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On a new finite non —abelian simple
group of Janko

S. K. Wong

Two new simple groups have recently been discovered by Z. Janko.

One of these groups has order 50,232,960. As a first step in

showing that there is precisely one (up to isomorphism) simple

group of order 50,232,960, the author proves in this paper the

following result: If G is a non-abelian simple group of order

50,232,960, then the structure of the centralizer of an element of

order two in G is uniquely determined.

In a note added on 21 April 1969 to this paper, the author

announces that he has proved the uniqueness of the simple group

of order 50,232,960.

Introduction

Recently, Z. Janko [6] announced his discovery of another two new

simple groups of finite order. More precisely, he has proved the following

result:

Let G be a finite non-abelian simple group with the following

properties:

(a) The centre Z(S) of a Sylow 2-subgroup S of G is cyclic.

(b) If z is the involution in Z(P), then the centralizer H of 3

in G is an extension of a group E of order 2 5 by A5 (the alternating

group on 5 letters).

Then we have the following two possibilities: If G has only one

class of involutions, then G is a new simple group of order 50,232,960

and has a uniquely determined character table. If G has more than one
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class of involutions, then G is a new simple group of order 60^,800 and

G itself is uniquely determined.

It should be of interest to know that in a non-abelian simple group of

order 50,232,960, the centralizer of a central involution (an involution in

the centre of a Sylow 2-subgroup) has a unique structure. Hence in this

present paper, we shall prove the following result:

MAIN THEOREM. Let G be a non-abelian simple group of order

50,232,960. Then G has the following two properties:

(i) The centre Z(S) of a Sylow 2-subgroup S of G is cyclic.

(ii) If z is the involution in Z(S) , then the centralizer H of

z in G is an extension of a group E of order 25 by Ac, .

In this work, the modular theory developed by R. Brauer and his school

is extremely useful. In §1, we shall list some known results in modular

theory which are used very often in this work. In §2, the structure of the

normalizers of a Sylow 19-subgroup and a Sylow 17-subgroup of a simple

group of order 50,232,960 will be determined. The Sylow 5-normalizer will

be determined in §3; and finally, the proof of the Main Theorem will be

completed in §lt by employing the exceptional character theory of Suzuki [S].

1. Notation and known results

Notation. Let G be a finite group. If p is a prime dividing the

order of G , then G will denote a Sylow p-subgroup of G . An element

y of G is called p-regular if the order of y is prime to p , otherwise

y is p-singular. If S is a subset of G , then \s\ will denote the

number of elements of S , CJS) the centralizer of S in G and Nr(S)
Lr Lr

its normalizer in G . We use the notation H < G to mean H is a

subgroup of G and [G : H] the index of H in G . The word

"character" always refer to a character afforded by a representation in the

field of all complex numbers; Xl = 1Q will denote the principal character

of G and B\(p) will denote the principal p-block.

We shall now list some results obtained by R. Brauer [2], R.G. Stanton

[7] and H.F. Tuan [3] concerning groups whose order contains a prime to the

first power. Throughout the rest of this section, except in the last two

https://doi.org/10.1017/S0004972700041290 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700041290


On a simple group of Janko 61

theorems, G will be a finite group of order g = pg' , where p is a

prime number and (p , g') = 1 . For a definition of other terms used in

this section, see [2] and [4].

Now let s be an element of order p in the Sylow p-subgroup G

of G ; then G = (s) . The centralizer CJG ) of G in G has the

form

(1.1) CG(Gp) = V*Gp3

where V is a subgroup of C~(G ) . The normalizer NJG ) of G in G
G p G p p

contains both G and V as normal subgroups. The factor group

NQ(G)/CG(G) is a cyclic group. Its order q divides p - 1 , say

q = £7— . Then t is the number of conjugate classes of elements of order

p in G . Let m be an element of N-fG ) such that

(1.2) NG(Gp) ={m) . CG(Gp) .

-1 t

Then m sm = s , where y is a primitive root (mod p) . Let

Xi = lg 3 X2 1 • • • b e the ordinary irreducible characters of G , and

denote by X = x (1) the degree of x a n d r the number of

p-conjugate characters of x • T h e characters Xl = 1Q 1 Xz J • • • a r e

then distributed into p-blocks Bi(p) , B2(p) j ... • A p-block B (p) ,
A

is either of defect 0 (highest kind) or of defect 1 (lowest kind). A

p-block B.(p) of defect 0 consists of one character x only, and we
A y

have X = \ (D = 0 (mod p) , and r = 1 ; further, x i s modular

irreducible and it vanishes on all p-singular elements of G . All degrees

of characters in a p-block of defect 1 are prime to p . We shall now

give some results of R. Brauer [2], concerning the p-blocks of defect 1 .

THEOREM 1A ([2], Theorem 1). Let vx , v2 , ... , u^ be a maximal

system of elements of the group V in (1.1), such that no two of them are

conjugate in NQ(G ) . Then the group G possesses I p-bloaks Bj(p) ,

B2(p) j ••• , Bz(p) of defeat 1 . All the other p-bloaks Bl+J(p) ,
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Bl+2^p) ' ••• are of defeat 0 .

THEOREM IB ( [ 2 ] , Theorem 2 ) . With each of the p-bloeks

B. (p) (X = 1 j 2 j . . . , I) of defeat 1 , there corresponds a certain

multiple t . = x.t > 0 of t (t^ also divides p - 1). The block B (p)

then consists (a) of one family of t. p-conjugate characters, the
A

"exceptional" family and (b) ^ 7 — further characters \ which belong to
* A V

the field of g'-th roots of unity, i.e. each such x ^s p-conjugate

only to itself.

REMARK 1. With each character x in a p-block B. (p)
\X A

(X = 1 , 2 , . .. j I) of defect 1 , a sign 6 = ± 1 is assigned. All

the t. "exceptional" characters have the same sign assigned to them. For

A

details (see [Z], §5).

DEFINITION 1. The group V in (l.l) is a normal subgroup of NQ(G ) .

For any irreducible character Q(v) of V and any fixed element y of

ff.fffj , the expression 6(y~ vy) also represents an irreducible character

of V , if v ranges over V . Two such characters Q(v) and Q(y vy)

are termed associated characters of V with regard to Nn(G ) . All the

& p

irreducible characters of V are distributed into classes of associated

characters. In order to obtain all the characters associated with 6(v) ,

it is sufficient to take y as a power of the element m defined in (1.2).
THEOREM 1C ([2], Theorem 4). To each of the p-blocks Bx(p)

(X = 1 , 2 j ... , I) of defect 1 , there corresponds an irreducible

character 6. of V . No two characters 6j , 82 , — * ®l °f v

are associated with regard to NJG ) 3 but every irreducible character of

V is associated with one of the characters &x . There are exactly

T. = -7- characters associated with 6. ; they are

8 . (m~KvmK),(K = 0 , l , 2 , . . . , T , - i ; ,
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where v ranges over V and we have

Qx(m vm ) = Qx(v) , v in V .

(Note: We take 6x(m~
KvmK) = dx(v) for K = 0 , v in V) . If x is

character belonging to B^(p) which is p-conjugate only to itself, then

(1-3) x , / s p v ; = 6 I Q ( m - K v m K ) , fr = -ji;
y y

 K=o
 A X *

for p i {) (mod p) and u in V . Here 6 = + 1 or 6 = - 2 . If
V V

X is a character of the exceptional family of B^(p) J we have

(1.4) X(s%) = -6 'f ep^Kt 6 (nTKvmK) , <q=*±)
V V <=0 Y t

where p $ 0 ('mod pj and v is in y . Here E is a suitable primitive

p-th root of unity, y is a primitive root ("mod pj and 6 = + 1 or

6 = - 1 .
V

THEOREM ID ([2], Theorem 10). Let fx be the degree of the character

6 of V . The degree X of a character x of the p-block B. (p)
A y \\ A

(X = 1 j 2 j ... , I) of defect 1 satisfies the congruence

(1.5) X i y
t
A (mod p)

or

(1.6) X = -*J*- Cmod p)

according as we have the case (1.3) or (1.4).

REMARK 2. If the degrees X and /, are known, the sign 6

assigned to the character x can be obtained from (1.5), (1.6); at least

for an odd p .

THEOREM IE ([2], Theorem 6). Let Bx(p) be a p-block of defect 1

For any p-regular element y of G , we have
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where x ranges over a complete system of characters representing the

different families of B (p) (i.e. x ranges over the &r— non-exceptional
\ v tx

characters of B,(p) and one of the t. exceptional characters of B.(p)) .

In particular
(1.8) I 6 X = 0

y v y

where X is the degree of x and \i ranges over the same values as in

(1.7).

THEOREM IF ([2], Theorem 11). If the p-block Bx(p) of defect 1

contains the principal character Xi = 1Q of G J then Sj is the

principal character of V . Further, t\ = t . If X is a character

belonging to Bi (p) which is p-conjugate only to itself, then X the

degree of x satisfies the congruence

(1.9) X = 6 = ± 1 ("mod p) .

If x is a character of the exceptional family of B\(p) , then we have

-6 (p-1) . .

^ l E z l L (mo&p) .
represent the different families

22 6q+1 Xq+1 = 0 .

From Theorems 1C and IF, we note

COROLLARY 1. Let G be a group of order g = pa g* where p and

q are distinct primes; b and g* are positive integers with (g* , pq) = 1.

Suppose there is an element of order pq in G , then q cannot divide

the degree of any irreducible character x i-n the principal p-block

BY(p) .

(1.

If

of

(1.

10)

Xi

11)

= 1G

(p) ,

, X2 ,

then

-6
y — V

••• - \,i

l + 67x

(p-l)
t

(q =

7 + . .
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DEFINITION 2. We shall say a character x of Bi(p) is of type 0

for the prime p if x(U = ̂  (mod p) or if x belongs to the exceptional
f "7 )

family of B\ (p) and \(1) = " \T (mod p) ; and x is o f tW^ 1 fort

the prime p , if \(1) = -1 ("mod p) or if x belongs to the exceptional
f 7 )

family and Y(1) = + "" ("mod p) .
t

THEOREM 1G ("The block-intersect ion theorem")([7], Lemma 6). Let the

group G be of order g . Assume p and p' are distinct primes which

divide g to the first power only and that there are no elements of order

pp' in G . Let a., be the number of characters in B\(p) D Bi(p')

which are of type i for p and type j for p' } the indices i and j

being zero or one as defined in Definition 2. Then

a n + a = a + a
00 11 01 r 10

THEOREM 1H ([7], Lemma 2). Let G be a finite group of order

g = p q g* where p and g are distinct primes and a, b and g* are

positive integers, (g* , pq) = 1 . Let Xi = 1Q , Xz * • • • .> Xn be all

the ordinary irreducible characters of G . If G contains no elements

of order pq , and if

n

y=2 y y

for all p-regular elements x of G , where &\, 62, , 6

denote some algebraic integers independent of x , then

I S.y(y) = 0

for all q-singular elements y of G and the summation is performed over

1 If a character x ^n B\(p) r\ B\(p') is a member of the exceptional
family of Bj (p) , then we only count one of the members of the exceptional
family of Bi(p) in the number a-. . Similarly, if x i s exceptional for

1-0
the prime p1 , we only count one of the members of the family in the number
a.. . The character x i-n B\(p) H B\(p') cannot be exceptional for both
primes p and p1 .
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all the irreducible characters \ which belong to a fixed q-block B(q)

Further, if 1 is the identity element in G , then

I UX(V = 0 fined qh) .

THEOREM II ([3], Lemma 1). Let G be a finite group which is

identical with its commutator subgroup G' , and assume that the principal

p-block Bi(p) (i.e. the p-bloak which contains the principal irreducible

character Xi = 1~ of G) contains an irreducible faithful character X

(i.e. a character afforded by a faithful irreducible representation) of

degree z < 2p . Then the order of the centralizer CJG ) of a Sylow

p-subgroup G of G , is a power of p .

2. The Sylow 19- and 17- normalizers of G

Notation. Throughout the rest of the paper, G will be a non-abelian

simple group of order g = 50,232,960 = 27.35.5.17.19.

Now, le t Glg be a Sylow 19-subgroup of G and NjGiq), i t s

normalizer in G . Let

following possibilities:

and

= [G : N^fGig)] , then

(i) 27.35 ,

(ii) 27.3.5 ,

(iii) 25.3 ,

(iv) 22.5 ,

(v) 22.3" ,

(vi) 2\3".5 ,

(vii) 25.33.1T ,

(viii) 32.1T ,

(xi) 22.32.5-lT

(x) 27.33.5-17 •

has one of the

Also the number tl g , of conjugate classes of elements of order 19 in

the simple group G , can be only 1,2,3,6 or 9 • We shall now proceed

to rule out the possibilities (i) to (ix) for ??ig :
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The cases £19 = 6 , and t\% = 9 can be easily ruled out by using

Theorems IE, IF and II. Since £1 9 = 1, 2, or 3, the case n i g = 2
7.35

is not possible. Using Sylow theorems, we find that cases (ii) and (iii)

are not possible. The case Mjg = 20 is not possible because the symmetric

group S2o on 20 letters has no elements of order 17.19 •

Now suppose n 1 9 = 2
2.3i| , then \NG(GX%)\ = 25.3.5.17-19 and

\ C J G I ^ ) \ = 24.5.17.19 . By Theorems IB and IF, the principal 19-block

Bi(l9) consists of 6 non-exceptional characters !„ , X2 » ••• > X6 say>

and 3 exceptional characters x (x = 1,2,3J • By Theorems IF, II and

Corollary 1, the only possibilities for X^(D J i=2J3,...,6 are:-

96 , 32U or 1728 .

and the possibilities for X (V > T = 1, 2,, 3 are:-

576 , 19kk or 108 .

Since none of the above degrees is prime to 3, we have a contradiction by

(l.ll) . Hence case (v) for ttjg is not possible.

In a similar way, case (vi) for Wig can also be ruled out. In

cases (vii), (viii) and (ix), there are no elements of order 17-19 in G ,

and so, we can use the block-intersection theorem (Theorem 1G) for the

primes 19 and 17. We then have a contradiction by looking at the possible

degrees of irreducible characters in Bj(l9)n Bi(l7) • Hence cases (vii),

(viii) and (ix) for n\^ are also not possible. So we have proved the

following:-

LEMMA 2A. The normalize? NQ(Gi^) of a Sylow 19-subgroup G19

of G is a Frobenius group of order 19-9-

By Theorems 1A, IB, 1C and IF, we have:

COROLLARY 2A. The principal 19-block Bx{19) of G is the only

19-block of defect 1 , and consists of 9 non-exceptional characters and

2 exceptional characters which are also complex conjugate.

Since there are no elements of order 19-17» Theorem 1G gives:

LEMMA 2B. There is an irreducible character in Bi(19) Ci B1(l7) with

degree 1920 or 18 .
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Now let G17 be a Sylow 17-subgroup of G and SJGn) its

normalizer in G . Then by Lemma 2A, the index n\-j = [G : NG(G\y)} has

one of the following possibilities:

(i) 27.19 ,

(ii) 32.19 ,

(iii) 2.3\19 ,

(iv) 22.3.5.19 ,

(v) 23.33.5.19

and

(vi) 2"*.35.5.19 •

By a transfer theorem of Burnside, the case n\7 = 2
7.19 is not

possible. By Lemma 2B, Corollary 1 and Theorem II, cases (ii), (iii) and

(iv) are not possible.

Now suppose n1 7 = 2
3.33.5-19 , then \NQ(G17)\ = 2**.32.17 , and by

Lemma 2B and Corollary 1, \C~(Gi7)\ = 3
2.17 . Let x b e an irreducible

character in Bi(l7)n Si (19) with \(1) = 1920 . It is then an easy

matter to show that X i s real by using Theorems IB, ID, IE and 1H. Now

let Cg(Gn) = V x Ql7 , where V is a group of order 9 • Since V is

characteristic in CQ(Gn) , we have NQ(V) > NG(Gn) . Since NQ(V) is

divisible by 33 and [NQ(V) : NQ(Gn)] = 1 (mod 17) we only have the

following 2 possibilities for \NG(V)\:-

(a) \NG(V)\ = 2
5.34.17

or

(b) \NQ(V)\ = 2
7.33.5.17 •

First soippose we have case (a) for \NJV) \ . Then |̂y (V) \ = 25.34.17

and by a result of P. Hall ([5], Theorem 9-3.1), NJV) is a non-soluble

Lr

group. Since the automorphism group of a group of order 9 is soluble,

C-,(V) and CJV)/V are also non-soluble groups. Hence \cn(V) \ = 2
1*.31* -IT

or 25.31».i7 . in any case, let S, be a subgroup of CJV) such that

I £2! = 21* , and let V be an element of order 3 in V . Now consider the

group H=(v)xs2- Since \CQ(V) C\ NG(Gl7) \ = 23.32.17 or 2"*.32.17
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and CQ(v) > CQ(V) , we have \CQ(v) H NQ(Gn)\ = 23.32.17 or 2**.32.17 •

By Sylow Theorems, \CQ(v)\ = 2^.3^-11 , 25.3h.17 or 27.35.5-17 • But by

a Theorem of Burnside ([5], Theorem 16.8.7), \cJv)\ cannot be 27.35-5.17

So I C_Ct>>> I = 2U.3k.11 or 25.3'*.17 • We shall now find the value of the
u

real character x o n t h e element V of V . Since x belongs to a

2-block of defect 0 , x vanishes on all 2-singular elements. Summing

X over the group H , we have

(2.1) 1920 + 2\(v) = 0 (mod U8) .

Consider the group K = ( u ) x G17 . By Theorems 1C and IF, X(W = ~1

all 17-singular elements u in K . Summing x over K , we have

(2.2) 1 9 2 0 •/• 2xCi>; - U 8 = 0 ( m o d 5 1 ) .

F r o m ( 2 . 1 ) a n d ( 2 . 2 ) , we h a v e

(2.3) 1920 + 2x(v) - 48 E 0 (mod 8l6) .

From the order of CAv) and ( 2 . 3 ) , we have
Lr

(2.4) \(v) = - 120 .

Now, let 0 be the non-trivial linear character of H/S2 (which may

be regarded as an irreducible character of H with £2 i-n the kernel),

such that Q(v) = p , where p is a primitive cube root of unity. Let

x|u be the restriction of X to H . Since x vanishes on 2-singular

elements and /y\v > ®)T7 = T5T J" x(h)8(h) , we have from (2.1*),
\ H /H \H\ ^ H

This is impossible, and hence case (a) for \NQ(V)\ is not possible. A

similar argument can be used to rule out the case \N~(V)| = 27.33.5-17 •

With this, the case w 1 7 = 2
3.33.5.19 is ruled out, and together with

Theorem II and Lemma 2B we have proved the following:

LEMMA 2C. The normalizer NG(Gi7) , of a Sylow n-subgroup G1 7

of G 3 is a Frobenius group of order 17.8.

Again, using Theorems 1A, IB, 1C and IF, we have:
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COROLLARY 2B. The prinoipal VJ-block Si(17) of G is the only

YJ-blook of defeat 1 . There are 8 non-exceptional characters and 2

exceptional characters in Bi(l7) . The 2 exceptional characters in Bi(l7)

are real.

It is not possible to give here the considerable amount of numerical

work required to determine all the degrees of irreducible characters in each

of Z?i(l9) and Bi(l7) • We shall only content ourselves here that they

are all determined, and we give the results in the form of block relations,

(asterisks denote the families of p-conjugate characters; also, we shall

use the convention that the integer "m" shall mean "the irreducible

character whose degree is m").

Bl(l9): 1 + 32l+ + 1920 + 1920' + 1920" = 8l6 + 275*+ + 1215 + 12151 + 85* .

Si (17): 1 + 32** + llUO + 21*32 + 3078 = 1920 + 1920' + 1920" + 1215* .

By application of Theorem 1H to the block relations above, we have

Bi(l7)n Bi(l9)D Bj(5) = {1 , 321+} ,

(2.5) B i ( l 9 ) n B2(5) = {816 , 2751*} ,

B i ( l 7 ) n S3(5) = (21+32 , 3078} ,

where 62(5) and B^{5) are d i s t i n c t 5-biccks of defect 1 .

= - 8l6(u)
(2.6)

3078(to) = - 2l+32(u) ,

where CO i s any 5-s ingular element of G .

We also have one 3-block of defect 1 , say B2(3) , where

B2(3) = {321+ , 2751+ , 3078} , and by a r e su l t of R. Brauer [ J ] , we have

(2.7) 32l+(x) + 275MT) = 3078(x) ,

where T is any 3-regular element of G , and

(2.8) 32l+(c) = 275Me) = - 3078(c) ,

where c is any 3-singular element of G .

3. The Sylow 5-normalizer of G

Notation. In this section, we shall use all the notations introduced

in §1, with the prime p = 5 . Throughout the rest of the paper, the

irreducible characters Xl = 1G J X2 J • • • •> Xl4
 o f G w i l 1 b e s o chosen
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that X2U) = X3(D = X4U) = 1920 , xsd) = 324 , xed) = 3078 ,

X7(l) = 2U32 , X8(l) = 11^0 , xgd) = Xiod) = 1215 , Xii(D = 2751* ,

Xi 2U) = 816 and

How let u = sv , where (s^ = G5 is a Sylow 5-subgroup of G and v

is any 3-singular element of the group V in (l.l) (see §l). Since the

element to is 5-singular and the character X5 belongs to Bj(5) , we

have by (2.6) and (2.8) the following results:-

(3.1)

where v is any 3-singular element in V .

Now let a) = su , where s is as defined in §1 and u is any

2-singular element of V . Since the character x? h a s degree

X7(l) = 27.19 , X7 belongs to a 2-block of defect 0 and hence

XJ(SU) = 0 . So by (2.6) and (2.7) we have

(3.2) Xl\(su) = + 1 ,

X&(su) = X?(su) = 0 ,

where u is any 2-singular element in V .

From (3.1) and (3.2), we have the following result:

COROLLARY 3A. The group G has no elements of order 30.

We shall now determine the order of the Sylow 5-normalizer

By Lemma 2A and 2C, \NJG5)\ has one of the following possibilities:

(a) 27.32.5 ,

(b) 26.3.5 ,

(c) 25.5 ,

(d) 2".33.5 ,

(e) 26.35.5 ,

(f) 22.35.5 ,

(g) 25.3".5 ,

(h) 23.32.5 ,

(i) 2.3^.5 ,

(j) 2.5

and (k) 22.3.5 .
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First suppose the number t of conjugate classes of elements of order

5 in G is 1 . By theorems IB and IE, let £3 be the multiple of t

corresponding to the 5-t>lock B3(5) in (2.5); then t3 = 1 or 2 . Now

suppose £ 3 = 1 . Then by Theorem 1C, there is only one irreducible character

of V corresponding to B3(5) , say 63 . If / 3 = 63(l) , then by

Theorem ID, we have X7(x) = 2l+32 = 6/3 (mod 5) , where 5 = ± 1 . Hence

f3 = ± 2 (mod 5) and by Theorem 1C, XT(SU) = 6B3(u) for all 2-singular

elements u in V . But from (3.2), XJ(SU) = 0 for any such element u

in V , and hence / 3 = 63(l) must be divisible by the highest 2-power

dividing |^| . We shall now go through all the possibilities (a) to (k)

for [N^CGS) I and show that none of the cases can occur.

Case (a). In this case, \NG(G5)\ = 27.32.5 , and since t = 1 ,

\CQ(Gb)\ = 25.32.5 and so we have \v\ = 25.32 . Then f3 = 2
5 ; but

f\ > \v\ ' w h i c n is n o t possible. So this case for \flG(G$)\ is not

possible. A similar argument can be used to rule out the cases (b), (c)

and (d) for \NG(G5)\ .

Case (e) . In this case, \NG(G5)\ = 26.35.5 and \CQ(GS)\ = 2l\35.5 •

Hence \v\ = 24.35 and f3 = 93(l) = kQ . Then 6 = - 1 and

X7(s) = - 1*8 ; and by (2.6), Xe(t) = h8 . In (2.7) put T = s , then

Xiifs,) = U9 because Xs(s) = - 1,. Let *2 ^ e the multiple of t

corresponding to i?2(5) in (2.5), then ^2 = 1 or 2 . If ti = 1 ,

let 62 be the irreducible character corresponding to £2(5) • Then by

Theorem 1C, XllCs; = 92(l) = *+9 , which is not possible. If t2 = 2 , let

92 , 62 be the 2 irreducible characters of V corresponding to B2(5) ,

where 92(l) = 62(l) • Then by Theorem 1C, we have Xl 1 (s) = 262(l) = ^9 ,

which is not possible. With this, we have ruled out case (e) for \NG(G^) \ .

A similar argument can be used to rule out case (f) for \NQ(G$)\ .

Case (g) . In this case, \NQ(G^)\ =25.34.5 and \CG(G )\ =2
3.31*.5 •

Hence | v| = 23.3i* and f3 = 93(l) = 8 . How let v be any element of

order 3 in V , then by (3.1) and Theorem 1C, we have X$(sv) = Q3(v) = + 1 •

But the degree of 63 is 8 and so this is not possible, and hence case (g)

for \Nr(G5)\ is not possible.
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3 2 2
Case (h). In this case, \ N G ( G 5 ) \ = 2 .3 .5 and \CG(G5)\ = 2.3 .5 •

So, \V\ = 2.32 and f3 = 93(l) = 2 . By Corollary 3A, there are

altogether 6 conjugate classes of elements in V ; 1 class of involutions

with representative T say, 1* classes of 3-elements, and the identity

element 1 of V . By Theorems 1C, ID and (3.1), Xl(sv) = 63(v) = - 1

for any 3-singular element v in V . Also, Q3(T) = 0 as 63(1) = 2 .

We now compute the multiplicity (ly , 63^™ of the principal character

ly of V in 93 . We have

(l , 63S = -jYj- f63(l) + 963(T) - 2 - 2 - 2 - 2 ;

= ± (2 - 2 - 2 - 2 - 2; = - f .

This is absurd, and so case (h) for \NG(G$)| is not possible. Cases (i),

(j) and (k) are obviously not possible and hence we have proved that

t3 ^ 1 . In a similar way, the case t3 = 2 can also be ruled out. With

this, we have proved that t \ 1 . Hence the number t of conjugate

classes of elements of order 5 in C must be 2 . Then by Theorems IB and

IF, the 2 exceptional characters in Bj(5) must have the common degree

323 • Also, if ti and £3 are the multiples of t corresponding to

#2(5) and 83(5) respectively, then we have t% = £3 = 2 . Again by

Theorems IB and IE, the 2 exceptional characters in £2(5) have the common

degree 1938 and the 2 exceptional characters in £3(5) have the common

degree 61+6. So we have the following block relations (we use the

convention as introduced in §2)

Bl(5) •• 1 + 323* = 321+

B2(5) •• 816 + 1938* = 275^

B3(5) •• 21*32 + 61+6* = 3078 .

REMARK 3. The sum of the squares of the degrees of the 20 irreducible

characters of G found so far is U7,62l*,735 and so the sum of the squares

of the remaining degrees of G must be 2,608,225 = 52.172-192.

By Theorem 1C, let 62 and 93 be the irreducible characters of V

corresponding to £2(5)
 a n d ^3(5) respectively. By Theorem 1C and (3.2),

we have

X7(8u) = 6B3(u) = 0 ,
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where 6 = ± 1 and u is any 2-singular element of V . Hence / 3 = 63(l)

must be divisible by the highest 2-power dividing the order of V . Then

by arguments similar to those used to rule out the case t = 1 , we find

that case (k) is the only possibility for \NG(G5) \ . Hence \NG(G5) | = 60

and \CQ(Gr>)\ = 30 . By Corollary 3A, the group V must be a dihedral

group of order 6 and has therefore 3 conjugate classes of elements. By

Theorem 1A, 5^5) , B2(5) and B3(5) must be the only 5-blocks of

defect 1 . So by Remark 3 above, the remaining irreducible character of

G must have degree l6l5 = 5.17-19 • By Corollary 3A, NQ(Gs) must be the

direct product of a dihedral group of order 6 by a dihedral group of order

10 . Hence we have the following results:

LEMMA 3A. The Sylow 5-normalizer NJG5) , has order 60 and is the

direct product of a dihedral group of order 6 by a dihedral group of order

10.

LEMMA 3B. The group G has 21 irreducible characters and hence has

21 conjugate classes of elements. The degrees of irreducible characters

of G are: 1 , 1920 , 1920 , 1920 , 32U , 3078 , 21+32 , 1140 ,

1215 , 1215 , 2751+ , 816 , 85 , 85 , 323 , 323 , 1938 , 1938 ,

61+6 , 6k6 and 1615 .

4. Completion of proof of Main Theorem

Let G5 = ^s) be a Sylow 5-subgroup of G and N3 = (u^ , a Sylow

3-subgroup of NG(G5) . By Lemma 3A, let NQ(G5) = (t , v) x / T , s\ ,

where t , T are involutions and (t 3 ly is a dihedral group of order 6

and \X j s\ a dihedral group of order 10. Any irreducible character of

has the form 6X , where 6 is an irreducible character of

^ a n d *• i s a n irreducible character of NjG5)/(t , v} .

By an irreducible character of NG(G^)/(T: , s\ , we mean an irreducible

character of NJG5) with / T , s\ in the kernel. Hence NG(G5) has 12

irreducible characters and hence has 12 conjugate classes of elements with

representatives:- 1 , t , x > t\ , V , xV , s > S 2 , ts , ts2 . vs and

Vs2 • Now let H = N^Gs) , !„ the principal character of H , 6i the

linear non-trivial character of H/(j j s> , Q2
 t h e irreducible character
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of degree 2 of H/^x , s) , \\ the non-trivial linear character of

B/(t j v) and X2 > ̂ 3 t w o different irreducible characters of degree 2

of H/(t , v) .

We shall now use the exceptional character theory of M. Suzuki [S]. We

shall take the 6 conjugate classes of 5-singular elements in H = Ng(G^) as

the collection D of "special classes" of E with respect to G . Hence

we have 6 "special classes" and 6 non-special classes in H . The values of

j and X2 of H on non-special classesthe irreducible characters !„

are given "below :-

Table 1

Element

1

t

T

tx

V

TV

Order
of

Element

1

2

2

2

3

6

No. of
conjugates

in H '

1

3

5

15

2

10

h

1

1

1

1

1

1

1

1

-1

-1

1

-1

X2

2

2

0

0

2

0

We shall consider the following generalized character of H :

(4.1) «*»i = 1R + Xi - X2 .

From Table 1, we see that <j>i vanishes on all nonspecial classes of H .

Let ())f be the induced generalized character of G corresponding to

((>! . Since /iff , 4>A„ = 1 , we have by the Frobenius reciprocity law

(lG , <t>*yG = 1 . Also by a result of Suzuki LSI, since (<fr1 , <|)])R = 3 ,

we have uj>f , $i}n = $ • Hence the generalized character 4>f of G has

the following decomposition:

where e. = + 1 (i = 1, 2) and , X2 are 2 distinct non-principal
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irreducible characters of G . By a result of Suzuki [S], ij>i(l) = 0 and

so we can assume £j = + 1 and e2 = - 1 in (U.2). By Lemma 3B, we must

have Yi(l) = 323 and Y2(l) = 32U , and so we have

(4.2) <t>* = lg + Yx - Y 2 ,

where J^l) = 323 and Y2(l) = 32U .

Now let z be an involution in the center of a Sylow 2-subgroup of G

and let

(4.4) a = \CQ(z)\ , Yi(z) = £ .

Then from (k.3) and a result of Suzuki [8], we have

(4.5) Y2(z) = 1 + £ .

We are now in a posit ion to apply Suzuki's order formula [S] to <j>j and

4>* . Let I be the conjugate class of involutions of G with representative

s , and J = I n H . Then by a result of Suzuki [S ] ,

7 2 (Y (2V;22> 2 (\ (J))2a

^ a) i#r x n;
a=o a ' ' v=0 v

where YQ = 1Q , Y^fl) = £ y
a<'

3:;'1 J b
a
 i s t h e coefficient of YQ in

(U.3); also, X = lj, , X (J) = \ X ("ai/l and a is the coefficient of

X in (i+ .1). If J is the empty set 0 , then we set X (0) = 0 for

v = 0,1,2 . Since the order of G is 50,232,960 = 27.35.5-17-19 , we have

from (U.3), (h.k), (4.5) and (It.6):

25.3.5. f323-€;2

^

To evaluate the left-hand side of (h."j), we have to consider various cases

for J = I fl H :

Case (a). Suppose J = 0 , then the left hand side of {h.7) is 0 ,

and we have Yj (z) = Y j U ) = £ = 323 , and so s belongs to the kernel of

Yj . This is not possible as G is simple, and so J =f 0 .

Case (b). Suppose the involution t is in J and T , tx are not

in J . Then from Table 1, J has 3 involutions which are conjugates of
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t in H . Hence \i(J) = 3 and \2(J) = 6 . Again the left hand side of

7 ft 2
(1+.7) is -T^(32 + 32 - -s-) = 0 . So this case is also not possible.

60 6

Case (c). Suppose the involution T is in J and t , tx are not

in J . Then the left-hand side of (4.T) is -Jr<52 + 52) = |- and we have

from (it.7) the following

(4.8) a = 23.3.(323 - £) .

Since T 6 J and T is centralized by an element of order 3, we have

(4.9) a = \CQ(z)\ = 27.3i.5J ,

where 5 > i > i and 1 > j > 0 .

(4.10) £, = 323 - 2h.1V~1 ."j , 5 > i > 1 and 1 > j > 0 .

From the orthogonality relations we find that £ in (it.10) has no solutions

and hence this case for J is also not possible. In a similar way, all

other cases for J can be ruled out except the following:

Case (d). The 3 involutions t 3 T and ti are in J . Then from

Table 1, \x (J) = - 17 , \2(J) = 6 and we have from (4-7)

(4.11) C = 323 - | .

Since t and T are in J , we must have

(4.12) a = \CQ(z)\ = 27.3L.'> ,

where 5 > i > 1 .

From (lt.ll) and (U.12), we have

(4.13) % = 323 - 26.3t""Z.5 ,

where 5 > i > 1 .

Since |£| < 323 , we have i = 1 , £ = 3 and c = |CG(3;| = 2
7.3.5 •

Hence we have proved the following result:

LEMMA 4A. Let z be an involution in the center of a Sylow 2-subgroup

of the group G . Then the oentralizer CJiz) of z in G has the order

1920 .
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Now let z be an involution in the center of a Sylow 2-subgroup of

G . Then by Lemma kA, \CG(z)\ = 27.3.5 . Let C = CJz) , then by Lemma

3A and a result of P. Hall ([5], Theorem 9.3.1), C cannot be soluble.

Let Oi(C) be the maximal normal 2-subgroup of C , then C/02(C) must be

a non-soluble group. Suppose C/0i(C) has a proper normal subgroup H ,

and let H be the normal subgroup of C containing Oi(C) such that

~H = H/02(O . Then \H\ must be divisible by 5 and H is non-soluble.

By a Frattini lemma and Lemma 3A, we must have [C : H] = 2 or 4 • If

[C : H] = 2 . then |#| = 26.3.5 . Let G5 be a Sylow 5-subgroup of H ,

then \NH(G5)\ = 22.3.5 , 25.5 or 2.5 . Hence by Lemma 3A,

|fl/ (G5J| = 2 . 5 but 2 is in NJG$) and so by a transfer theorem of

Burnside H is soluble, a contradition. If [C : H] = 4 , then

|fl| = 25.3-5 and by Lemma 3A, |/Î (G5.) | = 5 . Again H is soluble and so

[C .• H] =f 4 . With this, we have proved that C/0i(C) is a simple group

and hence C/OxiC) = A5 (the alternating group in 5 letters). Let

E = Oi(C) and 5 a Sylow 2-subgroup of Cn(z) . Then 5 is also a Sylow

2-subgroup of G . Now let Z(E) be the center of E . Then by Lemma 3A,

Z(E) - (3) or Z(E) = E . If Z(E) = E , then E is an elementary

abelian group of order 2 5 , and since the factor group S/E is a Sylow

2-subgroup of A5 , S has no elements of order 8 . This contradicts

Lemma 2C and so Z(E) = (z\ . Let Z(S) be the center of S . Since

Cjz)/E = As , we have Z(S) < Z(E) and so Z(S) = (s) . With this, the

Main Theorem is proved.

The author wishes to acknowledge his indebtness to Professor Z. Janko

for suggesting and supervising this research as part of the requirements

for the degree of Doctor of Philosophy.

Note added on 21 April 1969. Since this paper was written, G. Higman

and J. McKay have given a construction of a non-abelian simple group of

order 50>232,960. For an announcement of their construction, see page 1036

of the Notices of the American Mathematical Society Volume 15, Number ^

(1968). Combining the Main Theorem of this paper with two further known

results of J.G. Thompson and G. Higman the author has now shown (in his

doctoral thesis) that there is precisely one (up to isomorphism) simple

group of order 50,232,960 .
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