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In a recent paper [1], the theory of non-linear semi-special permutations has been
developed. A method for describing such permutations, on a given range [n], is to be found
in §§2, 3. This method consists in choosing a proper divisor s of n, determining all the semi-
special permutations with principal number s, and then making s take all its possible values.
In this way the totality of non-linear semi-special permutations on [n] may be obtained.

Further, if n is a semi-special permutation with principal number 5, then (see [1,
Definition 2.4]) -n induces modulo s a linear permutation. Accordingly the permutations
with principal number s were divided (see [1], § 3) into two classes : the first class consists
of the permutations which induce modulo s the identity permutation; while the second consists
of those permutations which induce modulo s linear permutations other than the identity.
The question arises whether permutations of the same class, or possibly of different classes
(though with different values of the parameter s), can be identical. It is the object of the
present note to answer this question.

Another question, closely related to the stated one, also arises, namely, whether one of
the classes just considered is perhaps a sub-class of the other.* The answer to this question is
in a few known cases affirmative (Of. [2, §§ 4, 5]); but in general the author has no complete
answer.

1. Preliminary results
THEOREM 1. (i) / / there is a non-linear semi-special permutation -n on [n] with principal

number s and if v induces modulo s the identity permutation, then n can be written in the form

1 +O)+ ... +cox~1) (modn), (1)

tvhere A is prime to N, N =njs, and where

W*-1E=0 (modiV), to-1^0 (modiV) (2)

(ii) Conversely, if A is prime to N, and co satisfies (2), then (1) defines a non-linear semi-
special permutation of the desired type [1, Theorem 3.1].

THEOREM 2. (i) If there is a non-linear semi-special permutation 77 on [n] with principal
number s, if n induces modulo s a linear permutation other than the identity and if 771 = t, then
t is prime to n and n can be luritten in the form

•rrx =tx + sip(x) (mod?i) (3)

with 0(1) =0 {modN), tfi(x)=RJ^ (x-itf'-1 {mo&N) forx^2, (4)

where R is prime to N, N=n/s, and
l+fl + . - . + ^ - ^ O (modIV) (5)

* This question was pointed out to the author by the referee.
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Moreover, if h is the order of t modulo s and u is defined modulo N by th = l+us (mod TO), then

A - l

u+ 2 **-'-ty('') is prime to N ; (6)
i = O

u(0-l)s sV-*-1{0(2«')-(« + l)0(«')} (modiV); (7)
t = O

h f ^ 1 t h - i - i ( i + e + . . . + e t i - i ) i ( e T t i - e r ) = o ( m o d t f ) (»• = 1 , 2 , . . . , « ) ( 8 )
i = O

(ii) Conversely, if t is prime to n and R is prime to N and if 6, t and R satisfy (5)-(8), then
(3) defines a non-linear semi-special permutation of the desired type [1, Theorem 3.10].

The permutation IT, described in Theorem 1, is of the first class ; it depends on three
parameters, namely s, A and co ; for this reason it may be denoted by n(s ; A, co). But the
permutation n of Theorem 2 belongs to the second class ; it depends on four parameters,
namely s, t, R and 6, and may be denoted by 77(5 ; t, R, 0). The parameters s and t are to be
determined modulo n, whilst R, A, o> and 6 are to be determined modulo JV, where N = n/s.
We use throughout s and s' for proper divisors of n and put N=njs, N' -njs'.

2. The main results

LEMMA 1. TT(S' ; A', to') =IT(S ; A, ca) if and only if

s '=s, A' = A (mod IV), w'=0 (mod JV).

For if n(s' ; A', a/) =77(5 ; A, a>), then (see Theorem 1, (1))

s'A'(l +«/ + ... +to'x-1)=sA(l +0) + ... +o)x~1) (mod n), for all x (9)

For x = 1, we have
s'A'^sA (modw), (10)

and therefore (s'X', s'N') = (sX, sN) ; but since (A, N) = 1 and (A', N') = 1, it follows that s' =s
and hence, by (10), A' = A (mod N). Furthermore, if we put x = 2 in (9) and use (10), we find
that o>' = u> (mod N). This proves the necessity of the conditions of the lemma. The
sufficiency of the conditions is trivial.

LEMMA 2. w (s ' ; t',R', B')=TT(S ; t,R,6) if and only if s'=s, t'=t (mod TO), R'=R
(mod N), and d'=d (mod N).

Proof. If w(s'; t', R',6')=TT(S; t, R, 6), then (see Theorem 2, (3)) «'=< (mod TO), and

() (x-i)0'-1 (modTO), fora; ^ 2 ;

i.e. s'R'X'z\x-i)6'i-1=sBXfl\x-i)6i-1 (modTO) (a; > 2) (11)
i=1 i = l

For x = 2, we have
s'R'^sR (modw), (12)

and therefore (s'R1, s'N') = (sR, sN); but since (R, N) = l and (R1, N') = I, it follows that
s' =s, and hence, by (12), R' =R (mod N). Moreover, by using (12) and (11), with a; = 3, we
deduce that 8' =6 (mod N). This confirms the conditions in the lemma. The converse of the
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lemma is trivial and the proof is therefore omitted.
The preceding two lemmas combine together to prove

THEOREM 3. No two permutations of the same class can be identical.
We are now in a position to distinguish permutations of different classes. We prove

the following

THEOREM 4. TT(S' ; t, R, 8) = 77(5 ; A, co) if and only if

s'=ks, where k = (w - 1 , N), t = l +Xs (mod ») (13)

ft* O lii

«+—jfa*-1 --—->• is prime to N\ (15)

s ^ t — 1 j

uk{l+Xs)-Xh{l+uks)=O (modN'), (16)

where h is the order of t modulo s', u is defined modulo N' by th = l+us' (mod») and

Proof. Suppose tha t 77(5'; t, R, 8)=n(s ; A, w); then (see Theorem 1,(1) and Theorem

2, (3))

< = 1+As (mod JS) (17)

and tx+s'RX^ (x-i)di~1=z + sX(l+a) + ...+cox~1) (modn), for x S== 2 (18)

If we put t = 1 + As (mod n), (18) takes the form

8'RX'fl\x-i)8<-1&s\(w-l)X'£l (x-ifa*-1 (mod n), for x > 2 (19)

For x = 2, we have
s'i? = sA(<«> -1 ) (mod w), (20)

which gives (since (R, N') = 1 and (A, N) = 1)

and accordingly

Furthermore, if we put a; = 3 in (19) and use (20), we find that

{w-l)(6-aj)=0
and therefore 6 = w (modN') (23)

Relations (17), (21), (22) and (23) show the necessity of conditions (13) and (14). We
now show that (15) and (16) are necessary for the existence of TT(S' ; t, R, 8), when 5', t, R and
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6 are given by (13) and (14). In fact, with the choice of s', t, R, 9 according to (13) and (14),
conditions (5) and (8) (with s' in place of s and N' in place of N) are secured. For, since

we have by Theorem 1 (2),

l+ to + .
Furthermore, since 6 = co (mod N') and s' =ks, we have

»)=0 (modiV');
this confirms condition (5) of Theorem 2.

Again, since 6 = o> (mod N') and t = 1 + sX (mod n), we have
Qr* -0r = wrti _ u r = a>r(l+»A)t _ ^ ( m o d N>)

= 0 (modi^'),
because w' = 1 (mod iV) and N = hN' ; this confirms condition (8) of Theorem 2.

Next, we proceed to show that conditions (6) and (7) reduce respectively to conditions
(15) and (16) of the theorem. For, since R = X(w-l)/k (mod N') and 0 = a> (mod N'), then
(see Theorem 2, (4))

^ L 1 1 ^ (a; _,:)w<-i (mod iV'),
re f

and therefore re^(a;) = A(l + w +... + co*-1 - a;) (mod N).
For x = 1 + ys, we have

l-ys} (mod iV)
= Xy(l+w + ...+co'-1-s) (modN)

= Ay(w - 1)*E (S - i joj ' - 1 (mod iV).

cu - 1 •~ 1

If we divide both sides by re and put b =—j— S (* - i)^*-1 (mod iV'), we find that
re j = i

4,(\+ys)=Xby (-mo&N1) (23)

In a similar way, we can also show that

X{°>~l) (24)Xby +

We turn now to conditions (6) and (7) of Theorem 2. Condition (7) requires that

t = 0

is prime to N' ; but since t = 1 + As (mod n), then, by using (23), it follows that

A&

and condition (6) is then secured if

Xb f, h , < A -
s\ t-\
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is prime to N'. Moreover, condition (7) requires that

u(8 -1 ) = *£ V-<-1{^(2<<) - (9 +1 )</-(<*)} (mod N');
t = 0

but, since 0 = o> (modN1), 4>{l)=0 (modIV') and if,(2)=R = X(w-l)lk (mod N'), then by
using (23) and (24), the above condition reduces to

i.e. to

t o - l 8 " 1

moreover, 6(1 -co) = -(u> - 1)—-.— ]£ («—»)£u<-1 (modN')
* i = i

<«> — 1 , 1 T . T , ,

(mod N ),= s—r
A/

since co» - 1 =0 (mod kN'), and so (25) takes the form

u{w-l)=
Ic

or simply uk^Xht*-1

If we multiply both sides by t = 1 + As (mod n) (note that such an operation has no effect on
the condition under consideration because t is prime to n and therefore to N') and put
tk = 1 +uks (mod n), the above condition then takes the form

uk(\+\s)=Xh{l+uks) (mod IV'),

which confirms (16). Thus we have shown the necessity of all the conditions in the theorem.
For the converse, it has been shown that (15) and (16) are sufficient for the existence of

77(5'; t, R, 8) when 5', t, R and 6 are given by (13) and (14). Then it remains to show that, in
virtue of (13) and (14), w(a'; t, R, 6) = TT(S ; A, w).

Denoting TT(S ; A, w) by n and TT(S' ; t, R, 8) by n', and using (13) and (14), we find that

TT'1E=<E=1+AS (modm), (26)

x-l

and, for x > 2, v'x = Uc + s'R £ (x - ijfl*"1 (mod ?i)
i = l

x-l
=x(l +As)+sA(co-l) 2 (x-iju*-1 (modn);

» = i

i.e. TT'X=X + 3\(1 +a> + ...+a>x-1) (modra), for x ^ 2 (27)

(26) and (27) combine together to show that -n'-IT, i.e. w(s'; t, R, 8)=n(s ; A, to). This
completes the proof of the theorem.

The above theorem may be illustrated by the following example.
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3. Illustrative example. Let n=pi, where p is an odd prime, and consider the two
semi-special permutations (see [2, § 5]) TT=TT(P; A, 1 +Qp2) and TT'=ir(p3; t,R,l) defined on
[p4] by TTX = x + Xpx + \XQp3x{x -1 ) (mod p4),

tr'x=tx + \Rp3x(x-l) (modp4),
where A, Q, R and t are all prime to p ; M l (modp3) and t, R are chosen in such a way that
u - ^Rht11'1 is prime to p, h being the order of t modulo p3, and u is defined modulo p by
th = 1 + up3 (mod p4).

If we take t = 1 + Xp (mod p*), R = A.Q (mod p), then h =p2 and u = A (mod p) ; in this case
u - ^Rht*-1 = A (mod p) which is prime to p and TT' = TT, i.e.

TT(P3 ; 1 +Xp, XQ, 1) =7r(p ; A, 1+Qp2).

On the other hand the conditions of Theorem 4 can be easily confirmed in this case with
s=p, N=p3, co = l+J(3p2 (modp3), s'=p3, N'=p, t = l+Xp (modp4), R = XQ (modp) and
0 = 1 (modp).
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