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ATOMIC MEASURE SPACES AND
ESSENTIALLY NORMAL COMPOSITION OPERATORS

R.K. SiNGH AND T, VELUCHAMY

The adjoint of a composition operator C,_, on the L2—space of an

T
atomic measure is computed and a characterization for an operator
to be a composition operator is given in this short note. The

dimensions of kernel and co-kernel of CT are calculated in
order to characterise Fredholm composition operators. Finally,

R - . 2
essentially normal composition operators are studied on 1

1. Introduction

Let (X, S, A) be a sigma-finite measure space and T be a non-

singular measurable transformation from X into itself. Then the mapping

CT on Lp(k) which takes f into f o T is a linear transformation. If
the range of Cp 1is in P(A) ana Cp 1is bounded, then we call it a

composition operator on Lp(k) induced by T . It is known that the
composition transformation CT is bounded if and only if there exists an
M > 0 such that AT-l(E) <MXE) for all E in S . From this it
follows that if CT is bounded then the induced measure ATrl is
absolutely continuous with respect to the measure A . Hence, by the

Radon-Nikodym theorem, there exists a positive measurable function fb
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such that Afrl(E) = f fbdl for every E in S . The function fb is
E

called the Radon-Nikodym derivative of the measure Afrl with respect to
A

A measursble set E is called an atom if A(E) # 0 and if F € S
and FC E , then either A(F) =0 or MF) = AME) . A measure A is
called atomic if every element E € S such that A(E) # 0 contains an

atom and in this case we say that (X, S, A\) is an atomic measure

space. In this paper the adjoint of a composition operator on L2(A) is

obtained and the necessary and sufficient condition for an operator on

Lg(k) to be a composition operator is discussed when the underlying

measure A 1is atomic. Also dimensions of kernel of CT and kernel of C;

are given. Finally essentially normal composition operators on 12 are

characterised.

2. Composition operators and atomic measure spaces

If (X, S, X\) is a sigma~-finite atomic measure space, then we can

[o+]
write X as U Ei , where the Ei's are disjoint atoms of finite
1=1
o0
measure [7]. These atoms are unique in the sense that if X = U Fi ,
=1

where the Fi'S are disjoint atoms of finite measures, then for every Fi
there exists an FE. such that A(E. A F,) = M{(EN\F.} v {F\E.}} =0 . If
; (55 8 7)) = M(EAE) v (708}

a non-singular measurable transformation T on X takes one part of an

atom Ej to a subset of an atom Ek and the other part of Ej to a sub-
set of another atom El , then anyone of the above parts of Ej has to be

a null set. As it is obvious that the image of an atom under a non-
singular transformation cannot be a null set, we can consider a non-
singular measurable transformation T : X * X as a transformation taking

atoms into atoms. Hereafter we denote the atom Ej by J and by T(j)

the atom to which E3 is carried over by T . We say that an atom J is
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in the range of T if 4 € {T(Z) : 7 € N} .

A non-singular measurable transformation T : X »~ X 1is called one-to-
one almost everywhere if the inverse image of every atom under 7T contains
at most an atom. It is called onto almost everywhere if the inverse image
of every atom under T contains at least one atom. If T is one-to-one

almost everywhere and onto almost everywhere then it is called invertible

almost everywhere. Also every function f € LZ(X) is constant almost

everywhere on an atom. Hence the span of the characteristic functions

{Xi : 2 €N} form a dense subset of LE(A) . Let K, =X//MZ) . Then

the set of functions {Ki : 1 € N} forms an orthonormal basis for Lz(k) .

The symbol B(H) stands for the C*-algebra of all bounded operators on
the Hilbert space H . Throughout this paper we assume that (X, S, A) is
an atomic sigma-finite measure space. The following theorem computes the

adjoint of CT .

THEOREM 1. et C, € B(£®(\)) and let 4 be defined as

(AF)(Z) = 1/A(%) Ffd\ almost everywhere for f € L°(A) and for
-1,.
T (1)

every atom 1 . Then A = C; .

Proof. Let f, g € Lz(k) . Then

CCifs g f (sz]gvdk

Z f f o Tgdx
1=1 Irl(i)

Y FL)A(Z)(4g) (%)

i=1
(f, Ag) .

Hence A4 = C} . Hence the proof is completed.

The following theorem gives a necessary and sufficient condition for

an operator to be a composition operator.
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THEOREM 2. ILet 4 ¢ B(Lz()\)) . Then A <is a composition operator
if and only if the set {Ki : © €N} is invariant wnder A* . In this

. . % -
case T is determined by A*(K;) Kpigy -

Proof. The proof follows from the above theorem and [3].

The above theorem shows that the functions {Kz} play the role of

kernel functions for Le()\) . In the following theorem we compute the

dimension of ker CT .

THEOREM 3. et Cp € B(L2()\)) . Then dim ker CT equals the number
of atoms in X\{T(Z) : i € N} .

Proof. If an atom < is not in the range of T , then Xi € ker CT

since )\T-l(i) =0 . If an atom J§ is in the range of T , then
)\T_l(j) > 0 and hence CTXj £ 0 . Hence ker CT is equal to the closure
of the span of the set {Xk : k is not in the range of T} . Hence the

proof is completed.
Let Bn denote one less than the number of atoms in T_l(n) if

T_l(n) has more than one atom, otherwise zero.
2 [+ -]
THEOREM 4. et Cp € B(L°(X)) . Then dim ker c% = ngl B, -
Proof. From Theorem 2 it follows that

NG
C;,( Y aiXi] = ( Y bile » where b, = ﬁ%ai .

iéT_l(k) ieT“l(k)

From this it is clear that when the cardinality of T-l(k) =p>1, C;,
kills (p-1) basis vectors of the closed subspace spanned by the
characteristic functions {Xi 1 € T-l(k)} . Since L2(>\) is the direct

e

sum of such closed subspaces, we get dim ker C;, = Hence the

B .
n=ln

https://doi.org/10.1017/50004972700025740 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700025740

Atomic measure spaces 263

theorem is proved.

DEFINITION. An operator 4 € B(H) is called Fredholm if A has
closed range and dimensions of kernel of A and co-kernel of A are
finite.

Let X, = {x : z € X ana fo(x) = 0} . The following theorem gives a
characterization for Fredholm composition operators.

THEOREM 5. Let Cy € B(Z°(N) . Then C, is Fredholm if and only
if f'o 18 bounded away from zero on the complement of X, » range of T

contains all but finitely many atoms of X and T 1s one-to-one almost

everywhere on the complement of a set with finitely many atoms.
Proof. The proof follows from Theorems 3 and k.

SOME CONSEQUENCES

1. CT is an injection if and only if T is onto almost everywhere.

2. CT has dense range if and only if T 1is one-to-one almost
everyvwhere.

3. CT is invertible if and only if T 1is invertible almost every-

vhere and fb is bounded away from zero.

b 1 Cp € B(1°) , then C,, is Fredholm if and only if fy=1

T
except for a finite number of points of N .

In [6] it has been proved that in case of a general finite measure

space unitary and normal composition operators coincide and isometries and

quasinormal composition operators coincide on B(L2(A)) . If the measure

space is atomic, then all the above coincide.
THEOREM 6. Let (X, S, A) be a finite atomic measure space and

Cp € B(LQ(A)) . Then the following are equivalent:
(i) Cp is unitary;

(i) Cp is normal;
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(1i1) Cp 15 an isometry;

(iv) CT 18 quasinormal;

(v) Cp 18 a co-isometry.

Proof. By Theorems 1 and 2 of [6], (Z) and (i1) are equivalent, and
(i11) and (iv) are equivalent. Now suppose Cp is an isometry. Then T
is measure preserving and hence AIrl(i) = A(Z) for every atom % in X .
let Si denote the set of all atoms in X which have the same measure as
i . Then each Si will be a finite set. Also CT is an isometry implies
that T is onto almost everywhere. Since TLSi] c Si for every i ,

T/Si is one-to-one almost everywhere and hence T 1is one-to-one almost

everywhere. Since an isometry has closed range, this implies that CT is
invertible and hence CT is unitary. This gives the equivalence of (Z)
and (ZZZ). To prove the equivalence of (v) and (Z), suppose CT is a co-

isometry. Then CT has dense range and hence T 1is one-to-one almost

everywhere. Also fb o T =1 almost everywhere. This implies

AT—l(T(i)) = A(Z) = A[T(i)) for every 7 in X . Considering the set Si
as above we have T(Si) < Si for every ©Z in X which implies that T

is onto almost everywhere. Hence CT is invertible and hence CT is

unitary. This completes the proof of the theorem.

COROLLARY 6.1, If the atoms in the finite atomic measure space
(X, S, \) are such that M<Z) # AMj) when 1 is different from § , then
all the above composition operators coincide with the identity operator.

3. Essentially normal composition operators on Z2

DEFINITION. Let H be a Hilbert space, C(H) denote the ideal of
compact operators in B(H) and ® from B(H) to the Calkin algebra
B(H)/C(H) be the canonicsal epimorrhism. Then an operator 4 in B(H) is
said to be essentially normal, essentially unitary or an essential isometry

if w(A) is normal, unitary or an isometry respectively in the C(*-algebra
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B(H)/C(H) (refer [1]). We say that A is quasi-unitary if A*4 - I and
AA* - I are finite rank operators. A4 is Fredholm is equivalent to saying

that w(4) is invertible in the Calkin algebra.
We know from [4] that invertible, normal, unitary and isometric

. . . 2 .
composition operators are not different in 7~ . The same is true about
Fredholm, essentially normal, essentially unitary and essential isometric

composition operators. This we shall exhibit in the following theorem.
THEOREM 7. Let Cn € B(Zz] . Then the following are equivalent:

(i) ¢

T ts Fredholm;

(1) C,, s essentially normal;

(iit) C, is quasi-unitary;

(iv) C,, s essentially wnitary;
(v) CT is an essential isometry.

Proof. First we prove the equivalence of (Z) and (iz). Let C(,, be

T
Fredholm. Then jb = 1 except for a finite number of points of N . Now
M on Ran C, ,
- [o]
fb fb T T
£ - A =
I N

* =

be on ker CT = (Ran C&J

L

Since CT is Fredholm fb = fb © T except for a finite number of points

* . - - . s * - * s
of N and Kker CT is finite dimensional. Hence CTCT CTCT is of
finite rank and hence CT is essentially normal. Conversely, suppose CT
is essentially normal. If possible let dimension of ker CT = @ . Then by
Theorem 3 there exists an infinite subset Sl = {nl, Ny ...} of N such

that fb("i) =0 for i=1,2, ... . For n ¢ N let e

be the
function on N taking value zero at points different from n and value 1

at n . Then the sequence {e(n)} tends to zero weakly. But the sequence
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{I

is not compact. Thus CT is not essentially normal which is a

* # - L3
C C CTCT does not tend to zero. This shows that (CTCT CTCT]

contradiction. Hence dim ker CT < o , Similarly, if ker C:’Z', is
infinite dimensional, then we can prove that (CTCT-CTCT) is not compact.
Hence dim ker C&*, < ® , Thus CT is Fredholm, since every composition

operator on 12 has closed range.
1f CT is Fredholm, then fo = 1 except for a finite number of

points of N . Hence Ca‘,C‘T -I-= Mf -1 is of finite rank. Also
0

MfOOT—l on Ran Cp ,

043 - 1 =

= ker C%

-I on Ran C T

Vg
Since fo o T =1 except for a finite number of points of N and ker C;,
is finite dimensional, CTCT - I 1is also of finite rank and hence CT is
quasi-unitary. Hence (Z) implies (Z2%Z). Obviously (i2%¢) implies (Ziv) and
(Zv) implies (v). Now, let CT be an essential isometry. Then C;’CT -

is compact which implies Mfo_l is compact. This implies fo = 1 except

for a finite number of points of N . Hence CT is Fredholm. Thus (v)

implies (Z) and the theorem is proved.

THEOREM 8. Let Cp be a quasinormal composition operator on 2 .

Then CT is essentially normal if and only if it is normal.

Proof. Since a guasinormal composition operator on 12 is an
injection, it is essentially normel if and only if ker C;, is finite
dimensional. Also fo = fo o T . This, in the light of Theorem 3, implies
that CT is essentially normal if and only if ker CE, is zero
dimensional. Thus CT is essentially normal if and only if CT is

normal.. Hence the theorem is proved.
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