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A LOCAL RATIO THEOREM 

M. A. AKCOGLU AND R. V. CHACON 

1. Introduction. Let Tt, t > 0, be a strongly continuous semigroup of 
positive linear contractions on the Li-space of a a-finite measure space 
(X, J^", /x). We denote the integral §QlTsf ds,f £ £i , by So*/, which is denned 
as the limit of Riemann sums, in the norm topology of L\. It is easy to see that, 
given / € Li+ , there exists a function F on the product space XX (0, oo), 
measurable with respect to the usual product c-field, such that for every 
t à 0, JV^(-, s) ds gives a representation of So/. We write S 0 / (x) for 
JVF(x, S) ds, with a fixed choice of F. 

Our aim in this article is to prove the existence of lim^o(So*//So'g) a.e., on 
a certain part of X and to use this result to show the existence of 
lim^oCl/OSV/a.e., on X. We note that the existence of the latter limit has 
recently been proved independently by Krengel [3] and by Ornstein [4], under 
the additional hypothesis of continuity at t = 0. We will show that there are 
semigroups which do not satisfy this hypothesis. 

Acknowledgment. We would like to express our thanks to Professors 
U. Krengel and D. S. Ornstein for making their manuscripts [3; 4] available 
to us prior to publication. 

2. Preliminaries. Let (X, #" , n) be a c-finite measure space, let Lp, 
1 ^ p ^ oo, be the usual Banach space of functions on (X, J^", /*), and let 
Lp

+ denote the positive cone of LP, consisting of the non-negative functions 
in Lp. Let, for every t and s > 0, Tt: Li—^Li be a linear operator with 
IIT^H ^ 1, TtLi+ C Li+ and TtTs = Tt+S. Also, assume that for every t > 0 
a n d / 6 L 1 , l i m , _ f | | 7 V - Ttf\\ = 0. 

We first show that Tu t > 0, divides the space X into two sets, which can 
be called the initially conservative and dissipative parts of X. 

Definition 2.1. Let g Ç Llt g > 0 a.e. and C = {x\ So'gO) > 0, V t > 0}, 
£> = X - C. 

To justify this definition we prove the following result. 

LEMMA 2.1. C and D are uniquely determined up to sets of measure zero, and 
do not depend on the choice of g, g G L\, g > 0, a.e. 

Proof. It is clear that for a given g, C is determined up to a set of measure 
zero. Now, let / Ç L i , / > 0 a.e., and assume that there exists E £ JF", /x(E) > 0, 
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such that for all t > 0, So'/ > 0 a.e. on E, but for almost all (a.a.) x G E, 
there exists / = t(x) > 0 such that S0

mg(x) = 0. Then for a.a. x G E one 
can find a rational number r = r(x) > 0 such that Sor{x)g(x) = 0. Let 
r*, i ^ 1, be a counting of the positive rational numbers and let 

Et = {x\x G E,S0
rig(x) = 0}. 

Then there exists a rational number r* > 0 such that n(Ei) > 0. To simplify 
the notation let Ei = E and rt = 8. We then have S0

8f > 0 a.e. on E and 
So5g = 0 a.e. on E. Let e > 0 be fixed and choose n > 0 large enough so that 
ng ^ / a.e. except on a set H with jHJ du < e. Let / i = x#c/ and fz = xnf-
Therefore, So8fi = 0 a.e. on E, and hence, 

f 5o5/^M = f S O ! M M = f <fc f rs/2^M ^ «IIMI ^ de. 

But this is a contradiction, since f ESo8f dfj, is a fixed positive number and 
€ > 0 is arbitrary. This completes the proof. 

We also note that a similar argument shows that So*/ = 0 a.e. on D, for 
a n y / G L\ and £ ^ 0. 

To prove the next result on C we first observe the following general fact. 

LEMMA 2.2. Let T: L\ —> Libe a positive linear contraction, f G Li+ , E G ^~, 
and / > 0 a.e. 0^ E, P 1 / = 0 a.e. on E, for all n, 1 ^ n ^ N. Then for any 
g € £ i + , 

N 

E fnr<fo g \\g\\. 
n=o •/E 

Proof. A simple argument, similar to those used in the proof of Lemma 2.1 
shows that T^xsh = 0 a.e. on E, for all n, 1 ^ n ^ iV, and for all A G Li+ . 
Now let {/o,/i, . . . ,/iv} and {&o, hi, . . . , hN] be defined as follows: / 0 = x#g> 
^o = XE'gyfn = XsThn^i, hn = XE*Thn-i, 1 ^ n ^ N. An induction argument 
shows that 

Tng = it Tn~% + hn, OSn^N, 
Jc=Q 

and hence/ ETngd» = jEfnd» = ||/B | |. But it is clear that £»«o| | /»| | g \\g\\. 

LEMMA 2.3. Let f G L\+ and K = {x\f(x) > 0} H C (K is determined up 
to a set of measure zero). Then, for all t > 0, S 0 / > 0 a.e. on K. 

Proof. Let Kt = {x\ S0
lf(x) > 0} Pi K, t > 0. Clearly t < t' implies that 

KtCKt> (CK). We would like to show that Kt = K for a l l / > 0. If this is 
not true, there exists a ô > 0 such that n(K — K8) > 0. Let E = K — K5. 
Then T s / = 0 a.e. on E, for all s, 0 < s :§ ô; in fact, otherwise there would 
exist a a, 0 < a ^ 8, with JETaf d/jL > 0. But this would imply that 
Jo8ds jETsf dfx > 0, since the integrand of the second integral is a continuous 
function of 5. Hence we would have j ESo8f did > 0, which is a contradiction. 
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Hence Tsf = 0 a.e. on E, for all s, 0 < 5 ^ <5. Now assume that C is defined 
in terms of g. Then jESo8gdfji = J0

8ds JETsg d\x = a > 0. Hence if iV0 is 
sufficiently large, 

£ 4 f r^£ ** = */2 for a11 ̂  = N°-
Therefore, for a sufficiently large N, 

N-l N-l n 

X) I Tô/N
ngdfx > \\g\\. 

n=0 *)E 

By letting T = Ts/N, however, we see from the previous lemma that this is a 
contradiction. 

3. The local ratio theorem. As mentioned before, our main purpose is to 
prove the following result. 

THEOREM 3.1. Let Tu t > 0, be a strongly continuous semigroup of positive 
linear contractions on Li(X, J^, ix) and let C be the initially conservative part 
of X. Then for all f £ £ i and g £ Li+ , 

lim "TTÏ exists a.e. on K = {x\ g(x) > 0} r\ C. 
no ùo g 

Before giving the proof we note the following theorem as a corollary. 

THEOREM 3.2. For allf G Li, lim ^oÇl/tySof exists a.e. on X. 

Proof of Theorem 3.2. It is clear that, assuming/ 6 Li+ , limt>j,o(l/0»SV/ = 0 
a.e. on £>. Now let g > 0 a.e. on X, g G Li and let, for example, h = .So1 .̂ 
If So*g is represented by JVG(-, 5) ds, then it is easy to see that 

dsr G(-,s)ds 
0 J s' 

represents Solh. Hence Hm^oCl/O-SV^ = h a.e. and, since h > 0 a.e. on C, 

lim - Soff = h - lim -77*7 exists a.e. on C, 

by the previous theorem. 

The proof of Theorem 3.1 will be divided into several lemmas. 

Definition 3.1. If a Ç Lœ and t > 0, then let Tt
a: L1-+L1 be defined as 

Tff = af + r f ( l - a ) / , / e LL If / Ç Li+ and i > 0, then / < ' f means 
that there exists an integer n ^ 1 and w functions at G A»» 0 ^ at :g 1, 
i = 1, . . . , n, and n positive numbers tu i = 1, . . . , n, with 2^=1^ ^ / and 
/ ' = TV» . . . TV*/ . IiEe#~,fe Li+, and / > 0, we let 

*>*'/ = sup I /'d/* ( ^ /<*/*) 
/ < * / ' t / j£ \ */E / 
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and 

<pEf = lim <pE'f ( ^ / d / J . 

LEMMA 3.1. If f, g Ç: Li+, h > 0, and supo^«g«0*SV(/ ~~ g) > 0 a-^- o w 

Proof. For a.a. x Ç E there exists a positive rational number r = r(x) < to, 
such that SoHx)(f — g)(x) > 0. Let r$, i ^ 1, be a counting of the positive 
rational numbers less than tQ and let Et = {x| x Ç E,SoTi(f — g)(x) > 0}. 
Let e > 0 be fixed and choose N large enough so that 

g dix < e. 

,-(UZ.i*0 
Also, for every i ^ 1, choose an at > 0 such that if 

E / = {x\x e Et, S0
ri(f - g) (x) > at), 

then JEi-Ei'gdu < eu where et > 0 and X ^ i e * < e. 
Now, for every i = 1, . . . , N, there exists an integer Qu such that qt ^ Qt 

implies that 

r^1ETu/9t
k(f-g)-Sori(f-g)\ < <Xiô(et), 

FiiZi) = ) * 

where, for every f3 > 0, 5(/3) > 0 denotes a number with the property that 
JJL(G) < 5(13) implies that J G g dfx < /3. 

Let 

Then M ( E / — Fifai)) < ô(€t) for all qt ^ (^. NOW find a rational number 
r > 0 such that rt = rqu i = 1, . . . , N, and qt ^ Qt. It is then clear that 

sup É rr
BC/" - g) > 0 a.e. on F = U F , ^ ) , 

where i£r < to. 
To complete the proof we will now recall a result from the discrete case. 
Let T be a positive linear contraction on Li. For any / £ Li + and for any 

measurable set F define the following sequences {/o,/i, . . •}, {̂ o, Ai, . . .} of 
Li+ functions: 

/o = XFf, h0 = XF«/, 

/n+ l = XFTlfln, hn+i = XFcThn, U ^ 0 . 

An induction argument shows that 

(r*F)»/ = / 0 + /x + . . . + /n + ha for all n ^ 0. 
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Now if g is another Li+ function such that 

k 

sup YJ T"(f - «) > 0 a.e. on F, 
O^k^K n=0 

for some integer K ^ 0, then one can prove (cf. [1; 2]) that 

f E /»<fo = f {TXF)Kfd,x ^ { gd». 

Applying this result to our case with T = TT we then obtain: 

f (T*')Kfd»è f gdv, 
«/ F *J F 

which implies that 

<PEhf ^ <PF*°f ^ f gdn^ f gdn-Ze, 
*J F *J E 

and this completes the proof. 

LEMMA 3.2. If g' >5g, g £ Lx
+, then S0

lg' ^ S0
t+Sg a.e., for all t ^ 0. 

The proof follows from a simple induction argument on n, where 

g' = TV» . . . Ttrg. 

LEMMA 3.3. Let supo^^*0
,SV(/ -~ g) > 0 a.e. on £ G J S ix{E) < o o . rftew 

g w n € > 0, there exists F <Z E, n(E — F) < e, and a number do > 0 such that 
g <ô gr and ô < do imply that s u p o ^ ^ ^ o ' C / ~" gf) > 0 a.e. on J7. 

Proof. As in the proof of Lemma 3.1, consider E f , aiy E/, i è 1, such that 
M (£ , - £ / ) < €„ Er-i€* < e. If g <8g\ then 

SoriU~gf) *SS*(f-g) -Sri'
i+8g-

But 5 r i
r»+^ i 0 a.e. as 5 j 0. Hence, find 5< > 0 such that Sr/*

+ô*g < a< on 
Ft C. E/ with /x(E/ — 7<\) < e*. Choosing iV large enough so that 

M ( E - C^E,) < € 

and letting i7 = Ur=i^*> 5o = min(5i, . . . , 8N), we then have fx(E — F) < Se 
and 5 0

r i ( / - gf) > 0 a.e. on Fu \lg' >*g,b < h. Therefore, 

supo^^«05o'(/ - g') > 0 

a.e. on F, whenever g' >8 g and ô < ô0. 

LEMMA 3.4. Let supo^t^toSoKf ~~ g) > 0 a-^- ^ ^> M(E) < oo. ITAen gà/£» 
e > 0, there exists F C. E, fx(E — F) < e, ŝ c& that <pF

tof ^ <PF£. 

The proof follows directly from Lemmas 3.1 and 3.3. 

LEMMA 3.5. Let s u p o ^ ^ ^ o ' C / — g) > 0 a.e. on E for every t0 >0 , / * (£ ) < o o . 
77^n, ĝ Ven e > 0, there exists F C E, fx(E — F) < e, such' that <pFf è <pFg. 
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Proof. Let tn | 0, en > 0, Y,n=i*n < e. For every n, choose Fn C E and 
bn > 0 such that n(E — Fn) < en and supo^^«B50 '(/ - g') > 0 a.e. on En, 
whenever g' >ô g and ô < Ôn. Let F = Dn=iFn; hence /x(E - F) < e. On F, 
supo^ï^«nSV(/ ~~ &') > 0 a.e. whenever g' > ô g, ô < ôn. Choose tn such that 

<pF
l«f S cpFf+ e', e' > 0. 

Then <pFf + e ^ <pFg for ail e > 0. 

Proof of Theorem 3.1. The ratio .SV/ASVg is defined a.e. on i£, for all t > 0, 
because of Lemma 2.3. We may assume t h a t / G Li+ . If the limit of this ratio 
fails to exist as 1j 0 on a set of positive measure, then there exist two real 
numbers a, /3, 0 < a < /3, and a set E C K, 0 < n(E) < oo, such that 

lim inf - A - < a < (3 < lim sup -̂ r* a.e. on E. 
t±o ^o g «4,0 oo g 

Hence, 

sup oV(f — fe) > 0 and sup So\ag — f) > 0 a.e. on E, 
0^ ^ «o 0 ^ t^ to 

for all /o > 0. Choose tn J, 0, en > 0, Zr=i€w < §/*(£) and Ew C E, Fn C E, 
ôn > 0, Sw > 0, » è 1, such that /x(E — En) < enj ix(E — En) < enj 

supost^mSo^f - Pg') > 0 

a.e. on Fni for all gr >8 g with ô < ôn and supo^^*noY(ag — / ' ) > 0 a.e. on 
Fn, whenever / ' >ôf, ô < Sn. Let F = n » - i ( E n H E J . Then M(E) > 0 and 
<PF/ = /3<PF£, « ^ F ^ = £>*•/• This is a contradiction, since <£Fg = JVg dfj, > 0 
and a < 13. 

4. T h e in i t ia l con t inu i ty of 7\ . In [3], Krengel proved that if Tt, t è 0, 
is a semigroup of positive linear contractions on Lly strongly continuous on 
[0,oo), then for a l l / £ Ll7 T0f = lim^o(l/0-S'of/ a.e. and also observed that, 
in most cases a strongly continuous semigroup Tu t > 0, on (0,oo) can be 
completed to a strongly continuous semigroup Tu t ^ 0, on [0, oo ) by a 
suitable choice of T0, which, in view of his result and our Theorem 3.2, must 
be defined as T0f = lim^oCl/O-SV/. The following example shows that, 
however, the resulting semigroup T t, t ^ 0, in general is not continuous at 
t = 0. 

Example 4.1. Let X = R^J {P\, where i? = ( - 0 0 , 0 0 ) and P & R is 
a single point. Let \x be the measure on X, whose restriction to R is the 
Lebesgue measure, and ju({P}) = 1. F o r / Ç LI(M) and / > 0, define 

(TV) (x) = f<P> ( ^ ^ ' + X W 7 5 « " ^ " ^ *' f°r X ' * 
(0, for x = P. 

It is clear that, if / = X{P}> then T0f = lim^oCl/O-SV/ = 0 a.e. on X, but 
| | 7 V | | = 1 for a l l / > 0. 
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We may, however, give a sufficient condition for the possibility of completing 
Tu t > 0, to a strongly continuous semigroup on [0, oo). 

THEOREM 4.1. If n(D) = 0 and if T0f = l im^ 0 ( l /OSo7 a.e., f G Lu then 
Tu t ^ 0, is a strongly continuous semigroup on [0, oo ). 

Proof. Clearly, T0: L\ —> Lx is a positive linear contraction. Also, if g G L\ 
and g > 0 a.e., then A = 8o1g > 0 a.e. and Th = h. 

Note that the existence of such an invariant function h implies that 
112711 = l l / l | f ° r a n y / ê ^ i + - In fact, first assume tha t /G L i + a n d / ^ / z a.e. Then 
h = f+ /for some / G Li+. Hence ||A|| = | | / | | + ||/|| and | | r i | | = \\Tf\\ + | | r / | | . 
Therefore | | / | | + ||/|| = | | r / | | + \\Tl\\, or | | / | | - \\Tf\\ = | | r / | | - ||/||. But 
ll/ll - \\Tf\\ g> 0 and ||77|| - ||/|| g 0. Hence | | / | | = | | r / | | . 

Now, if we have an arbitrary/ G Li+ , let e > 0 be a given number and choose 
a real number r so that rh ^ / a.e. except on a set G with J* Gf dp < e. Let 
/1 = x ^ / a n d / 2 = xaf- Then, from the preceding paragraph, | | / i | | = | |7/i | | , 
since/1 ^ r& a.e. and Trh = rh. Hence, 

\\Tf\\ = WTfx+TM = Hr/xli + nr/,11 s= ||77x|| = ||/i| | è ||/|| - «. 
This shows that H r/11 = | | / | | . 

We now return to the main proof. Since | |(1//)S0 ' /II = Il/lI> * > 0> w e 

then have lim^oCl/O-So1/ = r 0 / , in the norm topology of L\. Hence for every 
r > 0,/(E Llt 

TTT0f = 7V lim 7 So'f = lim \ S«'TTf = r„7' r / . lim±S/+</ 
40 * 

TV, 

where all the limits are in the norm topology of Za. Now l e t / G l a and e > 0 
be given and choose / > 0 small enough so that \\T0f — (l/OSo'/ll ^ €* 
Hence, for all r > 0, 

i n / - To/|I TV-fSo*/ + e = rTr0/ - y 5o7|| + e 

^r y 5 c 1 / - y So1/ + 2 e ^ + 2e. 

This proves that lim ao\\TTf — T0f\\ = 0. Also, 

ToTof lim To 7 So*/ = Hm 7 So'/ = r0/ , 
«4,0 * no t 

where, again, all the limits are in the norm topology of Za. This completes 
the proof. 

We may notice that the conclusion of Theorem 4.1 is true under the following 
weaker condition. There exists a g G Za+, g > 0 a.e. on D, and an / G £ i + 

such that Ttg ^ / for all/ , 0 < £ ̂  to, with some /0 > 0. The proof is a modi­
fication of the proof of Theorem 4.1. 
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