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ABSTRACT. A new formalism for treating the relativistic celestial mechanics of systems
of N, arbitrarily composed and shaped, weakly self-gravitating, rotating, deformable bod-
ies is presented. This formalism is aimed at yielding a complete description, at the first
post-Newtonian approximation level, of (i) the global dynamics of such N-body systems
(“external problem”), (ii) the local gravitational structure of each body (“internal prob-
lem”), and, (iii) the way the external and the internal problems fit together (“theory of
reference systems”).

1. Introduction

The problem of describing the dynamics of N gravitationally interacting extended
bodies, called “celestial mechanics”, has been thoroughly investigated (see e.g. Tis-
serand, 1960) in the framework of Newton’s theory of gravity. Very shortly after
the discovery of Einstein’s theory of gravity, Einstein (1915), Droste (1916), De
Sitter (1916) and Lorentz and Droste (1917) devised an approximation method
(called “post-Newtonian”) which allowed them to compare General Relativity with
Newton’s theory of gravity, and to predict several “relativistic effects” in celestial
mechanics, such as the relativistic advance of the perihelion of planets, and the
relativistic precession of the Moon’s orbit. This post-Newtonian approach to rela-
tivistic celestial mechanics was subsequently developed (and completed) by many
authors, notably by Fock (1959), Papapetrou (1951), Chandrasekhar and colleagues
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(1965, 1969, 1970), Caporali (1981), Grishchuk and Kopejkin (1986) and others (for
a review of the development of the problem of motion in General Relativity see e.g.
Damour, 1987).

However, in order to match the high precision which is already achieved by
means of space techniques such as Satellite Laser Ranging (SLR), Lunar Laser Rang-
ing (LLR) or Very Long Baseline Interferometry (VLBI), one needs a correpondingly
accurate relativistic theory of celestial mechanics able to describe both the global
gravitational dynamics of a system of N extended bodies, the local gravitational
structure of each, arbitrarily composed and shaped, rotating deformable body, and
the way each of these N local structures meshes into the global one. The traditional
post-Newtonian approach to relativistic celestial mechanics using only one global
coordinate system z* = (ct,z,y,2) = (ct,z*), i = 1,2,3, to describe an N-body
system, fails in this task, for both conceptual and technical reasons; concepts like
“center of mass”, “multipole moments”, “mass-centered frames” are used while they
are ill defined. Usually such “mass-centered frames” with spatial coordinates X,
e.g. given by

Xt = ot — (), (1)

where 2* denotes the global coordinates of the “center of mass” of the body under
consideration are not dynamically useful in the sense that they do not efface the
external gravitational field down to tidal effects but, instead, introduce into the
description of the internal dynamics of the bodies many external “relativistic” ef-
fects proportional to the square of the orbital velocity or the external gravitational
potential. This is because the external (global) description of each body contains
many “apparent deformations” (Lorentz contractions etc.) which are not intrinsic
to the body itself.

In recent years, several authors have tried to remedy some of the defects of the
traditional post-Newtonian approach to the N-body problem. For instance, Martin
et al. (1985) and Hellings (1986) have tried, in an essentially heuristic manner, to
explicitly take into account the main apparent deformations due to the use of an
external coordinate representation. More recently a notable progress in the theory
of such local relativistic frames (at the post-Newtonian approximation, relevant to
systems of N weakly self-gravitating bodies) has been achieved by Brumberg and
Kopejkin (1988a,b) (Kopejkin, 1988; Brumberg, 1990) in a series of publications (see
also Voinov, 1988). Their approach combines the usual post-Newtonian-type ex-
pansions with the multipole expansion formalisms for internally generated (Thorne,
1980; Blanchct and Damour, 1986, 1989) and externally generated (Thorne and Har-
tle, 1985), gravitational fields, and with asymptotic matching techniques (D’Eath,
1975, Damour, 1983). We believe, however, that the approach by Brumberg and
Kopejkin has several drawbacks: ad hoc assumptions about the structure of various
expansions (as e.g. in the coordinate transformation between global and local coordi-
nates) are made, which are only partially justified by some later consistency checks;
the scheme is confined to a particular model for the matter (isentropic perfect fluid)
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and rigidly restricts itself to considering only some special (harmonic) coordinate
system; moreover, their approach is basically incomplete in that it neither describes
the full multipole moment structure of the bodies with post-Newtonian accuracy,
nor gets (translational or rotational) equations of motion with full post-Newtonian
accuracy.

2. A New Approach Towards Relativistic Celestial Mechanics

We have introduced (Damour, Soffel and Xu, 1990a) a new formalism for treat-
ing the relativistic celestial mechanics of systems of N, arbitrarily composed and
shaped, weakly self-gravitating, rotating, deformable bodies. This formalism yields
a complete description, at the first post-Newtonian level, of the global dynamics
of such N-body systems (“external problem”), the local gravitational structure of
each body (“internal problem”), and the way they fit together (“relativistic theory
of reference sysiems”). This new scheme successfully overcomes, in our opinion, the
problems encountered by previous approaches (notably the one of Brumberg and
Kopejkin): only very general assumptions are made for the structure of the for-
malism which is developed in a constructive way by proving a number of theorems;
the structure of the stress-energy tensor of the matter is left completely open; the
scheme is formulated in a certain “gauge-invariant” way which leaves a convenient
flexibility in the choice of the time gauge (at the order 6t = O(c™*)); the scheme de-
scribes with full post-Newtonian accuracy the gravitational structure of each body
by means of a set of multipole moments which are linked in an operational way to
what can be observed in the local gravitational environment of each body; finally,
the scheme succeeds in getting translational and rotational equations of motion
with full post-Newtonian accuracy, and inclusion of all multipole moments, for the
N-body system. Our approach does not use any asymptotic matching technique
but takes advantage of two different recent progresses in the first post-Newtonian
approximation method: (i) linearization of Einstein’s field equations by means of
certain “exponential parametrization” of the metric tensor (introduced by Blanchet
and Damour (1989), and Blanchet, Damour and Schafer (1990)), and (ii) definition,
by Blanchet and Damour (1989), of a set of post-Newtonian multipole moments of
an isolated body given as compact support integrals of the stress-energy tensor of
the matter. A third basic element of the present approach is our way of restrict-
ing (without fixing completely) the coordinate freedom inherent to the theory of
General Relativity. We do that not by imposing one of the two differential coordi-
nate conditions generally used in the post-Newtonian literature (namely “harmonic
gauge” versus “standard post-Newtonian gauge”) but by imposing, in all coordinate
systems, some algebraic conditions on the metric coefficients, which can be written
as (1,7 = 1,2,3)

goo 9ij = —bi; + 0(1/04)~ (2)
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This condition can be described by saying that the spatial coordinates are “con-
formally cartesian” or “isotropic”. This condition is compatible with both usual
choices but is, at once, more flexible (for the time gauge) and more rigid (for the
space gauge) than either one of them. It plays an important technical role in freez-
ing down the coordinate freedom to a level which is nearly the usual freedom in
Newtonian celestial mechanics (arbitrary choice of a time-dependent spatial origin
and of a time-dependent rotation matrix).

3. Theory Of Reference Systems

For our problem of N gravitationally interacting extended bodies we employ N + 1
. coordinate charts (reference systems): one “global” chart with coordinates z* =
(ct,z') and N “local” charts with coordinates X* = (c¢T,X®). Each one of the
local charts is defined in the vicinity of some body, and comoving with it. For
most practical purposes in the solar system two of these coordinate system will be
sufficient: one global “barycentric” system (ct, z*) and one local “geocentric” system
(¢T,X?). The global, barycentric coordinate time ¢ is also named TCB, whereas
the geocentric coordinate time T also is called TCG.
In each of these reference systems we use an exponential representation for the
metric tensor of the form

goo = —em2u/e + O(6) (3a)
4

goi = ~ Wi + O(5) (3b)

gij = +et?/< i + O(4) (3¢)

where O(n) = O(c™™) indicates the post-Newtonian order of magnitude. In this
expression w is a generalization of the usual Newtonian potential and w* is some
gravitational vector potential arising because of “magnetic type gravity”. One finds
that the Riemann curvature tensor of +;; is of order O(4), i.e. to post-Newtonian
(PN) order the space metric is conformally flat. Hence, there exists a preferred class
of spatial coordinates, where

vi; = 6ij + O(4), (4)

or, equivalently, where condition (2) holds. In the formulation of our framework
we systematically use such preferred spatially isotropic coordinates. Then, for each
reference system, the information in the metric tensor is fully contained in the scalar
field w and the vector field w;. The Einstein field equations remarkably become
linear in terms of these variables:

tw+ 38+ 408w, = —anGo + 00 (52)

Aw; — 8w; — Fiw = —4xGa' + 0(2), (5b)
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where
TOO +Tu
g = c—2 (63)
; TOi
o= —. (6b)

Though, for each reference system, our spatial coordinates are fixed (modulo a
choice of origin and rigid rotation) by our spatial isotropy condition, we do not
fix completely our time coordinate, but keep a certain flexibility linked to a gauge
invariance of the 1PN field equations: if w, = (w,w;) is a solution of egs.(5) with

some given source terms o# = (0,0") so is w}, = (w',w;) (modulo PN error terms)
with
) 1
w=w-— -c;at,\, (7a)
] 1
w; = w; + ZB,‘)\, (7b)

where A\(z*) is an arbitrary (differentiable) function. This gauge invariance corre-
sponds to a shift of the time variable according to

6t = %A(t,a,-), (8)

which affects none of the physical quantities at the 1PN level. This especially applies
to the problem of time scales: the relation between barycentric coordinate time (t =
TCB) and geocentric coordinate time (T' = TCG) is not affected by transformation
(8) to post-Newtonian order. Note, that our gauge freedom encompasses both the
choice of the “harmonic gauge” as well as of the “standard post-Newtonian gauge”.
E.g., for the harmonic gauge the solution of the field equations reads

w=GI_[o] + -2%6311 [o] + O(4) (9a)
w; = GI_1[0*] + O(2), (9b)

where
LIfl(t,z) = / Po'le — 22 (4, 2'). (10)

Similarly to what is done in Maxwell’s theory of electromagnetism, we can introduce
gauge-invariant (gravito-electric and gravito-magnetic) fields e and b by

4
e=Vw+ c—za,w (11a)

b= -4V x w, (11b)
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satisfying (in each system) “Maxwell-like” equations of the form

V-b=0, (12a)
1

Vxe= —;5 Btb, (12b)

V-.e= —% 02w — 4nGo + O(4), (12¢)

V x b =40,e — 167Go + O(2). (12d)

For the coordinate transformation between each of the local coordinates X* and
the global coordinates z# we start with the completely general ansatz

ah = fHX) = 2 (X7) + ef (X)X + €4(X°, X°). (13)

Here, a = 1,2, 3 labels the spatial coordinates in the local system, z#(X°) (X° = 0)
describes the “global” motion of some “central worldline” of the body under con-
sideration (which will later be chosen as the worldline of the “center of mass” of
the body) and é* is assumed to be at least quadratic in X*. Now, our PN assump-
tions plus spatially isotropic coordinates essentially determine f#(X®) completely,
modulo the choices of some arbitrary central worldline and of some (slowly varying)
rotation matrix R} in e (T) (see eq.(23) below). E.g., one finds uniquely

E(T, X) = 5e(T) | 54.X7 — X*(AX)| + 0(4), (14)
where P
zl/
Aa = fl“’ CL‘W (15)

(the 4-acceleration of the central worldline projected into the corresponding local
system). Here, f,, denotes the usual flat Minkowski metric in Cartesian coordinates
(fur = diag(—1,+1,+1,+1)).

Because of the linearity of the field equations, in each local system, we can
uniquely split the metric potentialst W, = (W, W, ) into “self-” and “external-part”

Wo =W o+ We. (16)

Here, the self-part (W™ o) describes the gravitational influence of the central body
itself, while the external-part describes the action of all the other bodies of the
system (plus inertial terms).

t We use capital letters for local quantities.
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As central results of our scheme we find the following transformation rules of
potentials between some local and the global system to PN order:

2
w— (1 + %vava) W AVeW.+ 4340 4242 (17a)
C c
. . . 3 . .
w' = REW® + o'W + cz [AQ4} — A4, (17b)
h
o ar = 9 (18)
= 5Xa

and v* is the velocity of the “central point” in the global system (V* = R%v*). Hence,
not only the field equations are linear, but also the various w « W relationships!
Writing this affine transformation in the form

wh(z) = AL(TIW*(X) + BH(X), (19)
we find the transformation of the self-parts to take the simple form

b4 (z) = AL(T) W *(X), (20)

a remarkable result indeed. Hence, in contrast to previous works on relativistic
reference systems, we obtain the various transformation laws in closed, i.e., non-
expanded form (we do not use a matched asymptotic expansion technique like,
e.g, Brumberg and Kopejkin), which has in fact many advantages for practical
applications. '

We introduce the following (BD) mass (M) and current moments (S ) of the
central body defined by (L is a multi spatial index, L = a; ...qa;)

N 1 d? A
= [BXXS+ | [ & 2
My / L&t oIt 3)e di? [/d XXX 2]

420+1) dig.e
NES R [ X Xer5], (21a)
Sp = /daxe“b<ﬂX’L-1>“2", (21b)

where all quantities are considered in the local system of the considered body, where
the caret and the bracket <> indicates that the symmetric and trace-free (STF)
part should be taken (see e.g. Thorne, 1980) and the integration extends over the
support of the body under consideration. These BD-moments are called “physical”
by us because the self-part of the local gravitational potentials of the considered

https://doi.org/10.1017/50252921100063569 Published online by Cambridge University Press


https://doi.org/10.1017/S0252921100063569

57

body can be expanded in terms of these multipole moments (modulo an irrelevant
gauge transformation). See Blanchet and Damour (1989) for the other physical
meanings of these moments when considering isolated systems.

Not only are the self-potentials W+ , expanded in terms of (STF) moments,
but similarly the external-potentials W, or the corresponding E and B-fields are
“skeletonized” by defining (for each local system) two corresponding (gravito-electric
and gravito-magnetic) sets of post-Newtonian tidal moments:

(l > 1) G = [(9<L._1—Ea,>(T,X)] (22&)

Xe=0"

(1>1) Hp=[8<1-1Ba>(T, X)] (22b)

Xe=0"
Using the various expansions of the self-potentials and the transformation laws we
can get the external tidal moments explicitly as functions of the intrinsic moments
My, Sy, of all the other bodies, plus some inertial contributions.

If we require (as we may) the quantities e* (e = c7'dz#(T)/dT) to represent
an orthonormal tetrad with respect to the “external metric” defined by w,, our
theory of reference systems is completely specified up to the choice of:

— the time gauge
~ the central worldlines, z*(T)

and a slowly time dependent rotation matrix RZ(T) appearing in

. 1 ) 1 .. .
e (T) = (1 - ;z-m,(a:o) (5” + -z—c;v*vf) RI(T). (23)

4, A User’s Guide To Reference Systems

For practical purposes let us summarize our results for relativistic reference frames
for the problem of barycentric and geocentric coordinate systems. The global,
barycentric coordinate system was denoted by (ct,z?), the local geocentric one by
(¢T,X?). The barycentric (geocentric) coordinate time ¢t (7T') is also called TCB
(TCG). The relation between the barycentric and the geocentric system is writ-
ten in the form (13). For many practical applications presently one can neglect
the quadratic and higher order terms é* in (13); then the relation between these
coordinate systems is simply given by:

ct = 2°(T) + & (T) X (24a)
e = 2(T) + e (T)X°. (24b)
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For the relation between t = TCB and T = TCG one finds the result:
dt d(TCB) 0
0

1 1
—_ = = = ]_ — | w(z "1)2 . 25
dT |xezg  d(TCG)|xe * c? (w( o)+ 2 69) (25)
Here, X® = 0 refers to the geocenter, vg is the velocity of the geocenter in the
barycentric system and w can be replaced by the ezternal Newtonian potential Uey
taken at the geocenter. For the linear term in the time transformation e2(7') in
eq.(24a) one finds to sufficient approximation

X ~ Riv}. (26)

In this last formula the matrix RJ relates the spatial barycentric coordinates with
the spatial geocentric ones, which not necessarily point into the same direction.
Using these results the TCB-TCG relation can be written in the form

t
TCB — TCG = ¢™? /

to

1
(51}% + Uext(z@)> dt + Vg - X. (27)

=yl RI ~ pl (p] J
Here, vg - X = v3 R X ~ v} (2’ — 23).

To post-Newtonian accuracy the spatial coordinates * and X* are related by
e = 25(T) + e X* + O(X?), (28)

where 2% (T') describes the motion of the geocenter and the coefficients €, are de-
termined by eq.(23) which we may write in the form

(1) = (1= FUnlza)) (59 + popviod ) RAD) (29)

The matrix RI(T) finally determines the precise relation between the barycentric
and the geocentric spatial coordinates. Two choices for RI(T') are preferred, leading
to geocentric coordinates which are

- fixed star oriented (kinematically non-rotating)

— or locally inertial (dynamically non-rotating).
In the first case of kinematically non-rotating geocentric coordinates we might take
Ri(T) = &;.
In this case the direction of geocentric spatial coordinates are given by the corre-

sponding directions of barycentric coordinates, i.e. practically by some catalogue of
extragalactic sources. If such kinematically non-rotating geocentric coordinates are
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chosen then additional (time dependent) inertial forces, mainly due to the geodesic
precession (of inertial axes) have to be taken into account in any dynamical equa-
tion (e.g. for an artificial satellite). The geodesic precession in this case has to be
considered also in the precession matrix as well as in the nutation series (because
the geodesic precession has an annual term proportional to the eccentricity of the
Earth’s orbit).

On the other hand, if dynamically non-rotating, locally inertial geocentric co-
ordinates are chosen the geodesic precession is contained in the R}(T) matrix and
not in the precession (nutation) matrix. This choice, however, has the disadvantage,
that the local geocentric spatial coordinate lines precess w.r.t. the barycentric ones.

5. Equations Of Motion

In our approach, global equations of motion are derived by combining the local
energy-momentum balance equations

Ths = (30)

with conditions chosen to relate the central worldline of a body with the correspond-
ing energy-momentum distribution. We find that a theorem of the following form
holds in each local frame

Theorem. The energy-momentum conservation equations (24) in each local frame
imply constraints on the time-evolution of the three lowest BD multipole moments

of the form:
dM 1 O]
T = €N (ML, G 1) + 0(4), (31a)
&M, 1 1 @ (@ @) ()
a7z Z HMLGaL + C—ZJ-',SIPN)(ML, SL; G, Hr)
>0
+0(4), (31b)
dS, 1 1 (®) (1) ) ()
T = Z l_'fubchLGcL + 56PN (ML, SL; G, Hi)
o c
+ 0(2/4), (31c¢)
where
» P
7 = :ldT_P—M etc.
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and all the right-hand sides of eqs.(31) are bilinear in the BD multipole moments
and in the above-introduced tidal moments, and their time derivatives.

More explicitly, the right-hand sides of eqs.(31) consist of an infinite series of
terms, each having the form

The special notation O(2/4) in eq.(31c) means that, when one is working strictly
within the 1PN approximation, it is sufficient to know S, to Newtonian accuracy
and therefore the explicitly written Newtonian torque is enough. However, it is
possible to define a local spin vector for body A (differing from the Newtonian spin
moment (21b) by O(c™?) additional terms) whose time evolution is given, modulo
O(4), by an equation of the form (31c). ’

To relate the central worldline of a body with the corresponding energy-momen-
tum distribution, we choose each central worldline to coincide with the BD center
of mass of the considered body, i.e., we require M, = 0. From eq.(31b) this then

implies
d*M, 1 s
0= T = Z EMLGLa + (¢™* — terms). (32)
1>0
Since one can prove that
d?ze(t)  _ -2
G, =— ¥ +Wolxe=o + (¢ °— terms), (33)

we see that the “local equation of motion” (32) can be rewritten in the looked for
global form for the equation of translational motion:

d2 a(¢ 1
;tz(—) =Walxemo + 3 nMLGLa/M + (¢™? — terms), (34)

1>2

where we have derived the complete PN expression on the right hand side of eq.(34)
for arbitrary mass- and current-moments of the individual bodies (Damour, Soffel
and Xu, 1990b). We have explicitly verified (Damour, Soffel and Xu, 1990a) that
in the monopole limit without spins (“spherical, non-rotating” bodies) one recovers
the usual Lorentz - Droste - Einstein - Infeld - Hoffmann equations of motion used
for modern numerical ephemeris programs (such as the DE programs from JPL).
Work for the PN-spin motion is still in progress.
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