2 and by comparing with the eigenvalue multi-sets on both sides of (7.4.1), we
obtain a; = 0 mod m for any g € Sp. So n = 1. The result follows. O

Next we consider Z(Aut(m, p, 2)). We deal with the cases of p being odd and even
separately.

PROPOSITION 7.5. Assume that p is odd. Then

{L, T0,m/2111s Ts; - Ym—1, T[0,m/21(12)] - Ym—1}  if m is even,

Z(Aut(m, p, 2)) = (1,7, - Ymt) ifm is odd.
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PROOF. Since p is assumed to be odd,
Aut(m, p, 2) =Int(m, p, 2) X V(m)

by Theorem 7.1(1). Take n € Z(Aut(m, p, 2)). Then n has a unique expression of the
form t, - ¥ for some g € G(m, p, 2) and some ¢ € ®(m).

We have -1, =1 -1 for any s € Sg. This implies that To—ls—l gy (s) = 1, that
is, g \sg¥.(s) € Z(G(m, p,2)). Write g = [a, b|o] for some o € S> and some
a,be[0,m— 1] with p | (@ + b). Then by a direct computation with s ranging over
So, we obtain that modulo m:

(i) 2a=2b;
(i) 2c=2and pc=pifo=1;
(iii)) 2c=-2and pc=—pifo = (12).

By (i), we have a = b mod m if m is odd, and a = b mod m /2 if m is even. Let H be
the set {[0, O|o] | o € 8>} if m is odd, and {[0, O|o], [0, m/2|o] | o € S2} if m is even.
Then the condition (i) implies that 7, € {7, | s € H}. By (ii)—(iii), we get c = 1 mod m
if 0 =1, and ¢ = —1 mod m if ¢ = (12) by the assumption of p being odd.

So far we have proved that Z(Aut(m, p, 2)) is contained in

H,:={1, Tsy - Ym—1)
if m is odd, and in
He :={1, T, - Yim—1, T[0,m/2/11> T10,m/2|(12)] * ¥Ym—1}

if m is even. Since H, for m odd (or H, for m even) is obviously in Z(Aut(m, p, 2)),
our result follows. O

PROPOSITION 7.6. Assume that p is even. Then
Z(Aut(m, p, 2)) ={1, T[(()p’,)n/zu], Tsy * Ym—1, T[(Olil)n/ZI(lZ)] “VUm—1}-
PROOF. Since p is assumed to be even,
Aut(m, p, 2) =Int(m, 1, 2),, X W(m)

by Theorem 7.1(2). Take n € Z(Aut(m, p, 2)). Then n has a unique expression of the

form zg(P) - . for some g € G(m, 1, 2) and some ¢ € O (m).

We have 7 - ts(p ) = ts(p ). n for any s € Sgp, where Sp is the generating set of
G (m, 1, n) as in Subsection 2.3. This implies that
) S
Tg{)lrlgwc(s) =1, thatis, g s g¥c(s) € ZGm,1.0(G(m, p, 2)).

Write g = [a, b | o] for some o € S, and some a, b € [0, m — 1]. Then by a direct
computation with s ranging over Sy, we obtain that modulo m:
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(i) 2a=2b;
(i) c=lifo=1;
(iii) c=—1ifo =(12).

By (i), we have a = b mod m /2 since m is even. So Z(Aut(m, p, 2)) is contained in

. (p) (p)
H = {1, Tsy * 1ﬁm—1, t[O,m/le]’ T[O,m/l\(lZ)] . Wm—l}-
Since H is obviously in Z(Aut(m, p, 2)), our result follows. a
Finally, we consider Aut(3, 3, 3) and Aut(4, 2, 2).

7.7. Recall the element u € Aut(3, 3, 3) that was defined in Subsection 5.1. By
Theorem 5.2, we have Aut(3, 3, 3) = (t5,, Y2 -, u) with o(7s,) =0(yY2 - 1) =2 and
o(n) = 3. The group (t,,, ¥ - ¢) is isomorphic to the dihedral group of order 12; the
elements 7,, and u commute; while (Y - ¢, i) has order 48, which can be presented
as

(Wt 1| (- 0? = = (W2 - O - Oun -y H*=1).
The centre of Aut(3, 3, 3) is trivial.

7.8. By Theorem 6.2, we have Aut(4,2,2)=(, v) with v as defined in
Subsection 6.1, which can be presented as

Aut@,2,2) =, v |4 =2 =0-v)l=1, 0 v =0-0d.

The centre of Aut(4, 2, 2) is a cycle group of order 2 and is generated by (¢ - v)?.
From Propositions 7.4—7.6 and Subsections 7.7 and 7.8, we obtain the following
result immediately.

COROLLARY 7.9. The cardinality of the group Z(Aut(m, p,n)) is 1 if n > 2 and
2-ged(m, 2)/(1 + 84,m62,p) if n =2, where 8y is 1 if x =y and 0 otherwise.
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