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A Symbolie proof of Euler's Addition Theorem
for Elliptic Functions.

By W. Sappres.
(Received 5th October 1925. Read 5th June 1925).

§t. Let apa*+4a, 2%+ 6,2 +dayz+a,=0=0} be a binary
quartic ; then I propose to show symbolically that the solution of
Euler’s differential equation

dy dz

Jai  Jai
can be written in the form
kaZa?+Ah2hE - £ (yrp=0
where
B -Ap-1Xi=0,
i=(abd)'=2(a,a,~4a,a,+3a’) and &, A, p
are otherwise arbitrary.

Let &} = (ab)*a,’b,;’ be the Hessian of the quartic, and first let
y and z satisfy a? ¢’ =0, namely the second polar of the quartic in
y, with respect to 2.

Since (yz)(ab)=0a,b,-a,b,,
therefore (y2)*(ab)alblt=(a,b,-a,0)arbd?
=a,'bb%-2a2ab’b +ala’d}

= -2(a ),

since afal=0.......n (i)
Thus (y2):(ab)ab’=-2(aa),
and similarly (y2)?(abyalb’= -2(a’a,),
'} ala
ok AT e ii
whence Jii Tt et (ii)

d
From (i), by differentiation, a,a,a’ + &? aala,=0
3
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1
or (a,0' - aya,a’%) + d_y (afa’-a,%0a,a2)=0
1
dz
3 2 1 2 __
or (r,a2-a,a,a z.z)—~(z,/—¢t2 znaa’=0
1
A 2 dz, 3 2
Similarly - a,aly, + Ti:y_ (8@, — a;9,0,0a,)=0.
1

Since ¥, and z, are introduced to make the functions homo-
geneous we may replace them by unity. By subtraction we obtain

dz
3_ "1 3a.=0
a,a, . ala,
Thus dill = iz' or A = + dfl_.
a’a, a’a, Jh,‘ N/X

Let fix=kf+Ah=ka'+ AR} and next let ¥ and 2z satisfy
kalal+AhZh*=0. Since the Hessian of kf+ Ah* is
Fhilik Nf+ M Ejr-5ih),
where i=(abd)’, j=(ab)®(bc)?(ca)? choose i* -1 A*i=0.

Then = - where y and z are connected by

~/a,‘ - \/E,T
kala?+Ah2h?=0, =3 \i.

§ 2. Again, if y and 2 satisfy,
a; al - %(y 2y =0,

where p is a constant and
Y2 =(hzn-na)
then by proceeding as before,
(2 (ab) b= ~2(a,'a) +p(y2)a,),

thus
(yoP{(@bf a2t} - pa} = —2(a1a);

similarly
(y2)?{(abd)albl~pal}l= ~2(a}a,)

* GRACE and Youra, Algebra of Invariants, p. 198,
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ala, aja,
Henee  Uhiluay = Uhi-war
Differentiating a’a’ i; (y 2)%,
we obtain

dz, dz
2 2+2af — - _‘_} .
2aia,02+2ala a, s, p.(yz) 1z., Ye 4y,

Multiplying by y,, we have
2ata’-2a aa+aadz 2a a.adzl
2a,y, = dy, 2 Y2 " dy,

dz
=p(yz) {(y2)+yez1—yxy2ﬁ}

Using alal= %(y z)%

a,a’+2a} adi 2a,y.0a
2ayy, d!/x 2Y2 zd

=p (”"zl Yi¥Y: dy >("/ z).
Similarly on multiplying by 2,
dz d:
2 aya'."‘ 2%220,(1,’ - 20,209226, d_yll =[l.<z122—y122 d_;l) (yz)'
1

Then, subtracting and replacing y, and z, by unity,

dz, _ dy
a,a® ala,’
d
or % = % ——dy—l_— ........................... (lll)
‘\/hz —ka, \/hy‘— ,ua,‘

In particular, if pa,=aya;, —a,% the quartic is depressed to a
cubic, while if u is one of the roots of

B-likA-170=0*%
the equation (iii) reduces to the rational form

dz _ dy,
quadratic  quadratic’

*Grace and Youna, loco. cit., p. 198,
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§8. Nowlet fia=kf+Ah,
and let %, A, u satisfy

kalal+Ah2ht — L (yz)=0.
By substituting in equation (iii), with the notation
P@)=h(B-Ap- 300 +/Gik A +3j 0 —kp),

we have proved
dz, N dy,

VIR T VF()
whence if B—Ap—-1Ai=0,
then d = + d/'%_

Jar va!

has an integral of the form
kafal+Mhiht— £ (yzr=0

where B -Ap-1rAi=0.

§4. Canonical Form of the binary cubic.
Consider the binary cubic
a,2*+3a, % +3a,c+a;=0,2=b"=...
The Hessian is A= (ab)’a,b,, and the first polar with respect to
' is ala,.
Then if y and 2z are connected by ‘the relation
a,’a =0,

by methods exactly similar to §1 we obtain

dyy  dzy o dy, _  dy
o) 2a,a} kG 2RE
In particular, if 2.*= (x - o) (x — 8),
dy dz

then 0

G- @-P " TP

has an integral of the form

(Z:—;D? (z:—;) = constant.

But aa,=0 was the relation between y and z.
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Hence a,a, can be written in the form

A(y-o)(z-a)+B(y-PBy(z-B)

which reduces to a sum of two cubes, the well known canonical
form of the cubic when y =z.

Not only so, for if we take the form as,
kal+ At}
where ¢,° is the cubicovariant of a
then if ka,a’+ At t2=0,
it follows that since the Hessian of ka?+ A ¢}
is (F+3A XA}

where A is the discriminant of the cubic, the cubic covariant has
an exactly similar canonical form.

§ 5. Application to Double Integrals.
Consider a double binary (2, 2) form,

f=a,,,’ogf’=a,,0 PE+2ay, P E+2a,x8+4ay, ¢
+ e B4 ay £+ 203 T+ 2ay; §+an,
which takes the form kPS8 +l(@+ ) +4dmaf+k*

for the canonical case.

The (1, 1) transvectant 3 J=3} (a d) (x B) @z b, & B¢

=% 0z 4)52
*f o f
oz, 0% 0x 08,
= *f *f

Owp08y 0x,08,
G &+, T+ a5+ ay, Uy, TE+ B2 T+ 0y, £+ s
@y 25+, 4+ ag, £+ ay, O BE+ 0, Ty £+ gy

or in canonical form,

Em(@@+1)+ (B =) zf—lm(2+ ).

* Prof. H. W, TurNBULL, Proc. Roy. Soc., Edinb,, 44 (1924), 23-50.

https://doi.org/10.1017/50013091500034301 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500034301

18

Let y and z be cogredient variables, likewise 4 and §.
Then the first polar of a,’ o * with respect to z, ( is,

@,a, o o, or non-symbolically,

a0 Y2 {n+an yz({+n)+a0 {n(y+2)+a, (y+2) ({+7)
+ag {n+apnyztan M+ +a.(y+2)+ag ,

or in the canonical form,

kyz{n+m(@y+2)({+m+i({n+y2)+k.

Let a,a, a0, = % (v 2) (n ), where p is a constant,

T
since

(y2) ({n). (abd) (2 B) @, 0,0 B,=20a e .b,b.8 B
- 2“1!2“#“{' b.!f b ﬁ'nz

then

(y2) (1) {(ad) (= B)a,b,w, an -paje = -2al0 o, . b,b, ,3,12.
Similarly,

@O —pSfeet =207 0. 5,0, B
Hence yin=PSyin - 8’ o, & by b, an )

Jor—pSfar  @Fo, 0. b, b B

By the differentiation of a,a,0,a,=L-(y2)(n0), (@)

with respect to y, considering 2, as a function of y, and {, nas
independent of y, we obtain,

dz P dz
e e R A 11—3/11_:-‘2)_ zz(WC) - ?yﬂ (W()T?/ll

Multiplying both sides by y, and using (i), we obtain,
. dz, dz,
— .Y, 0, a.ﬂa.)-{—a, o."o.r—lE ~ QYo U.ﬂa.‘.a;
d
=—;—yzzl (n{)- % %% d—;—.
Similarly,

. dz,
QIO 0= Ay T, &, By~ A2y A, O Oy —@
1

P _P Lo
22122(17() 2y1z2(1]() dy"
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On subtraction and replacing y,, 2, by unity, we obtain

a, a." U'f *@— —a,za." a.‘,=()
1
Similarly
a,a 0’ ;{—gl —-a,a,0 =0
1
Hence
dy, di, — dz d{,
alo o, 0,0 0’ alo, oa.a,a0? "
Thus
dz, d{, _ dy, dn,
P’; ¢ P‘!’y ”
where P, =(ab)(xf)a, b, B -pa’e,
=024 -palar
I Let p=0.

Then if a, ¢, @, o,=0,

dy, dmy _ dz d§

0,2 4) 2 0‘2 4)"2 k]
which reduces to the result in § 1 when y=17, 2=(; a=a:
or, in the canonical form, i/,

ynkz{+m)+ylz+mH+n({+m2)+mz{+k=0
dy dn
km (@B +1)+ (B -Pyyn-im @y +7°

dz d¢
corresponding expression in z,{

then,

II. Since (JJ),,, = 1B.f*

where B=1(ab)(be)(ca)(xB)(By)(ya)
shewing that the relation between f and J is reciprocal,
then, if 0,0.¢, 6,=0,

dydny, _ dz a;

ayz a-nz - a‘2 0_{_‘1

* Proc. R.8.E., loco. cit,
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III. Consider now instead of o, o =f the form

F=kf+A0+pp*
where &, A, p are constants, and p=p2 = =(f, O,..
Then (F, #),,,=f(2: A Bp*+tkpuB+3NB+3ApC)
+0(F+}p P C+ikpd+iAipnB)
+pQEN-3BE) =Ly
This results from the use of the following transvectants,
(fiph,1=140+7; Bf
(7 )1y =3Cf+2: BO
(2, Pha=154Bf+1C0-3 Bp
6, 0n,,=%Bf
A=(fif)a,e; B=(f, 0,25 C=(6, 0) 2.
If now
’cayaz%%;“0,,9;¢,,¢;+/tp,,wr,,7r;=%(W)(fn)

dy, dm, - dz d§
L!,n"PFyﬂ Lz,I—PFZ,K'

then

Making the coefficients of 6, and p, vanish, then the integral of
dz d{

2 2 2 2
a} o al o

dy, dy, _

. P
W kayacpe, +N0,0,4, btpp,pm m= o (y2) (),

where BF+1Cp+3kpd+3ApnB-pr=0,
and 2kA-3Bp*-pp=0.

Non-Symbolically :
If f(y, n) 18 a general double quadratic,
Goo YW+ 2ay, ¥4 ... +ayy,
in two independent variables (y, n), and if 0 (y, n), p(y, n) are its

* The notation used is that of PEANO, quoted in Proc. R. 8. E., loco. cit,
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two (2, 2) covariants, then an algebraic solution, involving one arbi-
trary constant, of the differential equation

dydy  dzd{

S F&O
exists and 18 expressible as a quadrilinear relation belween the
variables y, 1; 2, {:
namely 2k +2A0+2up' =p(y—-2)(n-{)
k, A, u, p being constants, connected by two relations involving
the invariants of f.

Here f,' &, p' are the quadrilinear polar forms of f, 6, p,
respectively.
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