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MEASURE-VALUED BRANCHING DIFFUSIONS
WITH SINGULAR INTERACTIONS

STEVEN N. EVANS AND EDWIN A. PERKINS

ABSTRACT.  The usual super-Brownian motion is a measure-valued process that
arises as a high density limit of a system of branching Brownian particles in which
the branching mechanism is critical. In this work we consider analogous processes that
model the evolution of a system of two such populations in which there is inter-species
competition or predation.

We first consider a competition model in which inter-species collisions may result in
casualties on both sides. Using a Girsanov approach, we obtain existence and unique-
ness of the appropriate martingale problem in one dimension. In two and three dimen-
sions we establish existence only. However, we do show that, in three dimensions, any
solution will not be absolutely continuous with respect to the law of two independent
super-Brownian motions. Although the supports of two independent super-Brownian
motions collide in dimensions four and five, we show that there is no solution to the
martingale problem in these cases.

We next study a predation model in which collisions only affect the “prey” species.
Here we can show both existence and uniqueness in one, two and three dimensions.
Again, there is no solution in four and five dimensions. As a tool for proving uniqueness,
we obtain a representation of martingales for a super-process as stochastic integrals with
respect to the related orthogonal martingale measure.

We also obtain existence and uniqueness for a related single population model in
one dimension in which particles are killed at a rate proportional to the local density.
This model appears as a limit of a rescaled contact process as the range of interaction
goes to infinity.

0. Introduction. Critical branching measure-valued diffusions or superprocesses
arise as limits of branching particle system undergoing random migration and critical (or
near critical) reproduction. These processes give a rich class of solutions to higher di-
mensional non-linear stochastic p.d.e.’s. Their qualitative and limiting behaviour s fairly
well understood (e.g. Dawson-Perkins (1991)), and their potential theory is linked with
the behaviour of solutions to a (deterministic) non-linear p.d.e. (e.g. Dynkin (1992a), Le
Gall (1993)). A precise mathematical treatment is made possible by the fundamental in-
dependence of the branching particles. In modelling populations or genotype frequencies
it is natural to introduce interactions between the branching particles. These interactions
invalidate almost all of the mathematical tools used in the study of superprocesses (and
their close cousins). One major exception is the Girsanov theorem of Dawson (1978)
which allows one to handle certain interactions in the immigration or emigration terms,
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which corresponds to 0-th order terms in the Markov generator governing the migration.
In Section 2 we derive a version of Dawson’s result which is particularly well-suited
to our needs (Theorems 2.3 and 2.5). Recently in Perkins (1993) interactions have been
incorporated in the migration mechanism by means of a new type of strong equation. Nei-
ther of these two approaches is applicable in general to the most natural kind of “point
interactions” in which an interaction only occurs if particles collide.

In this work we initiate a study of what should be the easiest case: point interac-
tions in the immigration/emigration term. Consider two independent super-Brownian
motions (i.e., the spatial migrations are governed by Brownian motions in R¢). Now
view these two populations as competing species so that inter-species “collisions” may
result in casualties on either side. More precisely when different species come within
an infinitesimal distance of each other, there is an infinitesimal probability that either of
the colliding individuals is killed. In Section 3 we formulate a measure-valued martin-
gale problem (M,;) for this model. The Girsanov theorem mentioned above is used to
prove existence of solutions in dimensions three or less by means of a limiting argument
(Theorem 3.6). In one dimension the Girsanov theorem applies directly to show there is
a unique solution to (M), ). This solution is absolutely continuous (in law) with respect
to a pair of independent super-Brownian motions (Theorem 3.9). The same approach is
also used to prove existence and uniqueness in a martingale problem for a branching
measure-valued diffusion (again in one spatial dimension) in which particles are killed
at a rate proportional to the local density (Theorem 3.10). This model was conjectured
by Rick Durrett, and shown in Mueller and Tribe (1993), to be the limit of a rescaled
contact process as the interaction range goes to infinity. We also show that in 3 dimen-
sions, solutions to (M) will be singular (in law) with respect to a pair of independent
super-Brownian motions and so the Girsanov theorem cannot be used to prove unique-
ness in law (see Theorem 3.11.) Hence the fundamental question of uniqueness in law to
(M) in dimensions 2 or 3 remains unresolved (see Conjecture 3.7).

Obviously non-trivial solutions to (M);) can only exist if inter-species collisions do
occur. Two independent super-Brownian motions collide if and only if d < 6 (see The-
orem 3.6 and Proposition 5.11 of Barlow-Evans-Perkins (1991), hereafter abbreviated
as [BEP]). Our interacting processes can be dominated by a pair of independent super-
Brownian motions (see Theorem 2.1) and therefore non-trivial solutions to (M);) can
only be expected if d < 5. In fact in Section 5 we show that solutions can only exist if
d < 3 (Theorem 5.3), and therefore our existence result is sharp.

In Section 4 we study an easier kind of singular “interaction”. When an inter-species
“collision” occurs there is an infinitesimal probability of the type-1 particle being killed
but the type-2 particle is not affected by the encounter. Hence this is not really an inter-
active model but rather a super-Brownian motion run in a random and unfriendly envi-
ronment of a second super-Brownian motion. We formulate a martingale problem (M, )
for this pair of processes and, for dimensions 3 or less, establish existence, uniqueness
and the Markov property of the solution (Theorem 4.9, Corollary 4.12). Again solutions
will not exist for d > 3 (Theorem 5.3). The first step in this construction is to show
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that a super-Brownian in R%(d < 3) is sufficiently regular to be the Revuz measure of a
time-inhomogeneous continuous additive functional (CAF) of a Brownian motion (The-
orem 4.1, Proposition 4.7(a)). Kill Brownian motion according to this random CAF to
construct a nice Markov process B¥, with a random law. The law of the unique solu-
tion to (M!,) may be described as follows: The second population is a super-Brownian
motion, and the conditional law of the first population given the second is that of the
B*-superprocess where the second population provides the Revuz measure used in the
construction of B (see (4.18) in Theorem 4.9).

Our original motivation for studying this simple model was the hope that an iterative
procedure in which one successively reverses the roles of the two populations would
shed some light on the uniqueness question for the truly interactive model studied in
Section 3. The fact that such a program can be carried out in a related model in which
collisions reduce the masses of the colliding particles (Barlow-Perkins (1993)) suggests
that this may still be feasible. The simple model considered here seems to present some
non-trivial problems of its own. Some delicate path properties of super-Brownian motion
(Proposition 4.7) are needed to carry out the construction of the random CAF in the
above. In addition, a representation of super-Brownian martingales as stochastic integrals
with respect to the associated orthogonal martingale measure plays a critical role in the
uniqueness proof. This result, which holds for a broad class of superprocesses and is of
independent interest, is presented in Section 1 (see Theorem 1.2).

We now gather together some notation which will be used throughout this article.

NOTATION. If E is a Polish space ‘E or ‘B(E) denotes its Borel o-field. Let Mg(E) (re-
spectively M/(E)) denote the space of finite (respectively, probability) measures
on (E,E), equipped with the topology of weak convergence. Let Q = Qp =
C([O, 00), MF(E)) denote the space of continuous Mg(E)-valued paths with the compact-
open topology and let F = ¥ denote its Borel o-field. Let (f;),>¢ denote the canonical
right continuous filtration on (Q, F). Put 6,: Q — Q, ¢ > 0, for the usual shift maps, and,
unless otherwise indicated, X,(w) = w(t) will denote the coordinate variables on Q. Let
P(F,) denote the o-field of (F)-predictable sets in [0, 00) x Q.

Write C,(E) for the Banach space of bounded continuous real-valued functions on E.
If E is locally compact, C/(E) (respectively, Co(F)) is the subspace of functions which
have a finite limit at infinity (respectively, approach zero at infinity). Write b‘E for the set
of bounded E-measurable real-valued functions. Set (b‘E). (respectively, C}(E), C(E))
to be the cone of non-negative functions in b’E (respectively, C((E), Cp(E)). Finally,

C%(R") ={¢ € C;(Rd) : ¢ has continuous first and second partial deriva-
tives, Ap € Cy(RY)}.
Write u(f) for [ fdu.
ACKNOWLEDGEMENT. This work grew out of some stimulating discussions with
John Walsh. Section 5 is joint work with Martin Barlow whom we thank for allowing

us to include it here. Roger Tribe pointed out a significant error in an earlier version of
Section 2.
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1. The predictable representation property. We begin by recalling the martin-
gale characterization of a class of superprocesses from Fitzsimmons (1988, 1992). Let
Y =(D,D, D07, Py) be the canonical realization of a Hunt process (quasi-left con-
tinuous, Borel right process) on a Polish state space E. Here, D is the Borel o-field of
D, the space of cadlag E-valued paths, Yi(y) = y(¢),y € D, and D, = o(¥; : s < 1). Let
B denote the class of finely continuous functions in »E and write U* for the a-resolvent
of Y. The domain of the weak infinitesimal generator, G, of Y is D(G) = U%(B) C B
(independent of « > 0) and for f € B,

GU'f)=U'f—feB.

It follows from Fitzsimmons (1988, Theorem 4.1) and (1992, Theorem 1.5) that for each
m € Mp(E), there is a unique probability P, on Q = (Qg, F) that solves the following
martingale problem (which we label as (M,,)):

Xo=m, Py-as.,
Xi0) = Xo(0) + Z(6) + [ X,(Go) ds,

YVt > 0,P, - as., Vo € D(G); where Z,(¢) is an a.s. continuous ( f;)-martingale such that

Zo)) = [ X(o")ds,

Vt > 0, Py-as. The probability P, is usually called the law of the (Y, -)\2/2)—
superprocesses starting at m. As we will restrict ourselves to finite variance branching
mechanisms scaled as above we simply call P,, the law of the Y-superprocess starting at
m. If Y is a Feller process with a locally compact state space, the above result holds with G
the strong infinitesimal generator of Y on its domain D(G) C C,(E) (Ethier-Kurtz (1986,
p- 404)). When G is the generator of Brownian motion on R? (we write G = A / 2), P, is
the law of super-Brownian motion.

The set D(G) is bounded-pointwise dense in b’E, and so Z, extends trivially to an
orthogonal martingale measure {Z,(qS) t o € DE, t > O}. Recall that P denotes the
predictable o-field for the filtration (). As in Walsh (1986, Chapter 2) (and by a trivial
localization argument), we may define Z,(¢) = [} [ ¢(s,w,x) dZ(s,x) for any P x ‘E-
measurable function ¢: [0, 00) X Q X E — R such that

/0{ /qb(s, w, x)ZXJ(dx) ds < oo, Vt>0, P,-as.

We denote the above class of integrands by L,ZOC(X, P,,) and write ¢ € L*(X,P,,) (respec-
tively, L2 (X,P,,)) if, in addition,

Py, ( / ' [ 6,002 X(dv) ds) <00, Vi>0,

(respectively,

[F",,,(/OOO ./qb(s, w,x)zX,.(dx) ds) < 00.)
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For ¢ € L2 (X,P,) (respectively, L*(X,P,)) Z:(¢) is a continuous local martingale (re-

loc

spectively, square integrable martingale) such that (Z(¢)), = [ [ ¢(s, w, x)*X,(dx) ds.

We now prove the predictable representation property for X under P,,,. Recall that Y
is a Hunt process with a Polish state space and X = (Q, ¥, F, X;,P) is the canonical
realization of the Y-superprocess.

THEOREM 1.1. IfV € L*(Q, F.P,), there isan f in LgO(X, P,.) such that
oo}
V="PnV) +'/0 /f(s, w,x)dZ(s,x), Py-as.
In particular, every square integrable (F;)-martingale, M, under P,, may be written as
M, = PuM) + [ [f(s,0,0dZ(5,0), V1> 0, Peas

for some f € LX(X,P,).

PROOF. It suffices to prove the second assertion.
As the martingale problem (M,,) is well-posed, we see from Theorem 2 and Proposi-

tion 2 of Jacod (1977) that for each n € N there exist a finite set of functions ¢!, ..., oM™

€ D(G) and a finite set of P-measurable processes 4, ..., k™ such that

Fuls,w, %) = 3 Hi (s, w)eh(x) € L*(X,P,,)
and
ot
M, = Po(Mo)+ lim [ fu(s,w.x) dZ(5, )

in L2((Q, F,P,,) for each t > 0. Hence for each r > 0 we have that
°t
. 2
tim Py ([ [0 —f 5,001 Xy ds )

= 1im Pu([ [ [futs.0.00d25.0 = [ [frts. 0. dZ(s,x)r) —0.

n,p'—

Thus there exists f € L*(X,P,,) such that for each r > 0

Jim P, ( [ ) ' [ s w.0)dz(s.3) — /0' [1s.0.0dzs. x)r>
= lim P,,,(_/O' S5, 0,00 = £(5, w0, 01 Xe(d) ds) -0

as required. -

REMARK 1.2. (a) The above representation is reminiscent of the multiple stochastic
integrals of Dynkin (1988). In fact the integrals are quite different. Dynkin was motivated
by different questions and his multiple integrals were not martingales in the upper limit
of integration.

(b) An analogous representation theorem for martingales with respect to the excur-
sion fields of a one-dimensional Brownian motion is given in Rogers-Walsh (1991). The

https://doi.org/10.4153/CJM-1994-004-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1994-004-6

BRANCHING DIFFUSIONS WITH SINGULAR INTERACTIONS 125

martingales there are represented as stochastic integrals with respect to the local time
sheet. Le Gall (1991, 1993) has shown there is a close connection between the branch-
ing structure of X and the excursions of one-dimensional Brownian motion. It would be
interesting if one could derive Theorem 1.1 from Theorem 2.1 of Rogers-Walsh (1991).
In fact the above result seems to be the simpler one, so perhaps the converse question
would be more natural.

2. On Dawson’s Girsanov theorem. We consider a bivariate version of the Gir-
sanov theorem of Dawson (1978). The key ideas may be found in Dawson (1978) but we
derive aresult which is well-suited for our needs and may be used to verify the hypothesis
of Theorem 5.1 of Dawson (1978).

Let &; be a Hunt process with Polish state space E;, a-resolvent U, and weak in-
finitesimal generator G; for i = 1,2 (see the previous section). Let m; € Mg(E;), and let
[P’f,,l denote the law of the §;-superprocess on (£2;, F) = (QE,, FE,)-

DEFINITION.  We say that a pair of a.s.-continuous (F,')-adapted M F(RY)-valued pro-
cesses (X!, X?) on some filtered space (Q', F', F/,P') satisfies (M, m, ) if

X{(6) = mi(9) + Z9) + [ Xi(Gig) ds — Ai(9)

Vt >0, P-as, Vo € D(G)), i = 1,2; where the Zi(¢) are continuous ( F,)-martingales
such that Zj(¢) = 0 a.s. and

(Z60. Z6p) = 65 [ X6} ds

Vt > 0,P'-as., Vo; € D(G)), V$; € D(G)), and the A! are (a.s.) non-decreasing, continu-
ous, (T,’)-adapted, M r(E;)-valued processes starting at zero.

If (X', X?) satisfies (M, n,) with A' = A> = 0 then X' has law P}, (see (M,,)) and
Theorem 1.1 shows X' and X? are independent. (This could also be derived directly as
for (M,,).) We call X' and X? independent &,- and &,-superprocesses with respect to (F,’)
in this case.

The next result was proved in [BEP, Theorem 5.1] for £, = E; = RYand G, = G, =
A/2. The proof extends with only notational changes to the present setting as well as to
the case when &; are Feller processes with strong infinitesimal generators G;.

THEOREM 2.1.  Let (X', X?) satisfy (M, m,) on some (X, F', F!,P') and let

QF.F)=Q xQ xQ, F' x Fx P, F x F' x F).

Let m: Q — Q' be the projection map. There is a probability P on (Q, F) and Mg(E;)-
valued processes Y',Y* on (Q, F,P) such that:
(a) If W € bF' then P(Wo | F,) = P/(W|F) o7, P-a.s.
(b) Y' and Y? are independent &,- and &,-superprocesses with respect to (‘F;) and
Yy =m, P-as., i= 1,2,
(c) Xiom <Y ¥Vt >0,P-as.,i=1,2
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(d) IfZ,Y' (¢) is the martingale part of Y'(¢) for ¢ € D(G;) then
d B ~t .
(2" (6. Z(6pom) =6 [ Xiom(@])ds

Vi > 0, P-a.s., V¢ € D(G)), Yo, € D(G)).

REMARK 2.2. (a) The probability P is constructed as follows. If (&, wy, w;) denotes
a point in Q, the ' marginal is P’ and conditional on «’, (w,w;) are independent &;-
and &,-superprocesses, respectively with zero initial conditions and time-inhomogeneous
immigration given by (A'(dt, dx)(w'), A%(dt, dx)(w’)) (see Dynkin 1993, Theorem 3.1,
4.1). The process Y’ is given by Y!(W', wi,wr) = X\(w') + wi(?).

(b) Part (a) of the theorem implies (X', X* A',A?), #/.P') and ((X'.X?, A", A%) o,
., P) have the same adapted distribution in the sense of Hoover-Keisler (1984). This
means that all the random variables obtained from (X,4) = (X', X?,A', A?) by the op-
erations of composition with bounded continuous functions and conditional expectation
with respect to (/') have the same law under P’ as the corresponding random variables
obtained from (X, A)om and () under P. In particular (X, A) and (X, A) o have the same
law on their respective spaces and (X, A) o 7 will also satisfy (M, ,) on (Q, F, F.,P).
In the future we may, and shall, study (X, A) through its clone (X,A) o m on (Q, F,P)
and hence will simply assert the existence of a dominating pair of independent superpro-
cesses (Y', Y?).

For the rest of this section we work on the product space (Q%, FH) = (Q x Oy, F %
F,) with its canonical right-continuous filtration ( 7’,2), shift operators (9,2, t > 0, and
coordinate variables X'(wi, w2)() = wi(t), X(1) = (X' (1), X*(1)).

DEFINITION.  If m; € Mu(E;) and g;: [0,00) X Q* X E; — R is P(F?) x E;-measurable

for i = 1,2, we say that a probability P on (Q?, F?) solves the martingale problem
(MA’LRZ) lf

Xf) =m;, P-as.,
/(;' / |g:(s, w. D)X (dx) ds < 00

and

Xi(6) = Xy + 2100 + [ XiGiords+ [ [ gils,w. 0000, (d0) ds

Vi > 0,P-as., V¢ € D(G)), i = 1,2; where Zf"q'(gb) is an a.s. continuous (F2)-martingale
under P such that .
(2400, 2% () = &y [ Xi(oD)ds

Vi >0, P-as., Vo, € D(G), V¢; € D(G)).

For such a P, Z"¢ extends to an orthogonal martingale measure and, as for ordinary
superprocesses, one may define fj [ (s, w, x) dZi(s, x) for P( ,’F,z) x ‘Ej-measurable ¢
satisfying

1)) = /0 ’ [ 65,0 w0PXi(dx) ds < 00, V>0, Pas.
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This stochastic integral is a continuous ( #,%)-local martingale under P with square func-
tion 1(¢)(1).

For ¢ € D(G;) we will use (Mg ,,) to define Z;"g'(qb)(w) on {(t,w)
I8 1 |2i(s, w, ) (0)|Xi(dx) ds < 0o} and set Z¥(¢) = 0 on the complement of this set. In
this way Zf‘g'(qS) is canonically defined on path space.

THEOREM 2.3.  Letm; € M(E;)(i = 1,2,)and assume g; is 'P(f,z) X ‘Ei-measurable

and satisfies
! 2y 1 2
2.1 /() _/g,-(s, w,x)"X((dx)ds < oo, Vt>0,P, xP, -as.
Let
g8 =1(81,82)
and

RS = exp(ii /0 ' [ gits, 0,07 s, dv) - %[0 ' [ gits.0,02Xi(d0) ds),

where Z is defined by (Mo ).
a) If P is a solution of (M, ¢,) such that

2 .
2 yi
(2.2) i}:]j /0 / gis, w, X2 X! (dx) ds < 00,

P-a.s., YVt > 0, then

dp e

2.3 ———‘ By
(2:3) Pl X Pl

In particular, there is at most one solution of (M, ,,) satisfying (2.2).
b) Ifgi < cfori= 1,2, forsomec € R, then R} isa IP’,'”I X IF’,z,,z -martingale and (2.3)
defines the unique solution P of (M, 4,).

NOTE. The bound in (b) is only one-sided.

PROOE. Let

2

T, = inf{t : Z/0’(./(53,-(&@,)()2 + 1)X£(dx)+ l) ds > n}.

i=1

Observe that 7, < n.
(a) Assume P solves (M,, ,,) and satisfies (2.2). Let

I?‘fAT" = exp(lzz:l —/OMT" /gi(s, w, X)Z8i(ds, dx) — ;/OMT" /gi(s, w, X)* X! (dx) ds).

For n fixed, R, is a uniformly integrable martingale (under P) and dQ, = R’;"dP de-

fines a probability on F 2. Some elementary stochastic calculus shows that for ¢ € D(G;),
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ijrn (¢)R§AT" isa P-local martingale, and therefore fon (¢) is a continuous Q,-local mar-
tingale. As Q, < PP we also have

00 .0 _ N i 2
<Z-/\Tn(¢i)’ Z-/\Tﬂ(¢j)>l - 6!] 0 Xs(d)i)d‘g?

Vit >0, Q,-as, Vo; € D(G)), Vo; € D(G)). The bound fg” Xi(1)ds < n shows Z’,'*RT"(@)
is a Q,-martingale Y¢; € D(G;). Therefore Q, solves (M) “up to T,,”. Let Q, be the
unique probability on (Q2, F2), such that Q,,| 72 = Qulg, and the Q,-conditional law of

Xr,.. given F7 isP}, x P2, . Itis now easy to see that Q, solves (M) and this implies
Tn Tn
Q, = P}, x P2 (see the remark prior to Theorem 2.1). Therefore
Qu(T, <) = Qu(T, <) =Py, xPp (T, <H)—0asn—o0, Vi>0,
by (2.1) and we have (note that (2.2) shows that R’f is well-defined under P)
P(R}) > P(RS,; (T, > 1))

= P(RS ;) — P(RS. (T, < 1)

=1—-Q,T, <t)— lasn— 0.
This shows R¢ is a P-martingale and hence there is a unique measure @ on ¥ such that
d@|f’2 = Rfle’[Iz ¥Vt > 0. Repeating the above arguments, but now without the 7},’s,
one sees that Q = IP’,'nl X [P,znz, because Q solves (Myo). The only point on which we

need to comment is the fact that Z-(¢) is a Q-martingale, as opposed to just a @-local
martingale. Let {S,,} be a sequence of stopping times reducing Z-°(1). Then

QX)) < liminf Q(X;,5 (1)) = mi(1).

This shows that (Z9(¢)), is square integrable under @ and hence that Z''(¢) is a Q-
martingale for ¢ € D(G;). Therefore we conclude that Vr > 0

1 2
m X sz)

dP| g = (RY) ' d(P,

m

xP;)

52 = Rid(P

:}'IZ.
(b) Assume first g; < 0. Let g;,(s,w,x) = 1(s < T,)gi(s,w,x) and g, = (g1, &2.1)-
Then

2.5) R®

tINT,

Vi > 0,P), xP; -as. Asin (a) dQ, = R§ d(P), x P} is a probability on #? and
a standard Girsanov argument shows that Q, solves (M, ). The only non-obvious

— R&n
= Rr

1820
point is again the fact that Zf‘g""(qﬁi) is a Q,-martingale (not just a local martingale) for
éi € D(G;). To see this, note that X/(1) < m;(1) + Z***(1) and argue as before. By
Theorem 2.1 and Remark 2.2 we may assume (by passing to a larger space) that there
are processes (Y, Y?) with law IF’,'nI x P2 and (X', X?) with law Q, such that X' < Vi,
Vt > 0, a.s. Therefore -

QuT, <1 <P, xPp (T, <t)—0asn— o0, Vi>0,
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the last by (2.1). Now argue as in (2.4) to see that [P’,lnI X |F’,2,,2 (R%) = 1 and hence R is a
martingale (recall (2.5)).

It is now straightforward to show that (2.3) defines a solution P of (M, ,,). Turning
to uniqueness, let ° be any solution of (M, .,). Theorem 2.1 shows that by passing to
a larger space we may assume there are processes (X', X?) with law P and dominating
processes (Y', Y?) with law P}, x P2 . Condition (2.1) guarantees that P satisfies (2.2).
Part (a) now shows that P is given by (2.3). ’

Consider now g; < ¢ and let f; = g; — ¢ < 0. Condition (2.1) continues to hold with
fi in place of g;. The previous case shows the unique solution P = P/ of (My, £,) is given
by (2.3) with f = (f,f>) in place of g. Let

2

R, = exp(; ZH(1) — %Z[O'X;(l)ds)

U, = inf{t: X (1) + X}(1) > n} An.
Let P be a solution of (M, ,,). Then
) . AUy
Xy, (1) gmi(1)+zjfb"(1)+c/0 X (1) ds,
Vt > 0, P-a.s. Take means and use Gronwall’s and Fatou’s lemmas to conclude
P(Xi(D) < mi(De", Vt>0
and therefore
't
2.6) lP’( [+ X3 ds) <0

The latter inequality plays the role of (2.2) and allows us to argue just as in (a) with
PI" x P52 replaced by the equivalent law P/ and R} replaced by R, to conclude that

a»
dpPf

g
t

A simple calculation leads to (2.3), giving uniqueness in (Mg, o,).

Now argue just as in Lemma 10.1.2.1 of Dawson (1992) to see that R, is a P/
-martingale. It is then easy to check that dP, g2 = R’dplff,z solves (M,, ,,). The uniqueness
established above gives (2.3) and hence shows R is a [P’,',,l X P;’;lz-martingale. L]

REMARK. Part (b) of the above, or more precisely its counterpart on (Q;, F1), ap-

peared in the penultimate draft of Dawson (1992) but unfortunately failed to make the
final cut.

DEFINITION.  If F is a Borel subset of Mp(E;) X Mp(E;) and {Q,, : m € F} isa
family of probabilities on (Q?, F2, F2), we say (Qz, F2F2,0%.X,, (Qm)mep) is an F-
valued diffusion iff

(i) Qu(X, € F,¥t >0,Xo = m) = 1,Ym € F.
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(i) m+— Q,, is a Borel measurable map from F'to M, Q7).
(iii) For any (fz)—stopping time 7 such that Q,,(T < o00) =1,

QX 002 € A|FH(W) = Qx,n(A),  Qu-as., VA€ F°.

An analogous definition may be made for F a Borel subset of M(E) and {Q,, : m €
F} probabilities on Q = C([O, 00), Mi(E, )).

DEFINITION. If C C b’E X b'E, the bounded pointwise closure of ( is the smallest
class C in bE x b‘E which contains C and such that (p,y) € C whenever (P, Yn) € C

b, bp
and ¢, —— 6, Yy —— 1.

LEMMA 2.4.  There is a countable set D; C D(G;) such that the bounded pointwise
closure of {(¢,Gip) : ¢ € D;} contains {(¢,Gi¢) : ¢ € D(G;)} = graph(G;).

PROOF. Let D/ be a countable set in C,(E;) whose bounded pointwise closure is b'E;
(recall E; is Polish). Since D] is contained in the £;-finely continuous functions in b'%;,
clearly

D;={Uj¢: ¢ € D} C D(G)).

Let (; denote the bounded pointwise closure of {(¢, Gi¢) : ¢ € D;} and let
D ={¢ € bE : (Ul¢.Uid—¢) € G}

If ¢, € D; and ¢, — ¢, then U, —2 U!¢ and therefore (Ulé, U'é — o) € .
Therefore D; is closed under bounded pointwise convergence, and since D! C D; we
conclude that D; = bE;. This shows that (U[l o, UI»'qb — Q) € G for all ¢ in b'E; and, as
this set contains graph(G;), we are done. L]

THEOREM 2.5. Assume I'i: Mp(E)) X Mp(Ey) X E; — R, i = 1,2, are Borel maps
such thatU; < ¢, i = 1,2, and let gi(s,w,x) = T; (X\v(w),x)‘ Let F be a Borel subset of
ME(Ey) X Mge(E») such that

2.7) (2.1) holds Nm = (m|,m;) € F.

(2.8) P, XPp (X, € F,Vt>0)=1, V(m;,m)€F.
For each m € F there is a unique solution P§, of (Mg, 4,) given by (2.3). Moreover;
Q% F2, F2.02, X, (P8 mer) is an F-valued diffusion.

PROOF. The existence of a unique solution P4, of (M,, ¢,) which also satisfies Pi, (X, €
F, ¥Vt > 0) = 1 (the set in question is universally measurable so we are working with
completions here) follows from Theorem 2.3, (2.8) and P}| 2 < ), X P, |42. Since
[P’,'nI x P2 (®) is Borel measurable on Mp(E|) X My(E;) for ® € bF? and

PE(v) =Py, x Py (URS), Vo € bF2,

it is easy to see that PS,(®) is ‘B(F)-measurable in m, YV € bF>.
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Let T be a bounded ( 7, )-stopping time and let IPT(w) denote a P%-regular conditional
distribution of X 0 02 given F7. Let D; > 1 be as in Lemma 2.4, F° = o(X, : u < s) and
C, denote a countable set in bF whose bounded pointwise closure is b 7. Let

A= {w € Q’: g/(:/|g,»(s,w,x)])(’;(dx)ds < 00, Vt > 0}.

Our definition of Z"¢(¢;) and the equality gi(s, H%w,x) = gi(s + T, w, x) show that (drop
dependence on g;)

(2.9)  ZN¢)obr = ZL(d)) — Zi(ds), Vt>0, ¢ € D(Gy), i = 1,2, Vw € A.

If ¢; € D;, ¥ € Cy and s < t, then, since Py, (A) = 1 by (2.7), we have

P, ((z;‘(¢,-) — Zi(¢4)) 0 0r(x) 0 b7)| ,‘B?)

= 5, (P8 (200 — Zr (0| FR )0 0 01 F7) =0, PS-as.
Therefore
ﬂﬁ’r(w)((Zf(@) - Z;'(qs,-))w) =0, WeC,Paaw
and so
(2.10) Br(w)(Z(¢) — Zi(e)| F) =

for all rationals such that 0 < s < t, V¢, € D;,i = 1,2, Py-a.a. w.

Clearly A C (0 )~'(A) and so we may fix w outside a P§,-null set such that ﬂﬁ’r(w)(/\) =
1 and (2.10) holds. Our definition of Z(¢) shows that on A, Z! (¢) is continuous in ¢,
V¢ € D(G;), and the equality in (M, ,,) holds V¢ € D(G;). Therefore these last two
conclusions hold IPT(w) a.s. Since Z’(¢,) is 0_measurable, we may take limits from
above in s € Q in (2.10) to see that Z(¢;) is an a.s.-continuous (7,2) martingale under
PT(CU), V; € D;. Use the pathwise construction of quadratic variation, (2.9) and Py, RS
P, x P2 | 7> to see that for Pj-ae. w

m

@2.11) (Z(6i). Z ()i = b4 /0, Xi(67) ds,

Vi > 0, Pr(w)-as., Yé; € Dy, i = 1,2.1If our fixed w also satisfies (2.11), then the above
shows that Hf”r(w) solves (Mg, ¢,) With (m,mz) = (XT(w) X3 (uu)) provided we restrict
the class of test functions ¢; to D;. Use Gronwall’s lemma as in (2.6) to see that

2.12) Pr(w)(/ X (1)+x~(1)ds) (mi (1) + ma(1)) / ¢ ds < 0.

Since D; is bounded pointwise dense in bE;, we may now extend Z;(é) to an al-
most surely continuous, orthogonal martingale measure as usual (all now with respect
to pr(w)). Take bounded pointwise limits in (¢, G;¢) to see that (M,, ¢,) holds (under

Br(w)) for all ¢; in D(G;). (Note that if ¢, o, ¢, then (2.12) shows Zi(¢,) — Zi(¢) in
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L2<|]3’T(w)) and we can take limits in (2.11).) Uniqueness of solutions to (My, ¢,) shows
that Pr(w) = [P‘f(T(w), which proves the strong Markov property for bounded 7. For an
arbitrary stopping time 7 such that T < 0o, P5,-a.s., a standard truncation argument com-
pletes the proof. m

By taking E; = {0} and g» = 0 and m, = 0 in the above we get a corresponding
theorem for a solution P (a probability on (Q, F, ) = (1, F1, %)) of the martingale
problem (M,) defined as follows:

Xo=m, P-as.,
X(6) = Xo(@)+ Z@)+ [ X(Gio)ds+ [ [ g(s,w.0X () ds,

Vi > 0, P-as., V¢ € D(G)); where Z8(4) is an a.s. continuous ( F;)-martingale under P
such that

(Z4@) = [ X6V ds,

YVt >0, P-as.

Here g: [0, 00) X Q X E; — R is P(F,) x ‘E;-measurable. We let the reader formulate
the obvious version of Theorem 2.3, but state the analogue of Theorem 2.5 for future
reference.

COROLLARY 2.6.  Assume g(s,w,x) = F(Xs(w),x) for some Borel I': Mp(E\) X E, —
R such that " < c. Let F| be a Borel subset of Mp(E) such that
! 2
(2.13) /0 / T(X,, x)*X,(dx) ds < 00, ¥t >0, Py-as., Ym € F,
(2.14) PnX; € F,Vt>0)=1, Vm€EF,.

For each m € F) there is a unique solution Py, of (M,) given by

dP%,

dpylg, exp [] [ T, 02 s, o) % | T x7 X (o) ds |

T
The process (Q, F.F. 0%, (Pﬁ,)mgpl) is an Fy-valued diffusion.

REMARK 2.7. If &; are Feller processes with locally compact state spaces E; and
strong infinitesimal generators G; on D(G;) C C((E;), all the results of this section hold
with some minor simplifications in the proofs. [

3. A two-type Martingale problem for singular interactions. We specialize the
notation of the last section and take E; = R? and G; = A/2, the strong infinitesimal
generator of d-dimensional Brownian motion B on its domain D(A / 2) C C,(RY). Hence
Q= C([O, oo),Mp(Rd)), F = BQ), (F;) and (F?) are the canonical right-continuous
filtrations on € and Q7 respectively, (67)>¢ are the shift operators on Q7 and X and
(X', X?) are the coordinate variables on Q and Q2, respectively. Now P,, denotes the law
of super-Brownian motion on (Q, F), starting at m. Let p,(x) be the standard Brownian
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transition density (that is, p; is the density of a Gaussian distribution with mean 0 and
variance ?).

A key ingredient to our approach to singular interactions is the collision local time of
two measure-valued processes, introduced in [BEP].

DEFINITION.  For € > 0 define g.: Mp(RY) x R — R and L: Q%> — Q by g (1, x) =
Jpe(x — y)u(dy) and

LX) = [ [ XL 00X ds, ¢ € bBR.

A pair of continuous Mr(RY)-valued processes (Y', Y?) on some (', F',P’) have colli-
sion local time L,(Y!, Y2) iff L,(Y', Y?) is an a.s. continuous M(R?)-valued process such

that L;(Y'(w), Y2(w))(¢) L, Y*)(p)ase | 0,Vt>0and ¢ € C/(RY).

REMARKS 3.1. (a) The definition in [BEP] uses another, symmetric, definition of
L(X", Y?). However, as is remarked in [BEP, Section 1], these two different definitions
of L(X', Y?) lead to equivalent definitions of L(Y', ¥?).

(b) If L(Y', ¥?) exists it is clearly unique up to evanescent sets and non-decreasing
in ¢ a.s. That is, almost surely, Vs < 1, L(Y", Y?) — L(Y', Y?) € Mg(RY). Therefore
L(Y', Y?) (5,1] x A) = L(Y", Y*)(A) — Ly(Y', Y?)(A) extends to an a.s. unique measure
L(Y', Y*)(dt, dx) on @([0, 00) X IR") which is supported by the intersection of the closed
graphs of ¥' and Y? (see Section 1 of [BEP]). Intuitively, L(Y', Y?) measures the space-
time distribution of the collisions between the two populations Y' and ¥?.

PROPOSITION 3.2. Ler Y',Y? be continuous Mp(RY)-valued processes on some
(', F',P)y which have a collision local time L(Y", Y?). Let Py be the law of Y = (Y',Y?)
on (Q2, F2). There is an (_’f,z)-predictable mapping L: 10, 00) x Q2 — Me(R?) which de-
pends only on Py and satisfies

(i) Z,(Y'(w), Yz(w)) = L(Y'", Y?)(w), ¥t > 0, P'-a.s.
(ii) L;00? = Ly — Ly, Vs,t > 0, Py-a.s.
(iii) L(@fw) = limy_,o, LJ¥ (0§w), Vs, t > 0, Py-a.a. w for some sequence ny | O.

PROOF. A diagonalization argument shows there is a countable dense set D in C}‘(Rd )
and a sequence 7, | 0 (depending only on P¥) such that

L (Y (W), V(@) (9) — LY, Y)(@)(9),

Yt € QN[0,00),V¢ € D,P’-a.s. As the limitis a.s. continuous in 7 and the approximating
processes are non-decreasing, an elementary argument shows that

(L (r' @, @) Lo, v ) = 0

sup
t<T
VYT > 0, V¢ € D, P'-a.s.This implies

L (Y'(w), Y (w)) — L(Y", Y2)(w) in
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Yt >0, P'-as. Let
A = {w € Q% L*(w) converges in Mp(R?) as k — oo, Vt > 0}.
Note that Py(A) = 1 by (3.1). Define

limy oo L) (w), if the limit exists in Mp(RY),

i =
() X otherwise.

Observe that L is (_‘ftz)-predictable because L' is. Clearly, (i) is immediate from (3.1). If
w € Aand s,t > 0 then

(3.2) LM(0*w) = L% (w) — L™(w)
shows that §?w € A and therefore, by the definition of L,
L(PPw) = lim L*(0*w)
k—00
= lim L) — L) (by 3.2))
—00
= Lus(w) — Lyw),
the last because w € A. This gives (ii) and the first line in the above gives (iii). n

REMARK 3.3. (a) If Yis as above and T,y =Muo(Ys: s <t+n '), then by the above
we may, and shall, assume L,(Y', Y?) is (F})-predictable. When Y = X on (', ') =
(Q2, F?) the two notations L and L can be confusing. Our convention will be to write
L,(X',X?) for L,(X', X?) and hence treat L,(X', X?) as a predictable function on [0, 00) x
Q2. Note, however, the function depends on the underlying probability P on (Q?, F2).

(b) In the above argument the sequence {r;} may be taken as an appropriate sub-
sequence of any given sequence {¢,} decreasing to zero. This allows us to construct a
single sequence, and hence a single L, which satisfies the conclusions of the above theo-
rem for a pair of given Mp(R¢)?-valued processes (Y', ¥?) and (Y', ¥?), each possessing
a collision local time.

Let M (my, m,) denote the set of a.s. continuous Mp(R¢)*>-valued processes which
satisfy (M, m,) (now with G; = A/2). Note the underlying probability space is allowed
to vary. If Q" = (@', F',P’) is given let

MQ') = MQ',my,my) = {(Y',Y*) € M(m;,my) : Y', ¥? are defined on Q'}.

In this case the filtration associated with (Y', ¥?) in (M, n,) is still allowed to vary.

If my,m, € Mp(RY) satisfy a mild finite energy condition ((5.1) below), d < 5, and
(Y', Y?) € M(m,,mp), then L,(Y', Y?) exists [BEP, Theorem 5.9]. If (¥Y', ¥?) are inde-
pendent super-Brownian motions (i.e. A’ = 0 in (M, m,)) and m; # 0O then L(Y', Y?)is
non-trivial [BEP, Remark 5.12]. For our purposes it will be the uniform (in M) results
which will be important.

NOTATION. Let B(x, r) be the open ball in R? of radius r and centered at x. If m €
MpRY), let Dim,r) = sup{m(B(x,r)) : x € R*}. Set My(RY) = {m € MpR’) :
fo r'4D(m, r)dr < 0o}. Clearly, M5.(R?) is a Borel subset of My(RY).
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LEMMA 3.4.  Assume d S 3, m; € M;:(Rd), i = 1’2’ and'(/j (= Cb(Rd) Then VT >0
L (X (). X)) — L& Z)@)w)| A 1], =0

lim sup Hsup
10 xR Mmy my) 1T

PROOF. If L is replaced by
L& 20 = [ [ per —0)6(0a +x0)/2) X (@dn)Re(dw) d,

this result is contained in [BEP, Theorem 5.10]. Let (X', X?) € M (m,, m,) and assume
without loss of generality there are (Y!, ¥?) with law P,,, x P, such that X' < Y as.
(Theorem 2.1 and Remark 2.2). If » € Cp(R%) and T > 0

sup|L{(X', X2)(y) — Li(X', X))

1<T

< ‘/OT //pe(xz —)q)'w(xz) — w((xl +x2)/2) Y (dx))Y2(dx,) ds
! |
< [ [P = x01(x = xi] < 8)[px) — (1 +32)/2)

1 20| exp{ 87 )26} /OT Y (Y1) ds.

Y, (dx))Y; (dxy) ds

Using the fact that Ly (¥' (), ¥2(w))(1) —— Ly(¥', ¥?)(1)as ¢ | 0 ([BEP, Theorem 5.9]),
itis easy to make the first term arbitrarily small in || ||| for all sufficiently small e by fixing
6 sufficiently small (use the fact that most of the mass of Ly(Y', ¥?) may be supported
on a compact set on which v is uniformly continuous). The last term in (3.3) clearly
approaches zero in L' as ¢ | 0 for our fixed é. Therefore the left side of (3.3) converges
in L' to zero as ¢ | 0 uniformly in (X', X?) and the proof is complete. .

DEFINITION.  Let p be a bounded metric on Mz(R?) which induces the weak topology,
and let Q' = (Q/, F',P'). Identify processes in M (Q', m;, m;) which agree up to a P'-
evanescent set and define a metric d on M (Q') by

d((r', ¥Yh), (W', w?) = > P'(sup (Y, W)+ p(Y7, W) 27",
n=1

t<n

Let C(Q') be the set of measurable maps L: Q' — C ([0, ), R) and identify maps
which agree up to P’-null sets. Hence processes L(w’, t) which are a.s. continuous in ¢
are considered to be elements of C(Q'). Define a metric ' on C(Q') by

o0
d'(Ly,Ly) = 3 P'(sup |Li(1) — L) A 1)27"
n=1 t<n
LEMMA 3.5. Assume d < 3, m; € M}(Rd), i = 1,2, and ¥ € Cyp(RY). Then
(Y', Y2 — LYY, Y2)() is a continuous mapping from M (', m;, my) to C(Q).

PROOE. Let v.(x;,x2) = p(xa — x)(x2) for ¢ > 0, and define T.: Q> —
€([0, 00), R) by

T )0 = [ [[vedud < udyds
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If (), 12) — (u', %) in Q2, then clearly T.(u), u2)(t) — T.(u', u?)(r) pointwise. It is
easy to see {T.(u),u2) : n € N} are uniformly equicontinuous and therefore
T.(u), 1) — T.(u', %) in C([0,00),R). That is, T, is continuous. It is now easy to
check that

LY = L )W) = T (Y (). V()

is continuous as a mapping from M(Q') to C(Q'). Lemma 3.4 shows that L.(Y', Y?)(¢))
is a uniform limit of these continuous maps and therefore is also a continuous map from
MQ) 1o C(Q). u

Recall the “competing species” model described in the Introduction. Casualities may
occur in either population when type 1 and type 2 particles collide. We are ready to state
a martingale problem for this model. Let A denote a non-negative parameter which gives
the intensity of killing when particles collide. A probability P on (Q2, F2) solves (M)
if and only if

X(I) = m;

P-as.,i=1,2,
Xi(0) = Xi(0) + Zi(0) + || Xi(A0 /2 ds — ALK, X)(0),

Vi > 0,P-as. Vo € D(A/2),i = 1,2; where Z!(¢) is an a.s. continuous (F})-martingale
under P such that .
(Z'(6).Z6) = 8y [ XioD ds.
Vi > 0, P-as., Voi. 6; € D(A/2),
Implicit in (M,;) is the existence of L(X', X?). A pair of a.s. continuous Mp(R9)-
valued processes (Y', ¥Y?) on some (Q', F',P’) solves (M) iff their law Py on (Q2, F?2)
is a solution.

THEOREM 3.6. Ifd < 3 and m,m; € M}([R{d), then a solution to (M,;) exists
VA > 0.

PROOF. If € > 0 then clearly (2.1) is satisfied by
g1(5,0:) = =Age(X[,0) < 0and ga(s,w, ) = —Ag (X{, 1) <0.
Therefore Theorem 2.3(b) implies that (use the notation from (M, ,,))

dP.
dP,, X Py,

= exp{—A /0 t [ 202,07 (ds, dv) - A‘/O ' [ X! 072 s, dv)

)\2 t ) 2ol /\2 " | .
_ _2_/0 (/ge(Xs,x) X, (dx)ds — 5 ./0 A/gf(X_‘.,x) X; (dx)ds>
defines the unique solution P, to the martingale problem (M, ) defined as follows:
Xy =m; as.

X!(0) = X))+ Z1(@)+ [ X}(86/2)ds = AL (¢ X')(o),
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Vt >0, Pc-as., Vo € D(A/2),
~ !
X (6) = X}(@) + ZH(@)+ [ X286 /2)ds = ALK XD)(0),

Vt > 0,Pe-as., Vo € D(A/2); where Z(¢) is an a.s. continuous (F,%)-martingale (under
P) such that

(260, 2 6)y = 5 [, XicoD) ds,

Vi > 0, Pe-as., Yoy o) € D(A/2).

Therefore (X', X?) on (Q?, F2,P.) belongs to M (m;,m;) and by Theorem 2.1 we
may work on a larger space (Q', F) = (Q* F*) will do) with a filtration (F,) and a
probability P! carrying processes (X', X*¢) which satisfy (M,) and independent (F,’)-
super-Brownian motions (¥, ¥>¢) starting at m; and m,, respectively such that X <
Y, Ve >0, Pl-as.

Choose ¢, | 0 and let

Pn() — ﬂlé” ((XI,E,,XZ,E,,’LEV.(XZE,,’XI,EV,)’L(,, (Xl,f,.,le,,)) c )

We claim {P,} is a tight sequence of probabilities on (Q*, F*). If T,8,7 > 0 and ¢ €
C1(R*), then

limsupP, (sup{|L;" (X", X*")(¢) — Lo (X" ", X*")($)] : 5,1 < T,
n—00

s—1 <&} >n)
<limsupP, (sup{|Ly"(Y", Y>7)(¢) — L&Y, Y )($)] -

st <T,|s—1 <6} > 7])
< Py X Py (sup{|Li(X" . X*)(0) = L(X', X*)(@)| 5.1 < T.|s — 1] <6} >1/2)
—0asd |0,

where the second inequality follows from Lemma 3.4. Theorem 8.2 of Billingsley (1968)
implies { L (X", X>)($) : n € N} is tightin C = C([0,00), R),V$ € C/(R?) (i.e. their
laws under P/ are tight). By Dawson (1991, Theorem 4.6.1) (the result given there for
cadlag Mp(RY)-valued processes carries over to continuous Mp(RY)-valued processes),
{L(X" e, X>) - n € N} is tight in C([O, oo),Mp(IRd)), where R? is the one-point com-
pactification of R?. The domination of L (X"", X><) by L (Y"¢", Y><») shows that each
limit point (a law on C([0, 00), M¢(R¢))) is in fact supported by C([0, 00), MK(R?)) = Q.
The tightness of {L(X"", X>") : n € N} in Q now follows.

Consider next the tightness of {X>“ : n € N}, i.e., of their laws on (Q, ). Let ¢ €
D(A/2). The domination X> < Y>< shows that { [y X>"(A¢/2)ds : n € N} is tight
in C([0,00),R). The same domination, Burkholder’s inequality and Theorem 12.3 of
Billingsley (1968) show that {Z>“(¢) : n € N} is tightin C. The tightness of {X>“(¢) :
n € N} in C now follows from (M,,) and the tightness of {L (X", X>*)(0) : n € N}
proved above. Now proceed as for {L(X"<", X*) : n € N} to conclude that {X*<" :
n € N} is tight in Q. The tightness of {P, } follows.
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By Skorokhod’s representation theorem (Ethier-Kurtz (1986, p. 102)), we may re-
define (X Len X2en [en(X26n X1en) [ (X "‘",szf")) as adapted processes on a common
filtered probability space Q' = (', F', F/,P’) such that this 4-tuple converges P'-a.s.
to (X', X?,A', A%). Clearly each A’ is an a.s. non-decreasing, continuous Mx(R?)-valued
process. Routine arguments show that V¢; € D(A/2)

3.4 Zi(60) = Xi(o) — mi(on) — [ Xi(Adi/D)ds + Mi(61)
is a continuous (F,)-martingale such that
(3.5) (760, 26, = b [ X(6D)ds

(the bounds X** < Y~ give the necessary integrability conditions). Therefore
X', X?) € M(Q',m,my). If ¢ € D(A/2), then

d’(LE.”(Xl’f",Xz’E)(gb), L ()21,)22)((;5))
< d' (Lo (X", X2)(), L (X", X2)(6))
+d'(L.(X"7, X*")(¢), L.(X", X*)(¢)) — O as n — o0,
where we have used Lemma 3.4 to handle the first term and Lemma 3.5 to handle the
second. This proves A! = A% = L,(X!, X?). Therefore (3.4) and (3.5) show that the law
of (X', X?) on (Q2, F?) is a solution of (My,). "

Here then is the fundamental conjecture which we have not been able to prove in
dimensions d = 2, 3.

CONJECTURE 3.7. Ifd <3andm;,m, € M}(Rd) the solution to (M, ) is unique.

In the rest of this section we assume d = 1 and show how Dawson’s Girsanov theorem
proves the conjecture in this case.

Let U: M(R) X R — R be the Borel measurable mapping

Ul x) = limy, o0 5p([x — %,x + %]), if it exists

5 otherwise .

Also consider the P(F?) x B(R)-measurable canonical “densities” u;(t,w,x) =
U(Xi(w).x), i = 1,2, Itis easy to check that

Q. = {w € Q: w(t) K dx, Vi > 0} (dx is Lebesgue measure)

is a universally measurable subset of Q. Clearly, if w € Q,, then w,(dx) = U (w(t), x) dx,
Vi > 0.

LEMMA 3.8. Suppose thatd = 1. Assume X=X"x» satisfies (M, m,) on some
Q' F', F!,P'). Then Xi(dx) = UX},x)dx, Vt >0, i = 1,2 P'-a.s. and

3.6) LK 3)0) = [ [ o@UR:, U %) dx ds,
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Vit > 0, V¢ € bBR), P'-a.s.

PROOF. By Theorem 2.1 (see also the ensuing Remarks) we may assume without loss
of generality there are a pair of independent (%,’)-super Brownian motions (Y', ¥?) start-
ing at m|, my, such that X! < Yi, V¢t > 0, P’-a.s. The measure Y’ has a density w;(s, x) =
Uy, i, x) which is jointly continuous on (0, 00) X R, P’-a.s. (see Konno-Shiga (1988, The-
orem 1.4) or Reimers (1989, Theorem 7.1)). Therefore )~(,' (dx) = vi(t,x)dx, ¥Vt > 0,
P’-a.s., where

vi(t,w, x) = U(f(f(w),x) < wi(t,w, x),

YVt >0, Vx € R, P'-as. Let
V() = [ pex = ywite, ) dy

and
W60 = [ px— ywit,y) dv.

Observe that

3.7) lilr(r)l vi(t,x) = vi(t,x)
and
3.8) lif(r)l wi(t,x) = wi(t, x),

Lebesgue-a.a. x, V¢t > 0, P'-a.s.
By continuity, it suffices to prove (3.6) for a fixed t > 0 and ¢ € C}(R). Choosee, | 0
such that Lﬁ"(f(l,)zz)(gb) — L(X", X?)(¢), P'-a.s. (see Lemma 3.4). Since

Le X 6) = [ [vi(s,9ma(s, 060 dy s,

Fatou’s lemma together with (3.7) gives

(3.9) L 8@ 2 [ [ (s ymaG.)s0)dydr, Pras.
To complete the proof it suffices to show
(3.10) t
Tim P( [ [t omdyds) = P'( [ [vits.yma(s o) dyds) < oo.

Indeed this, together with Fatou’s lemma, implies
P'(L(X', X*)(¢)) < liminf P'(Li"(X', X*)(9))
't
- P’( /0 / V105, Y)va(5, 1) B (Y) dyds)

and (3.9) would then give the required result (3.6). To prove (3.10) define a finite measure
Vg on [0, 1] X R4 by

vied) =P ([ [ 1aGs.xma(s. 0 drds)
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and similarly define vy-. In view of (3.7), (3.10) is equivalent to the uniform of integra-
bility of {v{" : n € N} with respect to 13, which is implied by the uniform integrability

of {w{" : n € N} with respect to vy.. The latter is equivalent to (see (3.8))

G.11) P’( lim /w‘,"(s,xz)dy,n_(s,xz)) - [P”(/w](s,xz)dl/yz(s,xz)).
The left side of (3.11) equals

t
Tim P ([1[[ pe, (e = x0wi (s x1was, 1) dvs d ds )
!
= '}Lrlgo/() ////Pe”(xz — xp)ps(x1 — z21)ps(x2 — 22) dxy dxamy (dzy)ma(dza) ds
(by Konno-Shiga (1988, (2.14))
1
lim /o //Pf"ns(Zl — z2)my(dz1)ma(dz2) ds

n—00

_[)’ / DPas(z1 — z0)my(dzy)ma(dzp) ds,

the last by dominated convergence (p, .2, < cs~'/?). Again (2.14) of Konno-Shiga

(1988) shows the last integral equals [P’(f WI(S,XZ)dVyz(S,XQ)). This gives (3.11) and

we are done. [
Recall the notation Z*0 from (M, ,,) but now with E; = Rand G; = A/2.

THEOREM 3.9. Letd =1, A > 0and

F= {(ml,mz) € Mp(R)* : [/ log"(1/]x1 — xa|ymi (dx1)ma(dxa) < oo}.
(a)Vm = (my,m,) € F there is a unique solution P, to (M ).
(b)Vm € F, ¥t >0

dpP,

P XL = exp‘—/\(/(),/uz(s,x)dZ"O(s,x) +‘[)t /ul(s,x)dZQ’O(s,x))

F?
— ()\2/2) /Or/uz(s,x)zul(s,x) + ul(s,x)zuz(s,x) dxds}.
(c) (Qz, F2F207, X, (P,,,)mep) is an F-valued diffusion.

PROOF. Lemma 3.8 shows that P solves (M),) if and only if P solves (M,, ,,) with
g1(s,w,x) = —AU(X?(w),x) and g5(s,w,x) = —AU(X!(w),x). As =AU < 0, the theo-
rem will follow from Theorem 2.5 once (2.7) and (2.8) are verified.

Letting #p | 0 in (2.14) of Konno-Shiga (1988), we have

(3.12) wlt,) = [ pix =y + [ [pise = »dz%s, ),
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P, -a.s., V(t,x). Therefore, if (m;,m;) € F,
T
Py X P, ( | [ s 0tus(s, x) dx ds)

- fo' / [(/ pslx = y>ml<dy>)2 + /; [ pssx = 3P, (1a(v,)) dy dv]

X ( [pie— w)mz(dw)) dxds

< [ [ls7 2mn( [ potx = yyman)

+ [ [ = 2@m s =y P am@ dv] x ( [ = wimataw) ) dxds
=mi() [~ Ppastn = y2) dsmi(@yrymady)
2002 [[[75/2payn — yo) domi(dyyma(dy)
<mi(1) [[ 1+10g" (41/(n = 32)?Jma(dy mady) + 2y 2y (Do

which is finite since (m,m;) € F. This proves (2.7). Turning to (2.8), recall that u'(s, x)
is a (jointly) continuous density for X, Vs > 0, P}, x P2 -a:s. (Reimers (1989)), and
has compact support in x, Vs > 0, P), x P, -as. (Dawson-Iscoe-Perkins (1989, Theo-
rem 1.2)). Condition (2.8) follows and the proof is complete. [

We close this section with a related martingale problem on Q for a self-interacting
population. For 6, A > 0 and m € Mg(R) we will say that a probability measure P on
(Q, F) solves the martingale problem (M,”;;*) if the following holds:

Xo=m, P-as.,
X,(®) = Xo(9) + 21 (@) + /OX(% +06 = \U(X,, )9 ds,

Vt > 0, P-as., V¢ € C2(R); where Z%(¢) is a martingale such that

(2@ = [ X(@Dds,

Vvt > 0, P-as.

The presence of U(X;, x) in the above suggests we are only interested in P such that
P(Qq.) = 1. We will see that this is in fact a consequence of (M%*).

Solutions to (M%*) were conjectured by Rick Durrett to arise as a limit of rescaled
one-dimensional contact processes as the interaction range approaches infinity. The
—AU(X,,-) term in (M%) kills particles at a rate proportional to their local density. It
arises from the approximating contact processes because of the suppression of “off-
spring” which jump onto an occupied site. The ¢ /6 term (as opposed to the usual ¢” /2)
arises from this particular approximation. In Perkins (1989a) it is shown that a discrete
time version of these contact processes do converge weakly to the unique solution of
(M%). Here we will only show how Corollary 2.6 give existence and uniqueness of so-
lutions to (M%*). This result is due to Don Dawson who told one of us that his Girsanov
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approach will work in this setting. Mueller and Tribe (1993) study the properties of so-
lutions of (M%) and confirm Durrett’s conjecture.

Let P}, denote the law of super-Brownian motion on (Q, F) but now scale the Brown-
ian motion to have generator A/ 6. Also let Z, denote the associated orthogonal martingale
measure, i.e., Z, = Z?*O in the above notation.

THEOREM 3.10. Let 6, > 0 and
F| = {m € Mr(R) : //1og+(1/|xl — xa|) dm(xy) dm(xy) < oo}.

(a)Vm € F| there is a unique solution P> to (M%)
(b)Vm € F\, PINQu) = 1, PN g < P |, Vi >0, and

d[p(?,)\
dr,, 17,

= exp{ [ [0~ AU, 0 dZ6,0) - ; (0= 20 0) X,y ds |

(c) (Q, F, F. 0, X, (P )mep‘) is an F-valued diffusion.

PROOE.  The result will follow from Corollary 2.6 with I'(X;, x) = 6 —AU(X,,x) <6,
once conditions (2.13) and (2.14) are verified. (Note that [F”?,;A(QM) = 1 isimmediate from
the absolute continuity result.) As in the proof of Theorem 3.9, (2.14) is clear from the
fact that X, has a continuous density with compact support, Vz > 0, P, -a.s.

Let m € Fy and u(t,w,x) = U(X,(w),x). Condition (2.13) would clearly follow from

3.13) Pj,,([f/ u(l,x)3dxdt> <00, VT>0.

Equation (3.12) and Burkholder’s inequality show that

G- 19) P:"(”(t’x)3) < c((/p,(x =y a’m@)>3 + P:,,((/OI X.r(PH(x - .)2) ds>3/2)).

The second term is bounded by
(3.15)

Pl (0= =0 yas) )
<Pl ([ =94 (prstx = ') ds) 26 /8 (Jensen’s inequality)
< /(;(r —5) %P, (Xs([?z__;(x —) 4)(‘.(1)3/4) ds21'/%  (Holder’s inequality)
< ‘/O[(t —s) [Pﬁn (X, (pr-stx - 0))}3/4[[?:,, (X.(1?)]* ds2/* (Holder again).

Now

et e ool
= ‘//Pt(x — 2 * dm(zxym(1)""/* dx

<ct'¥m(1)32.
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It is clear from this that (3.15) is integrable in (¢, x) over [0, T] X R, VT > 0. From (3.13)
and (3.14) it remains only to show

(3.16) ‘/(;T/</.p,(x—y)dm(y)>3dxdt<oo, VT > 0.

The left side is bounded by
T
/0 // prlx — ypi(x — y2) dxdm(yl)dm(yz)fl/z dtm(1)

= [J([} st = yoyde) dmcyry dmtyapm
< C// 1+1log*(T/(yi — y2)*) dm(y;) dm(y2)m(1)

which is finite because m € F|. n
We close this section with a result which shows these Girsanov techniques will not
work for d = 3. The proof is given at the end of the next section.

THEOREM 3.11.  Assume d = 3, A\ > 0 and my,my € M3(R*)\ {0}. If P solves (M)
then P 72 is not absolutely continuous with respect to P, X P, 72

4. Killing super-Brownian motion in a random environment. We study in this
section the much simpler problem in which the first population X' may be killed when it
comes in contact with the second population X2, but X is not affected by these encoun-
ters. Existence and uniqueness for the appropriate martingale problem is established in
Theorem 4.9 and the fact that the resulting process is a diffusion on a suitable space of
measures is proved in Theorem 4.11. As a preliminary to studying the uniqueness ques-
tion, we first consider a similar martingale problem in which the killing measure-valued
process X? is replaced by a deterministic measure-valued function. Uniqueness for this
latter martingale problem is obtained in Theorem 4.5. We have omitted the proof of the
companion existence result (see Remark 4.6.)

We continue to use the notation of the previous section.

DEFINITION. Let W = (T, B) denote space-time Brownian motion on the canonical
space of paths C([O, 00), E), where E = [0, 00) x R?. Thus W is a Feller process (in the
sense of Ethier-Kurtz (1986, Section 4.2)) with semigroup {P; : 1 > 0} and laws

Q. y(WeA) =T1,((r+-.B.) € A)

where I, is Wiener measure starting at y.
If p € Q = C([0,00), MH(R?)) and 7 > 0, let

0 (%) = gy (py, x) = / Py(x — i (dy), (u,x) € E,

and define a continuous additive functional (CAF) for W by

rt
Ay = /0 H(W,) ds.
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Dependence on p in the above quantities will often be suppressed. Let

(i, €) = sup /O(ﬂ‘(T+s,x)ds, M(u):‘/:oux(l)ds,

(TX)EE

O={peQ: lifn h(u,€) = 0, u, = 0 for sufficiently large ¢} € F = B(Q).
€l0
THEOREM 4.1. If u € @, there is a CAF A" for W such that

2
tim sup Q. (sup(A4() — A"(0))7) = 0.
Uw(rx)EE * tp( ! )

If h:10,1] — [0, 00) is such that h(¢) | O ase | 0 and M € N, the convergence in the
above is uniform on ®(h,M) = {p € @ : M(p) <M, h(u,e) < h(e), Ve < 1}.

PROOF.  Set
FT](T’ x) = /(; /ps+r](x —)’)Hm(d)’) ds = QT,r(Al](OO))a
and -
F(r,x) = /0 / Ps(x — y)piris(dy) ds.
Note that for each ¢ > 0,

(F = F@ol < [ [ pue = sty ds
+ [Py = ([ [ pc = yprtdy)ds) dz

+ /OO / [Ps(x = ¥) = Psay(x — Y)|rss(dy) ds

and so
sup |(F — F;)(1,x)| < 2h(j1,€) + Sup sup |pu(z) — pusy(2)] M(p).
u>e 2z

(1.x)

For p € ® itis now clear that

4.1 li%] [|F — F,||~ = 0 and the rate of convergence is uniform in u € ®(h, M).
n—0+

For the moment fix u € ® and (7,x) € E. If we set

en(’) = QT,X(Al](m)|WY’S < t)

4.2)
= A,(t) + F,,(W,) (Markov property),

then since A;(oo) is uniformly bounded, e, is a non-negative martingale such that
lim,_o €, (f) = A,(00), O x-a.s., and in L*(Q; ). Doob’s maximal Z? inequality therefore
gives

QT,,\'(Sltlp |€7](t) - er]’(t)lz) S CQT,X((AII(OO) - Ar]’(oo))2)

_ 2ch( /090 () — £, (W)Ow, (/O i — F(W)) dr) du)

= 200 [ 16y =) WDNE, — Fy)(Woldu)
< Acl|Fllool[Fy = Fy [l oo,
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where in the last line we have used Chapman-Kolmogorov to see ||y [[oo < |F][oo. Com-
bine the above with (4.2) to see

(4.3) sup QTJ(Sl:p IA'](t) ~A,,/(t)|2) < C(HF,] - Fr/’”:czx; + HF”<2><>”F11 - FT]'||<2>0)‘

(TX)EE

®(h, M), and therefore (4.3) converges to zero as n,n" — 0 uniformly in u € ®(h, M)

(again use (4.1)). From this conclusion we can now carry through the general argument

subsequent to line 3.10 of Blumenthal and Getoor (1968) in order to construct a CAF

A = A" with the desired properties. L]
For i € @ we introduce the sub-Markov semigroups on b‘’E

P ()T, y) = P(F)(T.y) = Qry(exp{—A,(D}f (W)
PI(),y) = Pi()(T,y) = Qry(exp{—AM) }f (W)).

P} and P, are the semigroups of the processes obtained by killing W according to the
CAF’s A, and A, respectively. Let W and W denote these killed processes and let Q7|
and Q;"y denote their laws on C ([0, 00), EA>. Here A, the cemetary point, is added to E
as a discrete point to form E,. The weak continuity of (1,y) — Q- and the fact that
A, (1) is a continuous functional of W show that P;': Co(E) — Cy(E). The fact that y, has
compact support in ¢ shows that

Since ||Fy |l < c(mM(p) it is clear from (4.1) that || F||» is bounded uniformly in u €

lim Pll(r,y) =1

(1,y)—00

and hence {P] : t > 0} is a semigroup on C((E). Since A,(t) < ct, P! is a (non-
conservative) Feller semigroup (i.e. strongly continuous) on C((E). Let G,,,, = G, (re-
spectively G, = G and Gy) denote the (strong) infinitesimal generators of (P}) (respec-
tively (P,) and (P,)) on their domains in C,(E). By Dynkin (1965, p. 298)

4.4 D(Gn) = D(Go) and Gnd) = Gop ‘fn¢-

If ¢ € CLAE) = {¢ € CHE) : 2,2 € C(E)}, then ¢ € D(Gy) and

0 A
Goo(s,x) = a—f(s,x) + E(p(s, X).

(A applies only to the spatial variables).

PROPOSITION 4.2.  Let u € ®. Then:

(a) lim, o, sup,~q [|P} — P;|| = O (|| || denotes the operator norm on C(E)).
(b) {P,:t>0} is a Feller semigroup on Cy(E).

(¢) Yf € D(G), I, € D(G,) such that (f, G,f,) — (f.Gf) in Ci(EY as | O.

PROOE. Iff € b’E,

(T,x)

sup [|PYf — Pf|so < [[f]]oo SUp Qs x (sup |exp(—A, (1) — exp(—A(t))[> —0
>0 >0
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as 17 | O by Theorem 4.1. Claims (a) and (b) are now immediate. Claim (c) is then
a consequence of Ethier-Kurtz (1986, Theorem 1.6.1) (which extends trivially to our
continuous parameter setting). [

Let X = (Q, F, %1, X, P0) (P = P% for m € Mg(E)) denote the W-superprocess
onQ = C([O, oo),Mp(E)) with its Borel o-field F, canonical right-continuous filtration
(F,) and coordinate mappings X,. As usual m denotes the initial measure. Although the
underlying Markov process is assumed to be conservative in the literature, it is easy to
construct and characterize superprocesses in the non-conservative case through the same
martingale problem. The details are given in the Appendix. Let P!, = P!* denote the law
of the W'-superprocess on (Q, F) and let P,, denote the law of the W-superprocess. Note
that for 17 > 0, P2 is defined for all y1 € Q.

It follows from Theorem A.1 (in the appendix) and (4.4) that P/* is the unique law
on (€, F) such that Y¢ € D(G) the following holds:

X(9) = m()+ 71" @)+ [ X(Goo — f0) ds,

¥t > 0; where Z"(¢) is a continuous (F;)-martingale under P2 such that Z{;"‘((:’)) =0
and

(Z6)) = [ Ko™ ds,

Vt > 0, Pl#-a.s. Label the above martingale problem (M’

m/’*

NOTATION.  If 1, v € Mp(R?) let

d(p,v) = sup{|p(¢) — ()| : ¢ Lipschitz continuous with Lipschitz constant at
most one, ||¢]|» < 1}.

The metric d is the Vasershtein metric on Mp(RY) and is a complete metric which induces
the weak topology on Me(R?) (see Ethier-Kurtz (1986, p. 150, problem 2)). Denote the
uniform metric on Q by p(u, i) = sup,» d(u(t), u’(t)).

Although normally we would equip Q with the compact-open topology, in the next
result we use the p-topology. Let , denote Q equipped with the p-topology.

PROPOSITION 4.3. (a) Y € ®, m € Mp(E), Pl — PO g5y | 0.
(b)¥'n > 0, the map (m, ) — 1}5’,’{,‘“ is continuous from Mp(E) X Q, to M(Q).
(¢) The map (m, j1) — PO# is a Borel measurable map from Mp(E) X ® to M, Q).

m

PROOF.  (a) To directly apply the convergence results in Ethier-Kurtz (1986) we note
that (M")is equivalent to the requirement that:

exp{—X(@)} — [ exp{—X(@)HX(~Goo + £ + 6% [ Dlds

is an (F,)-martingale under P!:* starting at exp{—m(¢)}, Vo € D(Gp), = {¢ € D(G) :
inf ¢ > 0}. Label this latter martingale problem (M,).

To see that (M,’,’,) implies (M;L,) involves only elementary stochastic calculus and
the converse implication is only slightly more involved (because one must show
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Pii(X,(1)) < m(1) < oo to see that Z/"(¢) is square integrable). Theorem 2.1 allows

us to bound X, (under P;*) by a (W, —\?/2) super-process. This together with Helly’s
characterization of compactness in the space of measures give the compact containment

condition
4.5) V6, T > 0, 3 acompact set K C Mg(E) such that
inf PIX, € K,YO<1<T)>1-6.
0<n<l

Now use Proposition 4.2(c) as in the argument on p.407 of Ethier-Kurtz (1986) to
verify condition (f) of Corollary 8.7 in Chapter 4 of the same reference. This together
with Theorem A.l (which gives uniqueness for (1171,'1,)) and (4.5) allow us to derive (a)
from Corollary 8.16 in Ch.4 of Ethier-Kurtz (1986).

(b) Let (my, pun) — (m, p) in Mp(E) X Q,. By (4.4), if ¢ € D(G,,,,) = D(Gy) then
(4.6)

|Gy @1t ) = Gy, )| < ([0 (p1n0), x) — g,y (p2(0), ) |

< ¢l|éllso d(p,,(u), u(u)) — 0 uniformly in(u, x) € E.

The last step uses the uniform convergence of {, }. The compact containment condition
(4.5) for {P}#n : n € N} follows as in (a). That is, we may define {¥,} with laws
P, which bound {X,} (with laws P};*") and use the weak continuity of Py, in m, (see
Dynkin (1989, Theorem 8.1)) to obtain the analogue of (4.5). The rest of the proof now
proceeds as in (a) (use (4.6) in place of Proposition 4.2(c)).

(c) This is immediate from (a) and (b). n

NOTATION.  Set C}([0,00)) = {¢ € Co([0,00)) : ¢ € Co(10,00))}, CHR!) =
{¢ € CoRHNCHRY) : Ap € Co(RY)}. The projection m: Mp(E) — Mp(R?) is given by

(p)(A) = p([0,00) X A).

DEFINITION.  If B is a Banach space and 4: D(A) C B — B is a linear map, we say
aset D C D(A) is a core for 4 if and only if the closure of {(¢, A¢): ¢ € D} in B X B
contains {(¢, A4) : ¢ € D(A)}.

LEMMA 44. If Dy = {¢(t.0) : ¢(t.x) = d1(Dd2(x), &1 € Cy([0,00)), d2 €
Cg(Rd)} U {1}, then the linear span of Dy is a core for G.

PROOF.  This is a simple application of Ethier-Kurtz (1986, Proposition 1.3.3). =

We are at last in a position to state the martingale problem mentioned at the start of the
section that models a randomly evolving population killed in the presence of a determin-
istically evolving second population. Recall that the primary reason we are studying this
model is as a prelude to establishing uniqueness in the martingale problem describing a
randomly evolving population killed in the presence of an independent super-Brownian
motion.
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DEFINITION.  Define the following additional o-fields of subsets of €2:
Flr,00) = o{X, : u>1}, 7,0 =o{X,:u<t},
1
Flro] = ﬂ,,o{X,, r<u §z+—} 0<7<1<00).
n
Let p € ®, 7> 0,m € Mp(RY) and D be a core for D(A/2) such that 1 € D C C3(RY).

We say that alaw PP on (Q, Flr, oo)) solves the martingale problem (M%) if the following
hold:

X, =m, P-as.,

X(6) = X:6)+2(0)+ [ X(5) ds — Lo,

Vt > 1, P-as., V¢ € D; where {Z(¢) : t > 7} is an a.s. continuous F [, t]-martingale
under P such that .
(2@ = [ X(¢")ds,

Vt > 7, P-as., and L, is an a.s. continuous Mx(R¢)-valued process such that for some
sequence 1, — 0,Vt > 7 and V¢ € D,

L) =P = 1im [ [ g, (us, 600X, (@) ds.

THEOREM4.5. Letp € ®,7>0,m¢€ Me(R?) and D be as in the previous definition.
Let P be a law on (Q, Flr, oo)) that satisfies (M"). Then P(A) = [F}’g;’;m(rr()_(.,T) € A),
VA € F|r,00), and, in particular, P is unique.

PROOF. Let
t
LA = [ X,(gn (e )1a)ds, 127, A€ BR.

As D is a core, D is dense in C/(R?). Let ¢ € C;(R?) and choose {¢,,} C D such that
llém — ¢llo — 0. Then

< ldm — Dlloo(Lr (1) + Li(1)) + [ L} (Sm) — Li(m)]-

First choose m large so the first term is small in probability uniformly in n and then choose
n large so the second term is small in probability. This is possible because L} () L,
L,(¢m) for all m and Lj(1) -, L(1). Therefore

4.7) L/($) — L(é), Vo € C((RY,

and we may choose a countable dense set D' in C}(RY) = {f € C/(R?) : f > 0} with
1 € D' and a sequence {n;} such that

klim L*(¢) = L(¢), Vt€QN[r,00), V¢ € D', P-as.
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As the limit is a.s. continuous in ¢ and L}*(¢) is non-decreasing in ¢, an elementary argu-
ment shows that

(4.8) lim sup |L}*(¢) — L(¢)| =0, VéeD', T>r, P-as.

k=00 r<r<r
If p = sup{s : u; # 0}, then p < 0o and
(4.9) L) = L1, Vi>p
and therefore L,(1) = L,(1), V¢t > p, P-a.s. by the above. It now follows from (4.8) that

(4.10) k]im sup |[L}*(¢) — L(¢)| =0, V¢ € D', P-as.
00 1<yt
Equation (4.10) shows that L,(¢) is non-decreasing in ¢ and L;(¢) = O forall ¢ € C“;(Rd),
P-a.s. Hence there is a unique (up to null sets) random finite measure L on [7, 00) X R4
such that
L([1,1] X A) = L,(A), Vi>r1, A€ BRY), P-as.

If L is the corresponding measure for L7, then by using (4.9) and (4.10) first to get a.s.
tightness of {L™} and then to see that L is the only limit point a.s., one obtains

.11 L™ — Lin Mg([r,00) x RY) ass.

The conditions of (M%) imply that

4.12) IP(/TTXS(I)ds) <(T — Dm(1).

As D is bounded pointwise dense in bB(R?), this allows us to extend Z; to an orthogonal
martingale measure {Z,(¢) : t > 7, ¢ € bB(R?)} such that {Z(¢) : t > 7} is a continuous
L? martingale with respect to the filtration (F[7, t])>, under P with

(26)) = [ X(6Mds,

Yt > 7, P-a.s. As in Walsh (1986, Chapter 2), we can define [’ [ ¢(s, x, w)Z(ds, dx) for the
usual class of fP( Flr, t]) x ‘B(R%)-measurable integrands.

By taking limits of (¢,A¢/2) (¢ € D) in Cy(RY)> we see that (M}) continues to
hold V¢ € D(A/2) (recall (4.12)). If ¢(s,x) = ¢1(s)¢a(x) for ¢; € C}([0,00)) and
¢2 € C3(R?) (see the notation prior to Lemma 4.2), then some easy stochastic calculus
and (M*) (the latter for ¢,) give

(4.13) Xio) =mo)+ [ [ots.0dzs.0+ [ X(Gosyyds — [ [ (s, 0lds, d),

Vt > 71, P-ass. equation (4.13) continues to hold for ¢ in the core Dy introduced in
Lemma 4.4 and hence, by taking limits, for all ¢ in D(Gy). Let ¢ € D(G) and use Propo-
sition 4.2(c) to choose ¢, € D(G,,") = D(Gy) (by (4.4)) such that

(4.14) (6> Gy In) — (6, G) in Co(E)™.
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Apply (4.13) with ¢ = ¢, and use (4.4) to conclude (write Z,(¢) for the martingale term
in (4.13))

+ [ X810 9609) ds = [ [ o5, 0Lids, ),

Vt > 7, P-as. Let n — oo through {n;} and use (4.11), (4.14), and Doob’s inequality
along with (4.12) to handle the martingale terms, to conclude

X(90) = m(6(n) + Z6) + [ X,((Go)s)) ds

T
T

X, (n(1)) = m(n(7)) + Zi(bn) + / Xo((Gy, ¢n)(s)) ds

Vi > 1, P-as. If X, = 8,4 X X,y for 1 > 0, this becomes (let Z,(¢) = Zyir(6), F, =
Flr,r+1t],t>0)

Xi6) = Grus x m)(6)+ Z(0) + [ X(Go)ds,

Yt > 0,P-as., Yo € D(G); where Z(q&) is acontinuous(ﬁ,)-martingale such that 20(¢) =
0 and o :

= _ 2 _ 'Y 2

Z@) = [ Xohds= [ X)) ds,

Vt > 0, P-as. Theorem A.1 in the Appendix implies X has distribution PO .. The result

follows because X, = m(X,_,), ¥t > 7. .

REMARK 4.6. (a) A uniqueness result without a companion existence theorem is of
questionable value. In fact it is true that P = ﬂig;‘;m (7r()_(. ) E ) solves (M"). Our proof
of this apparently simple result is ridiculously complicated and we have not included it
here. We will see that Theorem 3.6 will give solutions to (M) for P,,-a.a. i (P, continues
to denote the law of super Brownian motion on (2, F)) and this will suffice for our
purposes.

(b) If m € Mp(RY) and 1 € @, let Ply(A) = PYY (m(X) € A) for A € F. Propo-
sition 4.3(c) shows that (m, u) +— P4 is a Borel measurable map from Mp(R?) x ® to

M,(Q2). Recall the notation MSF(IR" ) from Section 3 (see Lemma 3.4)

PROPOSITION 4.7. Assume d <3 andm € M‘F([R{d). Then
(a) Pm(q)) =1
(b) X, € M3(RY), Vt > 0, Py-a.s.

PROOF. (a) Clearly t — X,(1) has compact support P,,-a.s. It remains to show

(4.15) lim sup /(: / sy — ) Xsur (dX)ds = 0, P,-as.

0 yepd >0

If d = 1 this follows from the trivial bound py(y — x) < s~ '/2, so let us assume d = 2

or3. Let((r) = 2(1+log"(1/r)" . Theorem 4.7 and Lemma 4.6 of [BEP] show there
are constants ¢y, ¢, > 0 and an ro(w) > 0 P,,-a.s. such that

(4.16) D(X,,r) < ci(D(m,car) +¢(r),  Vt>0and r € (0, 7).
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Choose w such that ro(w) > 0 and fix 7 > 0, x € R?. Let l/s([O, r)) = Xgr (B(x, r)).
Inequality (4.16) implies that

(4.17) v,(10.M) < e3()(D(m, c2r) + (1)),
first for 0 < r < ry(w) and then for all » > 0 by choosing c¢3(w) appropriately.
I s = 0Xertads = [ [ purwsdn ds

_ [ [ —d/2 —1-d)2, —1[2s

= [) .[) 1/3.([0, r))(27r) s re dr ds (by parts)

< C3(w)[ [ [ Do, caryre /25714 dr as

€ 00 2
—r2/2s —1-d/2
+ /O /0 "1 drds| (by (4.17)).

The second integral goes to zero as ¢ | 0 because d < 4. The first integral equals

N —?/2 —d)2
fo A D(m, cyx\/s5)xe s dxds
= /000 /OCZX\/ED(m, u)u'*ddu)c‘i"ef"z/2 dx(2c‘2i_2).

This approaches zero as € | 0 because m € M5(R?). As the above bounds are uniform in
(7, x), the proof of (4.15) is complete.
(b) This is immediate from (4.16). n

REMARK 4.8. Corollary 4.8 of [BEP] in fact implies X, € M}(R"), Vvt > 0, Py,-as.,
Vm € Mp(R?) (for d < 3).

We are ready to introduce the martingale problem (M, ) discussed in the Introduction.
Recall that this is intended as a model for a pair of branching particle systems in which
inter-species collisions may kill off the particle in the first population but have no effect
on the particle from the second population.

DEFINITION. ~ Suppose that A > 0 and m;, m; € Mz(RY). We say that a probability P
on (Q?, F?) solves the martingale problem (M}, ) if the following holds V¢ € C3(R?):

X(') =my, P-as.,
X! (6) = XY@ + Z (@) + [ X186 /2)ds = MK X))
Vvt >0, P-as.,
Xg =my, P-as.,
X(0) = X&)+ Z (@) + [ X280 /2)ds
Vt > 0, P-a.s.; where Zi(¢) are a.s. continuous (‘,?)-martingales under P such that
(Z00, 2/} = 85 || Xi(6D)ds

Vit >0, P-as., Vo, ¢ € CH(RY).
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THEOREM 4.9. Assume d < 3, X > 0 and m;,my € M}(Rd). There is a unique
probability P on (Q, F?) that solves (M))).
In fact P is given by

(4.18) PAXB) = /F [B(WPY(A) P, (w), VABE F.

PROOF.  The existence of a P satisfying (M}, ) follows just as in Theorem 3.6.

Assume P satisfies (M; ). Let P(X?)(-) be a regular conditional probability for X' given
o(X?). Note that the uniqueness of the martingale problem for super-Brownian motion
(e.g. Ethier-Kurtz (1986, Chapter 9 Theorem 4.2)) shows that PX? €)= Pp,.

As usual, Z' extends to an orthogonal martingale measure. If f;(s,w, x) is P( ff,z) X
B(RY)-measurable such that

(4.19) /0 ' / £5, 0,02 Xi(dx)ds < 00, V>0, P-as.,
then the stochastic integral
| [#.w.0dz,0 = Z)
exists and is a continuous local martingale such that
(4.20) (ZEZ G = b5 [ [ F(s 002X (@ ds.

Let ¢ € C3(RY). We claim Z) (¢) is an 7, x F -martingale. Fix s < rand let Y € bo(X?),
W e bFX' . Here FX' = Mo(X! : u < s+ 1/n). By Theorem 1.1, 3f € L2 (X%,P,,)
such that Y = P(Y) + J3° [ f(s, X%, x) dZ%(s, x), P-a.s. Therefore

P((Z (@)~ 7)) YW)
= P((Z/ @)~ Zl@)W )P
+ IP(W[P((Z,' @) =20) [ [ X dzz(u,x)m}))
—0+¢(We((2) - Z0) (Z0) - 20) 7))

= p(WP((Z'0).22(): ~ <Z'(¢),Zz(f)>slf3))
=0 (by(4.20)).

It follows that P(Z} (¢)| F2 x F) = Z!(¢), P-as. Letting s | u through rational values on
both sides, we see that Z!(¢) is an F, x F-martingale.

From Theorem 2.1 it is clear that [P’(sup,<TX,‘(l)f’) < 00, Vp, T > 0, and therefore it
follows from (M!, ) and Burkholder’s inequality that P(sup,; |Z}(¢)[?) < 00,Vp,T >0
and ¢ € bB(R?). Therefore, for ¢ € CZ(R?) -

M(@) =2} — [ Xl(6Dds =2 [ Z)(6)dZ) ()

=2 [Zi6)odz' (5.0
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is a square integrable (F,%)-martingale and by modifying the previous argument we see
itis also an (F, x ¥ )-martingale.

Let N, be a P-a.s. continuous (f, x ¥)-martingale. We claim that for P,,,-a.a. WA,
(t,w') — N(t,w',w?) is aP(w?)(-)-a.s. continuous (F;)-martingale with respect to P(w?).
Let C; C TSO be a countable set whose bounded pointwise closure is b, If s < t and
W € Cy, then

PN, — N)(Wo X"YY) =0, VY € bo(X?)
= P((N, —NgWoX'|X*) =0 P-as.
= PWH((N: = N wHW) =0 for Py,-aa. o,
Therefore we may fix w? outside of P,,,-null set such that
(4.21) PWH)((N; = N, )W) =0, YW € C,, VO < s < rationals,

and t — N,(w', w?) is continuous for P(w?)-a.a. w'. Equation (4.21) extends immediately
to all Win b2, so that

P (Na( ) F) (@) = No(w',w?), Vs €10,n]NQ, Vn €N, P(w)-aa w'.
Fix t € {0, n] and choose rationals s,, | . Take limits in the above to see that
P (NG D)W@) = N o), Ph)aa o', Vi <n.

This proves the claim.

Let D C C3(RY) be a countable core for A/2 on D(A/2) with | € D. For example,
one may take D = {P.,¢ : ¢ € D',n € N} where 1 € D’ is a countable dense set in
C(RY), (P,) is the Brownian semigroup, and ¢, | 0. Now apply the above result with
N, = Z}(¢) or M (), ¢ € D, to conclude

(4.22) For P,,-aa. o, V¢ € D, (t,w') — Z!(¢)(w', ) and M, (¢)(w',w?)
are a.s. continuous ( F;)-martingales under P(w?).

We may define an a.s. unique random finite measure L on [0,00) X R? such that
L(10,1] X A) = AL(X', X*)(A), Vt > 0, A € B(RY), P-ass.
For 1) > 0 define L"(X', X?) € M([0,00) x R’) by

L1011 x A) = [ X! (8,02, )1a)ds, 1> 0,4 € BR),
Argue as in the derivation of (4.11) to see there is a sequence 7, | O such that
L™ — Lin Mp([0,00) x RY)  P-as.
|

From the above we may conclude that for P,,,-a.a. w?, for P(w?)-a.a. o',

(4.23) LMW', w?) — LW, w?)
Lw", w0, 1] x A) = AL(X", X*)(A), Vr>0, A€ BR?) and

>\L,(Xl , X2) is continuous in .
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Fix w? outside a P,,-null set such that Aw? € @ (use Proposition 4.7),
T
W} (6) = m(@)+ Z} (@) ) + [[wl(86/2)ds = AL w?)(©)

Vt >0, ¢ € D, for P(w?)-a.a. w', and so that w? is not in the exceptional null sets from
(4.22) and (4.23). The latter implies

/(: wi (g, Ol )6()) ds — AL(W', w)(@), Vo € D, P(w)-aa w'.

We therefore have shown that P(w?) solves the martingale problem (M,f;l“'z). Theorem 4.5
implies that for w? as above, P(w?) = [Pﬁ,“l“'z, and as the latter is F-measurable in w? (see
Remarks 4.6(b)), (4.18) follows and P is unique. n

REMARK 4.10(A). Note the above proof shows directly (i.e. without Proposition4.3)
that y +— P is F-measurable in u € ®, where ¥ is the P,,-completion of ¥ and
m; € M(RY).

(b) The above proof goes through unchanged if instead of —AL, (X ',Xz)(¢>) in(M j L)
we have —ML,(w',w?)(¢) where L(w' ,w?) is a P-as. continuous, non-decreasing
Mp(R%)-valued process for which there is a sequence 7; | 0 such that

(4.24) LMK X)) o Li(¢)ask — o0, Vi >0, Yo € CHRY).

m,.m, denote the probability given by (4.18).

. . . 1
, is the unique solution of (M, ).

Suppressing dependence on A, we let P
Hence if (my, my) € Mi(R?)?, P

my,m

THEOREM 4.11. Suppose that d < 3. Let X, = (X,',)?,Z) be a P'-a.s. continuous,
(F))-adapted Mr(RY)?-valued process on some probability space (', F',P') equipped
with a right-continuous filtration (F)). Assume my,my € M3(RY) and V¢ € C2(RY) the
following conditions (which we label as (M’AL)) hold:

X6) = mi(@)+Z}@)+ [ K186 /2)ds ~ MK, K@),
Yt > 0, P'-a.s. (in particular, L(f(',)zz) exists),
2(0) = mo(9) + Z2) + [ K286 /2)ds,

VYt > 0, P-a.s.; where Zﬁ(qﬁ) are a.s. continuous (F)-martingales under P' such that

Zi(¢)) = 0 and
(260, Z0p)s = by | KioD s,
vVt >0, P-as.
Then:

(a) X, € ML(RY), ¥t >0, P'-a.s.
(b) If T is any a.s. finite (‘F)-stopping time and \» € b(‘F?), then

P'(¢(Xr)| 1) =Py (), Plas.
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PROOE. (a) By Theorem 2.1 and Remark 2.2 we may assume there are independent
(F))-super Brownian motions (Y, ¥?) such that Y’ = m; and X! < Yi, Vt > 0, as.
Proposition 4.7(b) implies (Y}, Y?) € M3.(R), V¢ > 0, a.s. and (a) follows.

(b) For ¢ € C2(R) define Z'(¢): [0,00) x Q* — R, i = 1,2, by
2@ ) = wl(6) — (@) — [ w180 /Dds + M ))(@)
Zo) o) = (@) — h(@) — [ 286 /2)ds.

Here L, is as in Proposition 3.2 but with respect to the law P; of (X', X?) on (Q?, F?). By
an easy truncation argument, it suffices to consider bounded 7. Let P7(w’) be a regular
conditional probability for 0r(X) = Xr,. given F;. Proposition 3.2 (ii) implies

(4.25) Zi (@) Orw) = Zp(w) — Zi(w), V1 >0, Pgas.,i=1,2.

Let s < tand C; be a countable set which is bounded pointwise dense in b((,‘}}o)z). If
1 € Cy, then

u»'([z;@) (3(%w)) ~ Z) (0%(X(w’)))]w(e%()?<w’>))|%’)
=P (P’ (Z1r (@) (R) = Zir@)(X) | Fo, )0 (65 (%)) Tr’)
= P (P (Z11(0) = Zaar ()] F1.) 0 (030)| F7) by (M5,)

=0.
This implies

Pﬂw’)((zﬁ(d)) — Z;(d)))u’;) =0, Yy € C,,Vrationalss <1, P-as..

As in the proof of Theorem 4.9, this implies that for P'-a.a. o', Z'(¢) is an a.s. continuous
(F})-martingale under Pr(w’). Similarly if ¢; € C3(R?) for P'-a.a. o’
- ~: T .
M6 &5) = Zi(60Zi6) = 8; || /(6D ds

is an a.s. continuous (T,z)-martingale under Pr(w’) .
By Proposition 3.2 (iii) there is a sequence 1, — O such that

~ ~ / _ . 7 < / /
L(6r(%N)) = lim LI (6r(Rw)) ). Ve >0, Plas.
Therefore for P’-a.s. '
LW W) = lim LMW' W), V>0, Pr(w)-as.
k—00
Theorem 4.9 and Remark 4.10(b) imply that for P'-a.a. o/, Pr() = [P’}(T(W,,) because

Pr(w') solves (M),) (modified as in (4.24)) and X7,y € M3(R?)?, P'-as., by (a). The re-
sult follows because (m;,m;) +— P! is Borel measurable on Mg(R?)? by

myms

Remarks 4.6(b) and (4.18). ]
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COROLLARY 4.12.  Ifd < 3and \ > 0, then (Q*, F2, F2. 6%, X,, (P,',,),,,EM;(RJF ) is an
(M}(Rd))z-valued diffusion.

PROOF. The Borel measurability of (m, n;) — [P‘,'n],m2 was noted at the end of the
above proof. The result is now immediate from the previous theorem. ]

If d = | and (m;,my) € F (as in Theorem 3.9), then one could argue exactly as in
Theorem 3.9 to obtain existence and uniqueness of iP’,lnhmz satisfying (M}, ) as well as the
Girsanov-type formula

dP!

my,my

Py, X P,

pe = exp{f/\ fo’ /ug(s,x)le‘O(s,x) — /\2/2/(;/uz(s,x)zul(s,x)dxds}.

We show below that this absolute continuity result fails for d = 3 and conjecture that it
also fails for = 2. Hence our alternative approach to uniqueness in (M!,) seems to be
necessary.

We require a pair of preliminary results, the first of which (Lemma 5.1) will be proved
in the next section to give a self-contained treatment of the non-existence results treated
there. The second is the following path property of super-Brownian motion.

LEMMA 4.13. Ify(r) = P(log" 1 /1)~ "/27 for some > 0 and d > 1, then
X (B
L X(Blxn)
rlo Y(r)
for X;-a.a. x, Py-a.s., ¥t >0, m € Mp(R?).

We omit the proof as a more precise result will be given in Perkins and Taylor (1993).
In that work an integral test on ¥ will be given for d > 2 to decide whether or not the
above lim inf is +00 or O for X;-a.a. x, P,-a.s. The sufficient condition for +00 will also
apply ford = 2. In fact we will only need a much cruder result ford = 3 in Theorem 4.14
below.

THEOREM 4.14.  Let d = 3, A > 0 and assume my,m, € Mx(R?). If

H‘jrln,,m:(A) = P/L..'rlg({Ll(Xl’Xz) :/é O}ﬂA)

my

then ﬂi,'"lm 7 and P, X [P’,,,z( g2 are mutually singular measures. In particular, P

is not absolutely continuous with respect to P, X P,

:fl
72 whenever m; # 0 fori = 1,2.|

PROOF.  The last assertion is immediate from the first since P), ,# 0 whenm; # 0
for i = 1,2. Recall that for ¢ € D(A/2),

. . . t .
Z°6) = Xi(0) — Xy(0) — [ Xiag/2)ds
(see (M,, ,,) in Section 3). For ¢ € C}(R?) we define Z! (¢) by (M!,), that is,

(4.26) ZH o) = Z/0(¢) + \L(X", X*)(0),
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where L,(X', X?) = L,(X", X?) is as in Proposition 3.2 and where the underlying measure
may be P}, or P, X P,, (Remark 3.3 (b) gives the existence of an (F?)-predictable
map L which works for both measures simultaneously). Following Walsh (1986) we
can define stochastic integrals Z,"O(¢>) (respectively, Z,l (¢)) with respect to P, X Py,
(respectively P! ) for all P(F?) x B(RY)-measurable ¢ satisfying

mi,my

@27 P, (/Or 1(605,92) ds ) + P, X P, (/O'X;(qs(s,.)z) ds) <00, V>0,

These integrals are a.s.-continuous square-integrable martingales with square function
J5 X! (¢(s,-)?) ds. If, in addition to (4.27),

(4.28) sup | (s, w,x)| < oo, IP’,lnhm2 + Py, X Pp,-as., Vi >0,
s<txeR4

then L(X', X*)(¢) = [} [ ¢(s, w, x)L(X", X*)(ds, dx) exists and is a.s. continuous in ¢ (for
both ﬂlrln],mz and Py, X P,,,). We can now use (4.26) to define 7!9(¢) with respect to [F",‘,,I,m2
for any P(F,) x B(RY)-measurable ¢ satisfying (4.27) and (4.28). To distinguish this
stochastic integral from the P,,, X P,,,-stochastic integral with respect to Z', we denote
the former by Z,' O(#). We now show these two stochastic integrals are consistent. More
precisely we claim that

(4.29) V¢ which is P(F?) x B(RY)-measurable and satisfying (4.27) and
(4.28) IH,:[0,00) x Q> — R which is (‘,?)-predictable such that
72y = Hy(t,X), ¥t > 0, By, X Pp,-as., and Z,%(¢) = Hy(t,X),
Ve >0,Pl  _as.

my,my
Consider first

pes
n
= { Z fi(s, w)pi(x) : f; bounded, left-continuous and ( f,z)—adapted, ¢; € C%([R{d)}.
i=1
Then the construction of the above stochastic integrals gives
noopt
2%) =Y. [ fils)dZt06), ¥t > 0, By, X Pyas
i=1"
Similarly, using (4.26) one gets
~ noopt
M) =3 [O f()dZ (), Vi>0, Pl -as.
i=1 )
By approximating f; by the usual sequence of step functions {f" : n € N} and taking an
appropriate subsequence one constructs a P(f,?)-measurable function H, such that the

conclusion of (4.29) holds. If C denotes the class of ¢ in b(T( F2) x BR4 )) for which
(4.29) holds, then it is easy to see that C is closed under bounded pointwise limits. As
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S C C (by the above), Theorem 1.21 of Dellacherie-Meyer (1978) implies C contains
all ¢ in b(P(F?) x B(R?)). Now consider ¢ as in (4.29) and let ¢, = (¢ V (—n)) An.
Then there is a subsequence such that

2} %(pn) — 21°(0)

uniformly in ¢ on compacts P}, -a.s. and

Zn) = 2 (bn) = MX" X (0n) — Z%(9)
uniformly in ¢ on compacts P,,, x P,,-a.s. Now define

limy_,, Hénk (t,X), ifitexists,
0, otherwise,

Hy(t,X) =

where H,, as in (4.29) exists since ¢p, is bounded. Clearly H,; is as in (4.29) and the

claim is proved. As a result we shall write Z,l ‘0(¢) for both Z,' ‘O(d>) and Z,l “’(d)) (and both
IPrInl,mg and IPWH X sz)
Let .
GotX) = [, [ X}(Bx,27")Z" (ds, dx)

or, more precisely, G,(t, X) = H,, (¢, X) where
(s, wx) = WH(B(x,27)1(s > 27"/,

Using Theorem 2.1 it is trivial to see that ¢, satisfies (4.27) and (4.28), so H,,, exists.
Let ((r) = r*(1 +log(1/r)). Theorem 4.7 of [BEP] shows that

(4.30) DX}, 1) < c1(DimyPy,car) +((r) for 0 < r < ry(w)

and some rj(w) >0, P, X Pp,-as..

Under P,,, X P,,, (4.30) and a simple calculation show that for n > ng(w), where ng
is a.s. finite, the continuous martingale G, satisfies

(G = | » [ %3 (Bx.27))* X! (dx) ds
< 02X, X))

4.31)

where

r 2 ! - n
£rx', X231 = /0 /xf(B(x,z ") X! (dx) ds2™".
Now it is easy to see that
L', X)) < e 7 (x X
]
L L, XH)(1) as n — oo,
where in the last time the L' convergence is with respect to P,,,, x P, and we have used

[BEP, Theorem 5.9] (an integration by parts shows that m; € M}(Rd) implies the hypoth-
esis of that result is satisfied). The L' boundedness of {L : n € N} and a Borel-Cantelli
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argument show thatif 5 > Ois fixed, then (G, ); < 2 31¢(2"mn!* for sufficiently large
n Py, xP,,-a.s. This and a well-known estimate (Rogers-Williams (1987,1V. 37.12)) im-

ply

sup |Gn(t)| < 273"/2(<(2*VI)>I/2”%+,]
(4.32) <l
< C42*5n/2nl+:1

for sufficiently large n, P, x Py,,-a.s., Vi > 0. Now let
A={weQ’: |G < 272" for sufficiently large n} € le.

With respect to [P’ our definition of Z''0 (i.e. (4.26)) gives

Gn(t) = /2 " /X?(B(x’ 2*"))Zl(ds’ dx)
-\ /2'1 . /X% (B()C, 2’"))L(X1,X2)(ds, dx)
= Gn,l(t) - Gn’z(f).

The process G, is a continuous square integrable martingale under P! andif Y’ > X'

my,my

are independent super Brownian motions (working now on a larger space—see Theo-
rem 2.1) then

(Ga)i = /2 [ X(Be2 ) X v ds < / Y2(B(e,2) Y, (dv ds
< eC27M2 Y, Y1) for nlarge ass. (see (4.31))
Repeating the above argument gives
(4.33) |Gpi (D] < c42 20 for sufficiently large n, [P’,',w,,z—a.s.

Take mean values to see that Y* = X? a.s. Let ¥ be as in Lemma 4.13 and set

b(s,x,X%) = l{lirg(i)anf(B(x, NN <+o0} =0

for X\z,-a.a. x, a.s., Vs > 0 (by Lemma 4.13). Lemma 5.1 now gives

(4.34) A5, x,X2) =0, L', X*)-aa. (s,x), as.
Recall from Proposition 3.2 (iii) and our construction of L (see Remark 3.3 (b)) that for
somee, | 0
L(Y', X% = lim Li"(Y',X?), V:>0, as.
and

L(X', X% = lim L"(X', X%, Vt>0, as.

Hence clearly L(X', X?) < L(Y', X?) (as random measures on [0,00) x R?) a.s. and so
(4.34) implies
A5, x,X°) =0, LX' X*-aa (s,x), P

mymy
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Therefore
liminf G, 2(1y(2™) "
n—0o0

1
> /O / liminf 1(s > 27"/ )X (B(x,27")7(2™") ' LX", X*)(ds.dx)  (Fatou)

n—00

= ool{L;(X", X*)(1) >0}, P!  -as.

my,m,

(with the convention oo - 0 = 0). This and (4.33) show that

lim G,(AYQ2 ") ' = —c0, P!  _as.on
n—oo

my,m,

In particular P! (A) = 0, while (4.32) shows Py, X P,,,(A) = 1. This proves the result.

my,m;
| ]

OPEN PROBLEM. IsP! , (X' € -) < P, on F?

my,n,
PROOF OF THEOREM 3.11. We assume P s L Py X Py, 72 and proceed by mod-
ifying the proof of Theorem 4.14 to obtain a contradiction. We use the notation of the
proof of Theorem 4.14.
Argue just as in the proof of the inequality (4.33) to see that

(4.37) |Gui(D)] < ;27520 for sufficiently large n, P-as.
Lemmas 4.13 and 5.1 imply
(5,5, X)) =0, L' X»)-aa (5,x), P, xP,,-as.
The absolute continuity assumption and Remark 3.3(b) therefore show that
Hs,x, X)) =0, LY X"-aa (s,x), P-as.,
which in turn gives (set 0 - oo = 0)

liminf G, (1)y(2 ")
n—o0

> /0 ' / fiminf 1(s > 27"/ HAX (B, 2712 ") ' LX" X*)(ds. dx) (Fatou)
= ool {Li(X", X*)(1) > 0}, P-as.
This and (4.37) imply that
P(AN{Li(X", X*)(1) > 0}) =0

and therefore

(4.38) P(A° N {Li(X", X*)(1) > 0}) = P(Li(X".X*)(1) > 0) > 0.

Note that the last inequality must hold since otherwise P| g2 = P, X P, 72 by (M,;) and

we know Py, X Py, (Li(X', X?)(1) > 0) > 0 for m; # 0 (see [BEP, Proposition 5.11].)
Now (4.38) and the fact that P,,,, x P,,,(A) = 1 (see (4.32)) contradict our absolute
continuity assumption and so the proof is complete. n
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5. Non-existence for d > 3. Recall from Section 1 (or [BEP]) that two independent
“d-dimensional” super-Brownian motions have a non-trivial collision local time for d <
5. It is therefore natural to consider the interactive martingale problems (M, ) and (M ; L)
ford < 5andnot justd < 3. The construction of solutions to (M,;) in Section 3 relied on
a convergence result for L(X', X?) which was uniformin (X', X?) € M,y, ,,, (Lemma 3.4)
and which could only be proved for d < 3. The treatment of (M}, ) in Section 4 was based
on constructing a CAF, A, for each Brownian path in the X' population. The existence
of A required d < 3. In either case the restrictionto d < 3 seemed to be an artifact of the
proof. In this section we show that in fact (M);) and (M iL) cannot be solved for d = 4
or 5. This work is joint with Martin Barlow.

First note thatif d > 5, then by Theorem 2.1 and the a.s.-non-intersection of the graphs
of two independent super-Brownian motions (see [BEP, Theorem 3.6, Remark 5.12(a)]),
the only possible solutionto (M, ;) and (M}, ) is P, X P, for which L(X', X?) = 0.1f m,
and m; have disjoint closed supports, clearly P,,, X P, is a solution of (M,,) and (M /'\L).
Therefore these martingale problems are only of interest for d < 5 which we assume for
the rest of this section.

We continue with the notation of Sections 3 and 4. In particular, P, continues to de-
note the law of super-Brownian motion on (L, F) = (C([O, oo),Mp(Rd)), Borel sets).
Also, X,(w) = w(t) and (X,l s X,z) denote the coordinate mappings on (Q, F) and (Q?, F2,
respectively.

NOTATION.  go: R? \ {0} — R is given by

I, d=1
go(x) = {ln+(1/|x[), d=2
x>, d>?2

LEMMA 5.1.  Lerd < 5 and assume m,,my € Mp(R?) satisfy
(5.1) [ gotx = x2ydmi(x) dma() < 0o, ifd <5
[[r = w0 dmi ey dmaen) < o0, ifd =5
If :[0,1] X R x Q — R is bounded and B([0, 1] x RY) x F-measurable, then
Py X By ([ [ 6052 XOLOK, XP)(ds, 0|

(5.2) ,
- /0 // O(s, X2, X2 )ps(x2 — x1) dmy (x))X2(dxa) ds  a.s.

PROOE. Theorem 5.9 of [BEP] and the bound (3.3) imply that for v € C,(R?)
lim || sup [L(X", X2)(¥) — L (X', X)) (@)||[1 = 0
€l u<s .

(the L, norm is taken with respect to P,,, X P,,,). An elementary argument now shows
that if ¢ € C,([0, 1] x RY) then

.3 tim| [ [ v 0L KX ds.do) - ) [ nLee .o =0
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(for example, one can first extract a subsequence along which one has weak convergence
in Mp([0, 1] x R) a.s. as in (4.11)). Let 9)(s, x) be as above. A standard bootstrapping
argument shows that w.p.1

Po X P, ( I ' [ s L ! x3)ds, dx)|x2)
=Py X Py, ( /0' | // Vs, x2)pe(x2 — x1)X (dxy )Xf(dxz)ds|X2>
= /0 ’ [P, % B, ( [ e = x)X! (dx1)|X2>LZ)(s, )X (dxs) ds

= [ ][ pesstn = xmi @5, 20X d.

(5.4)

Note that

P X Py ([ [ pesstors — x) Xy () s
1

~ b ./i/‘p“z“'(x2 — xp)ma(dxy)m (dx,) ds

5.5 — /(: //pzx(xz — x)ma(dx2)my(dx;) ds (use (5.1) and dominated convergence)
PR
= P, < P ([ [[ 2 = x)Xedrm () ds ) < oo,

This shows that {p..s(x2 — x1) : € > 0} is a uniformly integrable family with respect
to Xf(dxz)m| (dx1) ds d(P,,, X P,,,) and, as ¥ is bounded, this allows us to take a limit as
¢ | 0 inside the integral sign in (5.4) and conclude

1
L'~ tim I [ [ pesstes = ximi(dxits, x)X2 dxo) ds

- /ot // ps(x2 — x0)my(dx))U(s, x2)X] (dxz) ds.

This together with (5.3) allows us to take L'-limits on both sides of (5.4) to obtain the
required result with 1(s, x) in place of &(s, x, X?).

Observation (5.5), together with the above for 1y = 1, shows that both sides of (5.2)
are integrable for any bounded ¢. Therefore (5.2) is preserved under bounded pointwise
limits. Moreover, (5.2) holds for ¢(s, x, X% = Y Yils, 0)S;(X?) for bounded measur-
able S; and v; € C([0, ] x R‘I) by the above. Now pass to the bounded pointwise closure
of this class of functions to complete the proof. L]

LEMMA 5.2. The integral [ 1(|x —y| < 1)|x — y| 2X,(dx) takes the value oo for
X-a.a. y, Vs > 0, Pp-a.s.

PROOF. Let h — m(A) denote the Hausdorff h-measure of A where h(r) =
P 10g+(log*(l /r)). If d = 1 the results is trivial because X,(dx) = u(s, x) dx for some
jointly continuous density u. Assume d > 2. Let S(X;) be the closed support of X;. Fix w
outside a P,,-null set such that S(X,) is compact V¢ > 0, and

(5.6) Xi(A) > c(d)h — m(ANS(X,), VA € BR), Vi >0
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(see Perkins (1989, Theorems 1 and 2) and Dawson-Iscoe-Perkins (1989, Theorem 1.2)).
Assume now the desired conclusion fails for w as above and some s > 0. Since S(X;) is
compact this means

X,.({y =l X < oo}) >0
and therefore for large enough N, X;(Ay) > 0 where
Ay = {ye s [Ix—y2Xdo) <N},

Therefore _
-2
Jo L b= 31X @0,y < oo,

and so Ay has positive two-dimensional capacity. By Taylor (1961), this implies x> —
m(Ay) = 00. On the other hand

h—m(Ay) = h—m(Ay O S(X,) < ed)” ' X,(Ay) < 00

and this contradicts X2 — m(Ay) = 00. "

THEOREM 5.3. Letd = 4 or 5 and assume m;,m, € Mp(R?)\ {0} satisfy (5.1). If
A>0, (MLL) and (My;) have no solutions.

PROOF. Let (X', X?) satisfy (M},), A > 0. Theorem 2.1 allows us to enlarge our
probability space so that it supports a super-Brownian motion ¥' > X'. Theorem 2.1(d)
shows that if Z"' is the orthogonal martingale measure associated with Y'  then
(2" (61),ZX($2)); = 0,Yp; € D(A/2). Tt follows that ¥' and X? are independent super-
Brownian motions starting at m; and m;, respectively (see [BEP, Theorem 1.2] or use
Theorem 1.1 above). Lemma 5.7 of [BEP] with « = 0 and v = 1 implies that

/0, [[ i = 0P X2 de) L, X)ds, dxy) < 00, V>0, as.

If
A = {0 s [ |n =l Xidx) = ool

and we continue to write L(X', X?) for the induced random measure on [0, 00) x R%, then
the above implies

(5.7) LX' X)(AKX)) =0 as.
On the other hand, Lemma 5.2 implies (write 14(s, x, X?) for 14x2) (8, X))
/0 (5,0 XXM ds = 0 as.

- /0” /lA«(s,x,Xz)L(Y',XZ)(ds,dx) —0 as. (Lemma5.1)
= LX'" XH(AX)) =0 as.,
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the last because L(X',X?) < L(Y',X?) as. (as in the proof of Theorem 4.14). This,
together with (5.7) implies L(X', X?) = 0 a.s. Therefore, (M}, ) implies (X', X*) is a pair
of independent super-Brownian motions ([BEP, Theorem 1.2]). The fact that L(X I x?%) =
0 a.s. contradicts Proposition 5.11 of [BEP], and hence there can be no solution to (M ; L)-

Assume now (X', X?) satisfies (M,;). By enlarging our probability space as in The-
orem 2.1 we may also assume there is a pair of independent super-Brownian motions
(Y', Y?) such that Y’ > X' a.s. Theorem 2.1 (d) shows that (Y', X?) satisfies (M., ,»,) With
A' = 0and A? = A\L(X", X?). We may therefore apply Lemma 5.7 of [BEP] (withar = 0
and ¢ = 1) to conclude

[ ] 1t = x4yt @t 6, X @s,dw) < oo, >0, as.

If
BOY = {50 [In =0 rldn) - oo}

then the above implies
L(X‘,Xz)(B(Y‘)) =0 as.

On the other hand by applying Lemmas 5.1 and 5.2 as in the previous argument one gets
L' XH(B(Y')) =0 as.
(again we use LX', X?) < L(Y',Y?) as.). The proof is completed as above. u

REMARKS 5.4. (a) Although L(X', X?) exists if (X', X?) € M (m;,my) andd < 5,
the above result shows that the uniform convergence result, Lemma 3.4, must fail for
d > 3. 1f it held, then the proof of Theorem 3.6 would produce solutions to (M), ) (and
Ml 1) contradicting the above result.

(b) Note that (5.1) is needed to ensure that L,(X', X?) exists (|[BEP, Theorem 5.9]) and
hence (M},) and (M, ;) make sense.

(c) The rather slick argument above hides the intuitive reason for the non-existence
of solutions for d > 3: the only collisions that occur are between particles whose family
trees will die out in an infinitesimal time due to the critical branching. Hence killing off
some of these particles has no effect on the population.

Appendix: superprocesses for non-conservative Markov processes. In this ap-
pendix we prove existence and uniqueness to the standard martingale problem for super-
processes when the underlying Markov process is not conservative. In all the references
we know of, the underlying semigroup is assumed to satisty P,1 = 1. If the underly-
ing process W is killed by the CAF A, = [j b(W,)ds (b > 0 bounded) this effectively
introduces an emigration term and is standard. We are interested in CAF’s with more sin-
gular Revuz measures. We make no attempt at maximal generally because we are only
interested in a fairly particular case.
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Let W = (D, D, Dy, 0, W;, P,) be the canonical realization of a Feller process on a
locally compact state space E and with semigroup P, on C/(E). Let A, be a CAF for W
and define a sub-Markov semigroup {P; : t > 0} on C((E) by

Pf(x) = Pe(e Mf(W)).
We assume
(A. 1) {P, : t > 0} is a Feller (i.e. strongly continuous) semigroup on C(E).

If Ex = EU{A} (Ais added as a discrete point) and e is an independent exponential

time, then
= [ W ifA <e
Wi = A ifA, > e

is a strong Markov process with semigroup P,. Here P, is extended trivially to a semi-
group on CH(Ey) = {f € Ci(Ea) : f(A) = 0}. Finally, we introduce the semigroup
{P% :t >0} on C((E,) given by

Pf(x) = Pf(x) + Po(1 — e )f(A).

Thus {P2 : t > 0} is the semigroup of the strong Markov process W» which is W, but
now viewed as an E,-valued process with A a trap. It is easy to see that (A.1) implies W
is an Ex-valued Feller process. Let G and G* denote the strong infinitesimal generators
of P, and P2, respectively. We consider D(G) as a subset of C}(E,) and D(G2) C C((Ey).

Let X = (QA, FA, ,A,X,,(P,,,),,,GMF(EA)) be the canonical realization of the WA-
superprocess on Q* = C ([0, 00), M F(EA)) with its Borel o-field F2 and canonical right-
continuous filtration (};A). The process X is a Feller process (Dynkin 1989, Section 8))
and P,, is the unique law on Q2 satisfying the following martingale problem (which we
label as (M?2)):

Xo=m, Py-as,

X6) = Xo(@) +Z0) + [ X,(G*6)ds,

Vi > 0, P,-as., V¢ € D(G*); where Z,(¢) is a continuous (F,*)-martingale under P,,
such that .,
(@) = [ X6 ds.

Vit > 0, P,-a.s. (see Ethier-Kurtz (1986, Section 9.4)).

If p € Mp(E®) let 1" denote the restriction of  to the Borel sets in E. We call X7 (un-
der P,,) the W-superprocess starting at m". The next theorem gives a natural martingale
characterization of the law of this process on Q= C([O, oo),MF(E)). Let X,(w) = w(z)
denote the coordinate variables on Q with its Borel o-field F and natural right continuous
filtration (F;).
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THEOREM A.l1. For allm € Mp(E) there is a unique law P, on (Q, F) that solves
the following martingale problem (M):

Xo=m, P,-as.,
— — _ it _ -
X(¢) = Xo(d) + Z(d) + /0 X,(Go)ds,
Yt > 0, Vo € D(G); where Z,(¢) is a continuous (,‘_f,)—martingale under P, such that
— - T 2
(2), = [ XD ds,
Yt >0, Py-a.s.
Moreover X = (Q, F.EX,, (ﬂi)meMF(E)) is an Mg(E)-valued diffusion and
(A.2) Pr() = Pu(X" € ).

PROOE. If ¢ € D(G) C CH(Ey), then P2¢ = P,¢ and therefore ¢ € D(G*) and
G*¢ = Go. It is now clear from (M?) that P,, given by (A.2) is a solution of (M).

Turning to uniqueness, let P,, be a solution of (M). If ¥, (x) = [§ P;1(x)ds /e, then
Ethier-Kurtz (1986, Proposition 1.1.5 (a)) shows that 1), € D(G) and

G (x) = (P1(x) — 1)e "p(x) = Pole™ — De ' p(x) = —gc (%),

Clearly v, — 1 uniformly on E as ¢ | 0 by strong continuity. As usual, Z extends to an
orthogonal martingale measure {Z,(1/) : ¢ € b’E} under P,,. By Doob’s inequality,

sup | Z(o) — Z(1)] S5 0ase | 0,
t<T

and clearly X;(¢),) — X,(1), Vt > 0, P,-a.s. Put ¢ = ¢ in (M) and let ¢ | O to see that
for some €, | 0,

T _ _
(A.3) /0 Xi(g)ds — C, ¥t >0, Bp-as. as n— 00
where C;, = m(1) + Z,(1) — X,(1) is a.s. a continuous non-decreasing process. Now en-

large our probability space, to (€2, ¥, F.B) say, so that it supports an independent ( -
Brownian motion B,. Let S, be the pathwise unique solution of

Si= [ VSudB,+C,

(Barlow-Perkins (1983, Theorem 3.2)). Let X, = X, + S,0p € Mp(Ey). If ¢ € D(G*) and
d(x) = ¢(x)1g(x), then Ethier-Kurtz (1986, Proposition 1.1.5(a)) implies

6:x) = [ Pidx)dx/e € D(G)
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and
Goe = (P o) — o)) /€
(A.4) = (PR) —6() /e = P'(1 — e ")p () 15(x)
= GMo(x) — g ()H(A),

where G2“¢(x) — G2¢(x) uniformly on E as € | 0. Let ¢, extend ¢, to E5 by ¢(A) =
#(A). Combining (M) with ¢ = &, and (A.4) gives

Xi(60) = Xi(60) + 5,6(4)
M6 + 26 + 6D [ VS, dBGw

+ [ R(GH 0 — 68 [ Kol ds + HAC,,

Vr > 0, P-a.s.. Note that ¢, — ¢ and ¢, — ¢ uniformly on E, and E, respectively. Now
lete = ¢, | O in the above and use (A.3) to conclude

Xi0) = m(@) +Z(0) + [ X(G 9 ds,
where Z,(¢) = Z/(¢) + ¢(A) f /S, dB, is a continuous ( F,)-martingale such that
(Z(9)): = /OIXu(dSz) du, Vt>0, P-as.

Comparing this with (M,) we get [li’(X € ) = P,(+). This in turn implies Pn() =P (X" €
-) because X, = (X,)" in the above. Hence P,, is unique.

The strong Markov property of X is a standard consequence of the uniqueness in (M)
(e.g. see the proof of Theorem 2.5). The Borel measurability of m +— P,, is clear from
that of m +— P,,. n
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