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Abstract

Various properties of continuity for the class of lower semicontinuous convex functions are considered
and dual characterizations are established. In particular, it is shown that the restriction of a lower
semicontinuous convex function to its domain (respectively, domain of subdifferentiability) is continuous
if and only if its subdifferential is strongly cyclically monotone (respectively, o -cyclically monotone).

2000 Mathematics subject classification: primary 47HO5; secondary 52A41, 26A15.
Keywords and phrases: convexity, continuity, subdifferential, cyclic monotonicity.

1. Introduction

Let X be a Banach space and f : X — R U {400} a lower semicontinuous (in
short 1sc) function. A recent result of Correa, Jofre and Thibault [3] asserts that f
is convex if and only if its Clarke-Rockafellar subdifferential df is monotone. The
same equivalence has also been established for abstract notions of subdifferentials (see
[1], for example). In the aforementioned cases, since any notion of subdifferential
of a convex function coincid®s with the classical Fenchel-Moreau subdifferential,
it follows that df is not only monotone, but also cyclically monotone (see [6], for
example). This latter property (that is, cyclicity) is not just a stronger property than
mere monotonicity, but it expresses a behaviour of certain type. This behaviour has
already been discussed in relation with integration problems ([2], for example) as well
as in generalized convexity [5].

While cyclic monotonicity describes the behaviour of an operator around a ‘cycle’
of finite points, a variant of it—called o -cyclic monotonicity—was introduced and
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studied in [4]. Compared with cyclic monotonicity, this new property carries additional
information on the operator, since it describes its behaviour along infinite cycles
formed by converging sequences. In particular, the fact that the subdifferential 3f of
a function f is o-cyclically monotone guarantees a certain continuity property for the
Isc convex function f .

In this article we show that the restriction of a Isc convex function to its domain
of subdifferentiability is continuous if and only if its subdifferential is o-cyclically
monotone; (this result was conjectured in [4]). We also introduce the strong cyclic
monotonicity, and show that this property characterizes the subdifferentials of the Isc
convex functions having a continuous restriction to their domain, see Section 4.

The paper is organized as follows. In Section 2 we give some preliminary results
and we fix our notation. In Section 3 we prove a local version of Rockafellar’s
formula [8] concerning the representation of the Isc convex functions. This local
representation—apart from its independent interest—will be in use in Section 4,
where we establish dual characterizations of the continuity of the functions f |4omy
and f |somar for a Isc convex function f. Finally, in the same section, we give some
criteria for an operator to be strongly cyclically monotone (respectively, o -cyclically
monotone) and we classify the various concepts of cyclic monotonicity.

2. Preliminaries

In the sequel, X will denote a Banach space and X* its dual. For any x € X and
x* € X* we denote by (x*, x) the value of x* at x. For x € X and ¢ > 0 we denote
by B(x, ¢) the closed ball centered at x with radius € > 0, while for x, y € X we
denote by [x, y] the closed segment {tx + (1 — )y : ¢t € [0, 1]1}. For any closed
segment [x, y] in X and any ¢ > O we denote by B([x, y], €) the ¢-neighbourhood of
the segment [x, y], that is,

B([x,y),e) :={we X :3z € [x,y]with ||z — w| <¢}.

Given a function f : X — R U {+00}, we denote by domf = {x € X :
f(x) € R} its domain. We say that f is continuous (respectively Isc), if it is
continuous (respectively Isc) at every point x € X, where R U {+00} is equipped with
the topology generated by the family g U {]x, +00], x € R} (3g being the usual
topology of R). Note that such functions may take infinite values, as for instance the
function f : R > R U {+o00} with f (x) = 1/x ifx > O and +o0 if x <O.

Concurrently, a function f is said to have a continuous restriction to a subset S of
its domain, if f | is a continuous (real-valued) function, see also [7, page 82].

Throughout this article we shall deal with proper (that is, not identically equal to
{+00}) Isc convex functions. Let us remark that the class of Isc convex functions
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with a continuous restriction in their domain is much larger than the one of convex
continuous functions. It contains in particular all indicator functions of closed convex
sets, as well as many other non-continuous functions, see [6, Example 3.8 (a)].

We recall from [6] that the subdifferential df of the function f ata pointx € dom f
is defined as follows

M FE)=x"eX :fO)~f&x) ="y —x), VyeX].

Finally, T : X =2 X* will denote a multivalued operator defined on X and taking as
values subsets of X*. We denote by dom T := {x € X : T(x) # @} its domain. We

recall that T is cyclically monotone if for any n € N, for any x¢, x;, ... ,x, in X and
for any x5 € T(xo), x{ € T(x,),...,x; € T(x,) we have
2) Y X —x) <0,
i=0
where x,,; := xo. Moreover, if T is not strictly contained (in the graph sense) in

any other cyclically monotone operator, then it is called maximal cyclically monotone.
Typical (and in fact exclusive) examples of maximal cyclically monotone operators
are the subdifferentials 9f of convex lsc functions (see [6], for example).

3. Representation of convex functions

Rockafellar has proved in [8] that if T is cyclically monotone, then there exists a
Isc convex function f such that T € df . The proof of this result involves a typical
construction based on T. In particular, starting from any point x¢ of the domain of T
(which is supposed to be nonempty), he defined the following Isc convex function fr

n—1
3) frx) =Sl1p{(x,’:,x —xn)+Z(x;*,x,~+1 ~xi) ¢ +e,
i=0
where ¢ is an arbitrary constant and the supremum is taken over all n > 1, all
X1,%2, ..., X indom T and &l x§ € T(x¢), x; € T(xy),... ,x; € T(x,).
Let us note that x, appears in all sums at the right hand side of (3) and that cyclic
monotonicity property guarantees that fr(xo) = ¢, hence, in particular, dom fr # @.
It is proved in [8] that the function f is unique up to a constant, whenever the
operator T is maximal cyclically monotone, in which case T = df 7.
Applying this result to the maximal cyclically monotone operator 3f , (3) yields
(for ¢ = f (x0)) the following representation for the 1sc convex function f

n—1

@ FO)=sup{(xx=xn)+ D _(x}, Xis — xi)} + f (x0),

i=0
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where the supremum is taken over all n > 1, all x, x,,...,x, in domdf and all
x5 € of (x0), x7 € of (xy), ... ,x; € Of (x,).

This representation is global, in the sense that there is no limitation for the choice
of the points x, x3, . .. , x,, in the above supremum. Let us now produce a localized
version of the formula (4) which will be useful in the sequel.

PROPOSITION 1. Let xo € dom df . Forany x € X and ¢ > 0 we have

n—1

(5) @) =f (o) +sup{xs,x —x) + ) (6], X —xi) ¢
i=0 N

where the supremum is taken over all n > 1, all

6) X1,X2, ... ,%X, in domaf N B([xg, x], &)

and all x§ € of (xo), x; € of (x1), ... ,x; € of (x,).

Note that comparing with (4), the choice of the points x|, x5, ..., x, is constrained
into the e-neighbourhood of [x,, x].

PROOF. Let us consider the indicator function % of the closed set B([xo, x], &),
given by

0 ify € B([xo, x], €);
h(y) = .

+oo ify ¢ B([xo, x], ).
Since B([xq, x}, €) is convex, for every y € B([xq, x], €) and y* € dh(y) we have
(7 (y*,x' —y) <0,Vx’ € B([xo, x], €).

Let us now consider the Isc convex function g(y) = f (y) + A(y) and let us remark
that domdg C domg C B([xo, x], £). Since dom f N intdomh # @, it follows {6,
Proposition 3.15] that

®) 3g(y) = of (y) + dh(y),

for all y € B([xo, x], ).
Applying formula (4) for the Isc convex function g at the point x, and using the
fact that g(y’') = f (y’) for all y’ € B([xo, x], €), we get

n—1
©) F () = f (x0) + sup {(x:,x —Xa) + 30X i —x.->} :

i=0
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where the supremum is taken over all n > 1, all x;,x,,...,x, in domdg and all
x; € 0g(xg), x7 € 3g(xy), ... ,x; € 0g(x,).

In particular, for any M < f (x) — f (xo), there exist x,, x5, ... , X, in B({xo, x], &)
and x5 € 9g(xg), x; € 9g(xy), ..., x; € 3g(x,), such that
n—1
M < (x},x —x,) + Z(xf,xprl —Xi).
i=0
Using (8), fori =0, 1, ..., n, we can write x; = z; + y;, where z} € df (x;) and

yi € dh(x;). It now follows from (7) that

n-1
M < (g, x —x,) + Z(Zf,xiﬂ —X;).
i=0
Since M is arbitrarily chosen, the proof is complete. O

4. Main results

In this section we establish dual characterizations for the class of proper Isc convex
functions f such that f |gomar (respectively f |gomy) is continuous. These characteri-
zations involve properties stronger than (but reminiscent of) cyclic monotonicity for
the subdifferential af .

Let us first state the following interesting result.

PROPOSITION 2. Let xo € dom df . Then the following are equivalent:

() f laomy is continuous at x;
(1) f laomar is continuous at x,.

PROOE. We obviously have (i) implies (ii). For the inverse implication, suppose
that f |smy iS not continuous\at xo. There then exists £ > 0 such that for all i > 1,
there exists x; € dom f N B(xy, 1/i) with

If @) — f (x0)| > &.
Now for each i > 1, we may find y; € dom 3f N B(xg, 2/ i) with
€
If @) —fF i)l < 3
(this is possible because dom df is graphically dense in dom f). Then we have

{y:} = xoand |f (y;) — f (x0})] > &/2 for all i > 1, which contradicts (ii). O
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4.1. Relative continuity on dom 3f
We recall from [4] the following definition.

DEFINITION 3. (i) Letxo € X. An operator T is called o-cyclically monotone
at xo, if
(10) limsup ) (x}, xi1 — %) <0

n—o0 i=0

for all x§ € T(xo), for all {x;};>, in dom T satisfying lim;_, . x; = xo and all {x}};»,
in X* satisfying x} € T(x;) forall i > 1.

(i) The operator T is called o-cyclically monotoms, if it is o -cyclically monotone
atevery xp € X.

Let us note that Definition 3 implies (in a trivial way) that T is o-cyclically
monotone at any x ¢ dom 7.

It is also easily seen that every o -cyclically monotone operator is cyclically mono-
tone. Indeed, given points xo, x1, . .., X, in dom 7, it suffices to consider the sequence
{x:};>1 in dom T, where x; = x,, for i > n + 1. Then relation (10) clearly yields (2).

The following theorem gives a positive answer to a conjecture raised in [4].

THEOREM 4. Let xo € dom df . The following are equivalent:

(@) f laomar is continuous at xo;
(i) If is o-cyclically monotone at x,.

PROOF. (i) implies (ii). Let {x;};>, be any sequence indom df suchthatlim, . x; =
xo. For any x} € of (x;), relation (1) implies
1mn fxiv) = f(x) = (x], xim — x3).
Adding (11) from i = 0 to an arbitrary integer n we obtain

fGnst) = f (o) 2 Y (%], Xig1 — %)

i=0

As n — 400, the continuity of f |smar at xo yields (10).

(ii) implies (i). Suppose that f |gms is not continuous at xo. Since f is Isc at
X0, we deduce the existence of a sequence {x;};>, in dom df , such that x; — x, and
liminf;, f (x;) > f (xo). Take any £ > O such that

limggloff (x;) = f (x0) + 2¢.

Let us fix i € N. Using Proposition 1 for the points x; € domdf and x;4, € X
and for the number 1/(i + 1) > 0, we deduce the existence of a finite sequence
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Yils Yi2s -« - » Yig, in domdf N B([x;, xi41], 1/( + 1)) and of y}; € of (yi0), yi1 €
f i1)y -+ y,."ki € 9f (¥ix,) such that

ki
(12) Dk et = 3ia) = F Gin) = £ &) = 50,

j=0
where by convention y;¢ 1= Xx;, ¥ig41 ‘= X;41. Summing (12) from i = 0 to an
arbitrary integer n, we obtain

n k; n
£

3 Dot v = i) = f ) = f (o) = 3 5

i=0 j=0 i=0
Taking the upper limit as n — 00, the last inequality yields
n ki
lim sup Z Z(y,fj. Yij+1 = Yij) = €.
n=+0 g j=0

Since the sequence {¥o.0, - .-+ Yokps Y105 + - - » Yikys - - - } 1S DOIM converging to xo, we
conclude that df is not o-cyclically monotone. O

We can easily deduce the following corollary.

COROLLARY 5. The following statements are equivalent:

() f laomar is continuous;
(i) df is o-cyclically monotone.

We state below some typical examples of Isc convex functions such that f |gom s is
discontinuous.

EXAMPLE 1 ([7, page 83]). Let the function f : R?> > R U {+o00} be defined by

x2/xy ifx; > 0;
f(xl,\({z)—_- 0 ifxy=x=0
+00  elsewhere.

The above function is Isc and convex (the latter can be verified by calculating the
Hessian). Considering the sequence (1/n% 1/n) we conclude that f |goma is nOt
continuous at (0, 0).

EXAMPLE 2. Let the function f : £2(N) = R U {4-00} be defined by

+00
F=lxl =)

i=0
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for every x = {x;} € €*(N). Since f is the pointwise supremum of the convex
continuous functions f, : £2(N) — R U {400} defined for all x = {x;} € £*(N) by
fnx) = Z?:o |x;], it is obviously convex and Isc. However, f |qomar 1S discontinuous
at any point of its domain. (Note that in this example the domain of the function f is
dense).

4.2. Relative continuity on dom f
Let us first give the following definition.

DEFINITION 6. Let x; € X. An operator T is called strongly cyclically monotone
at xg, if for every & > 0 there exists § > 0 such that forevery x; € dom T N B(xy, §),
for every sequence {x;};»; in dom 7T satisfying lim; ., x; = xo, and for every sequence
{x!}i>1 in X* satisfying x} € T(x;) forall i > 1, we have

(13) lim sup Z(x,-*,x,-+1 —x;) <e.
n—»oQ i=1

Let us note that T is strongly cyclically monotone (in a trivial way) at every point
in the complement of dom 7.

PROPOSITION 7. Let xo € X. If T is strongly cyclically monotone at x,, then T is
also o -cyclically monotone at x,. The converse is true whenever xq € dom T.

PROOE. Suppose that T is strongly cyclically monotone at x,. It suffices to consider
only the case xo € dom T. If {x:}i»1 is any sequence in dom T such that lim,_, . x; =
Xo, then for any € > 0 we can apply (13) for the sequence {y;};>; defined by y; := xg
and y; := x;_; for all i > 2 (note that y, € dom T N B(xg, §) for all §). Since ¢ is
arbitrary, we easily conclude that (10) is verified, hence T is o -cyclically monotone.

Conversely, suppose that x, € dom T and that T is o-cyclically monotone at x;.
We shall show that T is strongly cyclically monotone at xo,. Let & > 0. Then pick
any x} in T'(xo) and set § = &/||xgl| (if x; = O, then take § = 1). Then for every
x; € dom T N B(xy, 8), we have

(14) [{xg, x1 — Xo)| < &.

Since T is o-cyclically monotone at xy, it follows that for every sequence {x;};», in
dom T satisfying lim, ,» x; = xo, and for every sequence {x}};>; in X* satisfying
x} € T(x;) forall i > 1, we have

(15) lim sup Z(x}‘,xm —-x) <0.
oo g

Combining (14) and (15) we conclude that T is strongly cyclically monotone at xo. [1
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Consider now the case where T = df. Since domf = domdf, we conclude
that df is o-cyclically monotone at every xo € X \ domdf and strongly cyclically
monotone at every xo € X \ dom f. It now follows from Proposition 7 that for any
xo € dom 9f , df is strongly cyclically monotone at x, if and only if df is o-cyclically
monotone at x, (if and only if f [smar 1S continuous at x,). The following theorem
(analogue to Theorem 4) deals with the case xo € dom f .

THEOREM 8. Let x¢ € dom f . The following are equivalent:
(1) f laoms is continuous at xy;

(ii) of is strongly cyclically monotone at x,.

PROOF. (i) implies (ii). Let ¢ > 0. According to (i), there exists § > O such that
forall x € domdf N B(xy, 8)

(16) If (&) = f o) <&

Fix any x, in dom df N B(xg,§). Consider now any sequence {x;};>; in dom df
satisfying lim,_, o x; = xo. Then for all i > 1 and all x} € df (x;), we have

am [ i) — fF () = (x], xip — x3).

Adding (17) from i = 1 to an arbitrary integer n, we obtain

n

f @) = f (60) 2 ) (x], Xip — X0

As n — 400, the continuity of f |sm together with (16) yields (13).
(ii) implies (i). Suppose that f |4m is not continuous at xo. Then since f is lsc,
there exists ¢ > 0 and {x;};>, in dom f satisfying lim,_, - x; = x, such that

(18) liminf f (x;) > f (xo) + 3.

Since dom df is graphically ¥ense in dom f ([6, Theorem 3.17]), without loss of
generality we assume that {x;};>; is in dom df . Moreover, for any § > 0, we may
choose x, 5 in dom df N B(xq, &) such that

If (x15) — f (x0)] < €.
It follows that

(19) liminf f (x;) > f (x1.5) + 2.

Applying Proposition 1 successively for the points {x, 5, x,} and {x;, x;,} for i > 1,
and repeating the arguments of the final part of the proof of Theorem 4 ((ii) implies (i))
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we deduce the existence of a sequence {z;}; in X satisfying zo 1= x; 5 and lim;_, o 7; =
xo, and of a sequence {z}};>; satisfying z} € df (z;) for all i, such that for every n we
have

o(n)
D (2 2 — 2) 2 f (ngt) = f (1) — &,
i=0
for some increasing function ¢ : N — N. As n — 00, thanks to (19), we obtain

n
lim sup Z(zf, Zi41 — Zi) > €.

n—->oo i=0
Thus df is not strongly cyclically monotone at x,. h 0O

We shall say that df is strongly cyclically monotone on dom f if it is strongly
cyclically monotone at every point of dom f . The following corollary is analogue to
Corollary 5.

COROLLARY 9. The following are equivalent:

@)  f ldomy is continuous;
(ii) of is strongly cyclically monotone on dom f .

REMARK. Combining Proposition 2 with Theorem 4 and Theorem 8 we obtain an
indirect way to establish Proposition 7 for the special case T = af .

Finally, the following proposition shows that df is not strongly monotone at any
xg € dom f \domf.

PROPOSITION 10. Let xo € dom f \ domf. Then df is not strongly cyclically
monotone at x.

PROOF. Since f is Isc and x, ¢ dom f, it follows that for any sequence {x;};»1 in
dom df satisfying lim,, ., x; = xo we have lim;, o f (x;) = +00. Using the same
arguments as in the proof of Theorem 8 ((ii) implies (i)), for every M > 0 we obtain
the existence of a sequence {z;};>; in X satisfying z; := x; and lim;, z; = xo, and
of a sequence {z'};> satisfying z} € df (z;) for all i > 1, such that for n large enough

n

Z(Z?, Ziv1 — %) =M.

i=1
Thus 3f cannot be strongly cyclically monotone at x,. |

Let us now show that Theorem 4 and Theorem 8 characterize different classes of
functions. This is illustrated in the following example.
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EXAMPLE. Consider the following proper Isc convex function f : R? — RU {400}
defined by

x2/x1— Jx1 ifx; >0
fx,x) =10 ifx; =x,=0;
+00 elsewhere.

It is easily seen that
dom 8f = {(x;,x2) € R? : x; > 0},
while
dom f = domdf U {(0,0)}.

Clearly, the function f |soms is continuous. On the other hand, the function f |4om s
is discontinuous at (0, 0), as can be shown by considering the sequence (1/n3, 1/n)
which converges to (0, 0).

REMARK. The above example exhibits in particular the difference between Defini-
tion 3 and Definition 6 for xo € dom T \ dom T (compare also with Proposition 2).

4.3. Classification of the various concepts of cyclic monotonicity
We first give the following definitions.

DEFINITION 11. We say that
(i) of is locally bounded on dom f, if for every x, € dom f there exist M > 0 and
& > 0 such that

(20) Vz € dom df N B(xy, 8), Vz* € af (2), |z*|| < M.

(ii) 9f has alocally bounded gelection on dom f', if for every xo € dom f there exist
M > 0and § > Osuchthat

21 Vz e domdf N B(xe,8), 3Iz*€df(z), |z*ll <M.

Let us observe that if f is the indicator function of any closed convex subset K
of X, then the operator df has a locally bounded selection on dom f, without being
locally bounded (unless K = X).

The following result is well known (see [6], for example).

THEOREM 12. f is continuous if and only if of is locally bounded on dom f .
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In the above case, it follows that dom f is open and dom f = domadf. Let us
remark that it is possible to have dom f # X. It suffices to consider the function
f : R — RU {+o00} with

+o00 ifx <0;

fx= {l/x ifx > 0.

We now state the following sufficient condition for strong cyclic monotonicity.

PROPOSITION 13. If of has a locally bounded selection on dom f, then df Iis
strongly cyclically monotone on dom f . h

PROOF. Let xg € dom f . In view of Theorem 8 it suffices to show that the function
S laoms is continuous at xo. Since df has a locally bounded selection on dom f
and since dom df is dense in dom f, there exists § > O such that for every x €
dom f N B(x,, §) we can find a sequence {x;};>, in dom df satisfying lim;_, o x; = x
and a sequence {x}};>, in X* satisfying x} € df (x;) and ||x}|| < M forall i > 1.
Then (1) yields that

fxi) = f (xo) + {(x7, xi — xo)-
Since f is Isc, we conclude as i — +o00 that
(22) f(x) = f(xo) + Mlixo — x|
Since (22) holds for all x € dom f N B(xy, 8), it follows that

lim sup f [goms (x) < f (x0).

X—Xg
Since f is Isc we conclude that f |4om is continuous at xo. O

The converse of Proposition 13 is not true as it is shown by the following example.

ExXAMPLE. Consider the function f : R — R U {400} with

—/—x ifx <0

+00 ifx > 0.

f(x)=[

Then the restriction f |¢oms 1S Obviously continuous. On the other hand, df does not
have a locally bounded selection (take xq = 0).

https://doi.org/10.1017/51446788700002615 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700002615

[13] Dual characterizations of relative continuity of convex functions 223

Thus, between the various concepts we have considered, the following implications
hold, and none other:

df locally bounded on dom f = f continuous
4
df locally bounded selection on dom f U
4
of strongly cyclically monotone on domf <= f l4oms continuous
4 4
df o-cyclically monotone &= f|awms continuous
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