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A BOUNDARY RIGIDITY PROBLEM
FOR HOLOMORPHIC MAPPINGS
ON SOME WEAKLY PSEUDOCONVEX DOMAINS

XIAOJUN HUANG

ABSTRACT.  In this paper, we study the boundary version of the classical Cartan
theorem. We show that for some weakly pseudoconvex domains, when a holomorphic
self-mapping has a sufficiently high order of contact (which depends only on the geo-
metric properties of the domains) with the identical map at some boundary point, then
it must coincide with the identity.

0. Introduction. Let D be a bounded domain in C*, and let Hol(D, D) denote the set
of holomorphic mappings from D to itself. The well-known rigidity theorem of Cartan
states that if /' € Hol(D, D) is such that f(z) = z + o(]z — z¢|), as z — z, for some point
zo € D, thenf(z) = z.

A new rigidity problem of holomorphic mappings originating from the work of Burns-
Krantz attempts to create a boundary version of the above fundamental result. It can be
formulated as follows:

PrOBLEM 0.1. Let D be a bounded domain in C”, and let p be a point on 0D. Does
there exist a positive number m,, depending only on the geometric properties of 0D at p,
so that for any f € Hol(D, D), if

J@=z+o(lz—p|™), asz—p,

then f(z) = z over D?
The following is the first result in this direction obtained in [BK].

THEOREM 0.2 (BURNS-KRANTZ, [BK]). Let D be a bounded strongly pseudoconvex
domain in C", and let p € 0D. If f € Hol(D, D) is such that f(z) = z + o(|z — p|’) as
z—p, thenf(z) =z

The proof of Cartan’s theorem has no possibility of being extended to the boundary
situation, for its main ingredients are normal family arguments and classical Cauchy esti-
mates that can not apply when zy ¢ D. To prove their theorem, Burns-Krantz used some
sort of ‘continuum extremal disks’ method, which works pretty well for those domains
that can be embedded into the domains satisfying the following properties:
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PROPERTY A. There exist a large number of holomorphic retracts smoothly passing
through the point p under study.

PROPERTY B. The holomorphic retracts in Property A are uniquely determined by
their tangent directions at p.

In [H1], we verified that the ‘continuum extremal disks’ method may also work for
some weakly pseudoconvex domains (for example, egg domains) which satisfy the above
two properties (also see [BK]).

This work is a continuation of [BK] and [H1]. Our main purpose is to improve Burns-
Krantz’s argument so that it is valid for a class of weakly pseudoconvex domains that
satisfy either a portion of Property A or the following:

PROPERTY C. There exists one uniquely determined holomorphic retract passing
through the point p.
Here are two typical results in this note:

THEOREM 0.3. Let D be a bounded domain in C" defined as
D={z=(,2)eC" xC" " |z)P+h(E) < 1},

where h is a nonnegative smooth function with value zero if and only if z/ = 0. Denote
(1,0") by p. If f € Hol(D, D) is such that f(z) = z + o(|z — p|*) as z — p, then f(2) is the
identity.

THEOREM 0.4. Let D be a bounded smoothly convex domain of finite type in C", and
let p € OD. Then there exists a number m, depending only on the geometric properties
of @D near p, such that for every f € Hol(D, D), if f(z) = z + o(|z — p|™) as z — p, then
f(z) =z on D (see §3 for the determination of this m).

Our ideas can be briefly described as follows: For the domains with Property (C), with
some assumptions about the behavior of / € Hol(D, D) at p € 0D, we first show that f'is
the identity on some holomorphic curve. Then we study the eigenvalues of the Jacobian
of f on this curve and apply the Hopf lemma to obtain the conclusion. For the domains
satisfying a portion of Property A, when f € Hol(D, D) has a sufficiently high order of
contact with the identity at p, we prove that f must be a biholomorphism. We then show
that it is the identity by the results in [H1] and [BP2].

The paper is organized as follows: In Section 1, we study the behaviors of complex
geodesics on finite type domains. For example, we will prove that all complex geodesics
on finite type domains can be extended Hoélder continuously up to the boundary. As a
result, we will obtain some existence theorems for complex geodesics with prescribed
data. This section is crucial for our later discussion. In Section 2, we start by recalling
an elementary result on the unit disc. Then we present a basic theorem by the first afore-
mentioned idea and discuss some of its applications, including Theorem 0.3. Section 3 is
devoted to the proof of Theorem 0.4 along the lines of our second aforementioned idea.

The author would like to express his deep gratitude to Professor Steven G. Krantz for
his invaluable instruction and constant encouragement. He would like to thank Susan
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Philpott for her helpful conversations. Also he is pleased to thank the referee for many
valuable suggestions and corrections.

1. Complex geodesics on finite type domains. For the sake of brevity, we first fix
some notation.

In all that follows, the symbol A will stand for the unit disc in C', and the symbol | - |
will denote the euclidean norm in C" (n > 1).

If Dy, D, are two bounded domains in C", we use Hol(Dy, D,) to denote the space of
all holomorphic mappings from D, to D,. For the sequence {f;} € Hol(D,, D;) and the
point w € D;, the expression ‘f; — w’ will mean that {f; } converges to the constant map
w uniformly on compacta. Moreover, when f/ € Hol(D;, D;) with D; = D,, we denote
by f* the k-th iterate of f defined inductively by /! = f,...,f* = fof* ' fork=2,3,....

We recall the concepts of Kobayashi metric and Kobayashi distance on a domain
DcccC.

Let z € D, and let X be a holomorphic vector in 7,D. The Kobayashi infinitesimal
metric Kp(z,X) is defined as

kp(z,X) = inf{|¢] : ¢ € Hol(A, D) so that ¢(0) = z and dop(£) = X}.

For every two points z;,z; € D, the Kobayashi distance between them is given by the
following integral form:
— 1 !
Kn,z) = inf [ wp (00, 7'@) dr.

Y(0)=z,
Y(1)=z

For the disk A, it is an elementary fact that

1
KalT,a) = H_la—llTl—zS’ KA(0,7) = 3 log 1—7|’ foreverya € C' and 7 € A.

Let D CC C", and let 6(z) denote the distance of z to 0D. Then 6*(2), defined by —4(z)
inside D and (z) outside D, is a standard defining function D. A point p € 0D is said to
be a smooth point if §* is smooth at p and d,6* # 0. A smooth boundary point p is said
to be a finite type point in the sense of D’Angelo [D] if

ordy 6* (a(T))

acHola,cry  ordo a(7)
a(0)=p
a nontrivial

1+
=1

t, =

D is called a domain of finite type if all boundary points are of finite type. In this case,
by D’Angelo’s semi-continuity theorem, fp = sup,cap 4, < 00.

For the Kobayashi metric on a finite type domain, we have the following important
result:
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THEOREM 1.1 ([G], [CA], [DF3], [CO]). Let D be a bounded pseudoconvex domain
of finite type in C". Then there exist a positive number e < % and a constant C depending
only on D such that for every point z € D and holomorphic vector X € T{"OD, it holds

that
ClX]

RD(Z7X) Z 56(2) .

Here, when dim(D) = 2, then ¢ can be chosen as t;,'; while D is strongly pseudoconvex,

€ can be chosen as %

For simplicity, we shall call such an € a K-admissible number of D.
We also need the concepts of ‘big’ and ‘small’ horospheres introduced in Abate [Ab2].
Let D CC C" be a bounded domain, p € 0D, z € D, and let R > 0. The small

horosphere EP(p, R) and the big horosphere F2(p, R) of center p, pole z, and radius R are
defined as

EP(p,R) = {a € D : Tim(Kp(a, w) — Kp(z,w)) < ! 1ogR}
Wp 2

FP(p,R) = {a € D : Lim(Kp(a,w) — Kp(z,w)) < %logR}
w—p

On A, for every z € Aand R > 0, it is known [A3] (see p. 46) that £j(1,R) =
Fy(1,R) = E(1,R) = {r € A: (|1 —71*)/(1 — |7]*) < R}, which is a euclidean disc of
radius R/(1 + R).

PROPOSITION 1.2.  Let D be a smooth bounded domain in C" (n > 1), andletp € 0D.
Iff € Hol(D, D) is such that f(z) = z + o(|z — p|), as z — p along the normal direction,
then for everyzy € D and R > 0, f(EzO(p, R)) C F,,(p,R).

PROOF. By Proposition 2.4.15 of [Ab3] (see p. 270) we need only show that there
exists a sequence {z;} C D converging to p such that {f(z,)} converges to p and

Eé(KD(Zo,Zk) - KD(Zo,f(Zk))) <0.

Let n, be the inward normal vector of 0D at p, z, = p+ 5,5, andletv,:/ =[0,1]— D
be the segment from z; to f(z;). Obviously, when k£ >> 1, then z; and vy lie in D. Denote
by B(a,r) the euclidean ball of center a and radius . Then, when £ >> 1, for every
Xe T(,l’O)D, we have

Vi)
£ (Y0, X) < Ky, 1) (V). X) < ClXIk.
Here C is a positive constant independent of k and ¢. Hence,
Kp(20,21) — Kp(20./(z1)) < Kp(2.f(2)) < A p (T8, V(o)) dt
< Chf(zi) — zi| = o(1), ask— oo.

Since f{(z;) obviously converges to p, this completes the proof. [
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COROLLARY 1.3.  Let D be a bounded smooth domain in C", and let p € 0D. Suppose
that there exist a point zy € D and R > 0 so that ) # E° (p,R) and FT%(p, R)NoD = {p}.
Assume that f(z) € Hol(D, D) is such that f(z) = z + o(|z — p|), as z — p, and such that
{f*} compactly diverges. Then f* — p.

PROOF. Let g be a limit point of the sequence {f*}. By the hypothesis, we see that
g is a holomorphic mapping from D to 8D and there is a subsequence {f% } of {f*} with
f% — g on compacta. Notice that, for every natural number k, /* satisfies the hypotheses
in Proposition 1.2. It thus follows that f*(EP(p,R)) C FP(p,R) for every z € D and
R > 0. Hence g(Eg(p, R)) C F—ZDO(p, R)NaD (= {p}, by the hypothesis). This implies
g=p.Soff —p. .

REMARK 1.4. We observe that, according to a result of Abate [A2] (Theorem 1.7),
if D is a bounded strongly pseudoconvex domain, then FTZT?)(p, RYN 3D = {p} for every
p € 8D and R > 0. Moreover, it was proved in [H2] (see the proof of Lemma 7 there)
that for every open neighborhood U of p € 0D, there existzg € D and R > 0 so that
0 #E2(p,R) C Fg(p,R) cU.

COROLLARY 1.5. Let D be a bounded smooth domain in C', zy € D, and let p € 0D.
Iff € Hol(D, D) is such that f(z0) = zo and f(z) = z+o(jz— p|) asz — p, then f(z2) = z
over D.

PROOF. Consider the sequence {f*}. By the hypothesis, the above remark, and
Corollary 1.3, it is easy to see that {f*} cannot converge to just a single point on D.
Thus, by the Heins iteration theorem (see Theorem 0.3 of [A2], for instance) / must be
a biholomorphism and hence, in view of Theorem 1 of [K1] (or Theorem 1 of [H1]) we
can conclude that f = id. [

Before turning to the rest of the propositions of this section, we recall that a holomor-
phic map ¢: A — D is called a complex geodesic (respectively, a complex infinitesimal
geodesic) of D if, for every pair 71,72 € A (respectively, 7 € A, a € C"), we have
Ka(r1,m2) = Kp($(11), (72)) (respectively, Kx(r, @) = Kp($(r), ag'(¢))). We also recall
that a complex geodesic ¢: A — D is said to be normalized if (cf)(O)) = max,cp 0 ((f)('r)).

PROPOSITION 1.6.  Let D be a bounded pseudoconvex domain of finite type in C", and
let € be a K-admissible number for D. Then, for every compact subset K CC D, there
exists a constant C(K) such that for every complex geodesic ¢: A — D with $(0) € K,
we have

[p(11) — ¢()| < CK)|m — 7|, forally,my € A.

PROOF. We note that ¢ is also a complex infinitesimal geodesic (for example, see the
discussion of [Ab3], p. 347). Hence, it follows from Theorem 1.1 that for every 7 € A,

¢’ ()]
5((r))

rar, 1) = mo(9(0), ¢'(r) > C1(D)

)
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and therefore
') < Co(D) kalr, D ($(7)),
< CUD)& (¢(m) /(1 = |7

On the other hand, from Theorem 2.3.51 of [Ab3], we know that for every z,,z, € D
it holds that

(1.3)

1
Kp(z1,22) < C'(z1) — 3 log 0(22),

where C'(z)) is independent of z, and is bounded on every compact set. Thus, by the fact
that ¢ preserves the Kobayashi metrics, we see that

1 1
Emaiﬂ:mmm=mw@ams0@©%§m@wm,

and hence
(1.4) 5(¢(m)) < C5(1 = |r).
Combining (1.3) and (1.4), we now obtain

l¢'(] < Ca(l — ),

where Cy shares the same property as does C'. So from the classical Hardy-Littlewood
theorem (p. 324, Theorem 2.6.26 of [Ab3]) the proposition follows. n
Let us denote by F'the set of normalized complex geodesics of D.

PROPOSITION 1.7.  Under the same hypotheses as Proposition 1.6, there exists a con-
stant C(D) depending only on D such that for every ¢ € F, and 11,72 € A, we have

(1) — ()| < CD)m — 7| /2.

PROOF. First, by a general fact proved in [CHL] (which holds for all bounded smooth
domains), there exists a constant C; depending only on D so that

8(¢(m) < Cr(1 — '/
for every ¢ € F. Hence, as argued above, we have
|6/ < Gl = |y 2

for some positive constant C, depending only on D. Once again, by the Hardy-Littlewood
theorem, our proof is complete. n

REMARK 1.8. When Dim(D) = 2, as we have seen in Theorem 1.1, € can be taken
to be l/tD.
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The following example shows that, in general, we can not expect that all complex
geodesics on a domain of finite type can be smoothly extended up to the boundary:
For the natural number k£ and a € A, let E, be the egg domain:

Ey={GEw) € C: |z)*+|w* < 1},
and let ¢,: E(1,|a|™") — Ej defined by
ba(T) = (T,'d'l/Zk(l ——T)l/k)‘

Then ¢, is a complex geodesic. But it only can be extended 1 /k-Holder continuously up
to the boundary (except in the trivial case that a = 0).

PROPOSITION 1.9.  Let D be a smooth convex domain of finite type in C". Then

(a) For each pair z € D and p € 0D, there is a complex geodesic ¢ of D so that
$(0) = z and §(1) = p.

(b) For everyp € 0D and q € 0D with p # q, there is a complex geodesic ¢
satisfying that §(e') = p and () = q for some 0, and 6, € R'.

PROOF. The argument is the same as that for strongly linear convex domains [CHL],
except that we use Proposition 1.6, Proposition 1.7, and Royden-Wong’s results [RW]
instead of the machinery established by Lempert [L1]. For example, to prove (a), we
pick out a sequence {z;} € D converging to p, and find a complex geodesic ¢, (see
Theorem 2.6.19 of [A3], p. 321) so that ¢,(0) = z, z € ¢((0,1)) for k = 1,2,.... By
the fact that D contains only trivial holomorphic curves, it follows from a normal family
argument that some subsequence of {¢, } converges to a complex geodesic ¢ which, in
view of Proposition 1.6, must satisfy the given conditions: $(0) =zand ¢(1) =p. =

COROLLARY 1.10. Let D be a bounded convex domain of finite type, and let p € 0D.
Then for every zg € D and R > 0, it holds that F2(p,R) D {p}.

PROOFE. By Proposition 1.9, we can find a Holder continuous curve Y(¢): / = [0, 1] —
D with Y(0) = zp, Y(1) = p such that, forevery 0 <x; <x, <x3 < 1,

Kp(Y0e1), ¥(x2)) + Kp(¥(x2),7(x3)) = Kp(Y(x1),Y(x3)).

Now, from the definition, it obviously follows that Y(¢) € Fg (p, R) when t is close enough
to 1. ]

2. A basic result and it applications. We begin this section by proving the follow-
ing lemma, which was partially obtained in [L2], [CHL], and was proved in the form of
Theorem 0.1 in [BK]. The argument here essentially follows the ideas of Burns-Krantz’s.

LEMMA 2.1, Letf € Hol(A,A) be such that f(z) = z+ o(lz — 1)) as z — 1. Then
either

(a) f(r) =T, or
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(®) f* — 1 and Lim,_, 251 > 0.

PROOF. Assume that f is not the identity. Then we shall show that (b) is the only
possibility.

We first claim that /" has no interior fixed point. Otherwise, without loss of generality,

we may assume that/(0) = 0. Hence, it follows from the Schwartz lemma that |f (1) < |7|
for 7 # 0. Therefore

NILEE Ve I
fo)y+r Ir +f())
We note that the displayed function is harmonic on A and continuously approaches its
maximal value 0 at the rate of o(j7 — 1]) when 7 — 1. So, by the Hopf lemma, we can
conclude that Re(%) =0, i.e, f(r) = 7. This is a contradiction.

Secondly, by the Wolff-Denjoy theorem (see Theorem 1.3.9 of [Ab3], p. 78) and
Corollary 1.3, we see thatf* — 1. Moreover, by Proposition 2.1, we see that (E( 1, R)) -
E(1,R) for every R > 0 where, as stated in Section 1, E(1,R) = {T EA: L:‘ﬂi > R}.
Hence,

<0, forr#£0.

[
H=f@P = 1=
Let the harmonic function £(7): A — R' be defined by

l+7 1+f(1)
Re(l —r —f(T))'

Q.1 for7 € A.

&(r) =

Then (2.1) yields £(7) <0 on A.

Ifim I{(T) lﬂ =0, ie.,iff() = 7+o(|]1 —7]*) as T — 1, then, from a direct computation,
it follows that £(1) = 0 + o(|r — 1|) as 7 — 1. Thus, again by Hopf’s lemma, we have
&(r) =0, ie., f(r) = 7 over A. That contradicts the assumption that f is not the identity.

This completes the proof. =

We now state and prove our basic theorem.

THEOREM 2.2. Let D CC C" be a bounded domain, and let ¢: A — D be a proper
holomorphic mapping which is e-Holder continuous up to the boundary with (1) = p €
dD. Suppose that there exists a defining function p of D which is smooth over ¢(A) with
dp # 0 on $(OA) and that there exists a positive number j1 < 1 so that —(—p o $) is
subharmonic. Then, if f € Hol(D, D) fixed $(A), and if

f@)=z+o0(z -p|2/‘”), asz—p,
we can conclude that f(z) = z over D.

PROOF. Obviously we can assume n > 1.
Consider the holomorphic function A on A defined by
) = (% /AN )

oz 1 Oz 2

o(7),
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which is the sum of the eigenvalues of the Jacobian of f at ¢(r). Since f fixes ¢(A),
then from the classical Carathéodory-Cartan-Kaup-Wu theorem (see [K2], for example)
it follows that Re(\(r)) < n and that equality holds at some point if and only if /'is the
identity.

Let A(1) = —(—p ) qf>(7-))“, defined on A. Since 4 is subharmonic and attains the
maximal value 0 on A, it follows from Hopf’s lemma that —A(1) > Cj(1 — |7]?), and
hence that —p o ¢(7) > Cy(1 — |1]*)!/# for 7 € A. Recalling that —p & § near ¢(A) and

E(l,l):{Tl lT|;>1}
we now find that
(2.2) §o¢(r) > G(|1 —)?/*  on E(1, 1),
Let Uy = {z, € C' : |z — ¢;(r)| < C3/v/2n-|l —7[*/#} forj = 1,...,n,and let P =

U, X - - - X U,. Then, since the distance from each point in P to ¢(1) = (451 n),..., (]5,,(7))

is less than 1C3(|1 — 7])?/#, it follows easily that P CC D. Moreover, for every point
z=(z1,...,2s) € P, it holds that |z — p| < |z — ¢(1)| + |p(r) — p| < G|l —7*/# +
Cs|1 — 1] ~ Cs|1 —7°.

So, by making use of the Cauchy formula, we have

f

/fW®WKWWMW%
2m oy (6= o)’
< Cs sup (Ifi(....&..)— &) /(1 — /")
£edy;

2000 —1| =

dﬁl

<o(|1 —72/m) /(1 — Py
=o(l), asT€E(l,1)— 1.

Thus we have proved that Re \(1) continuously approaches its maximal value n as T €
E(1,1) goesto 1.

On the other hand, when we restrict 7 to (0, 1), it is easy to see, from the above argu-
ment, that 5(¢(T)) > (7|1 —7]'/#, and thus that Re A\(r) = n+o(|1 —7]'/*). So applying
Hopf’s lemma to Re A(T) on E(1, 1) at 1, we conclude that Re A\(7) = n. This completes
the proof. =

The first application of this theorem is our aforementioned Theorem 0.3.

PROOF OF THEOREM 0.3. Letf(z) = (ﬁ(z), f (z)) € C' x C"! satisfy the hypotheses
in Theorem 0.3, and let $: A — D be defined by ¢(7) = (1,0). Obviously, f; o ¢ €
Hol(A,A) and f; o (1) = 7+ o(|r — 1) as 7 — 1. From Lemma 2.1, it follows that
f1 o ¢(1) = 7. Moreover, since

fi(em)[ +h(7(sm)) <1
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we can conclude that Lim,_, ;4 4 (f(gb(r))) = 0. From the given hypotheses on 4, it now
follows that SuPreaAV(¢(T)) = 0. Therefore, by the maximum principle, / (¢>(T)) =0.
So we have proved that f fixes ¢(A).

To finish the argument, we now need only apply Theorem 2.2 withe = 1, p = 1, and
p =zl +h) — 1. .

COROLLARY 2.3. Let

n 1
D= {(z1,...,z) € C": |z||2+2e~exp(——) < l},
j=2 'Zjl

and let p = (1,0,...,0). If f € Hol(D, D) is such that f(z) = z + o(|z — p*) as z — p,
then f must be the identity.

COROLLARY 2.4. Let P = (po,...,pn) be a set of positive integers with p; > 1 for
j> 1 Let

Dp={Z=(@w e x " [ + L Culw < 1},

where Cy 5 are non-negative constants which make Dp a bounded domain, and the sum
is taken over those multi-indices such that

2

>0 Pj

o
J
__1,

Denote by q the boundary point (1,0,...,0) of Dp. If f € Hol(Dp, Dp) is such that
f(Z)=Z+0(Z — q|*) as z— q, then f(Z) = Z over Dp.

Another application of Theorem 2.2 is the following generalized Burns-Krantz theo-
rem:

THEOREM 2.5 (BURNS-KRANTZ). Let D CC C" (n > 1) be a bounded domain,
and let p € 0D be a strongly pseudoconvex point. If f € Hol(D, D) is such that f(z) =
z+o(jz —p|’) as z— p, then f(z) = z over D.

PROOF. Since p is a strongly pseudoconvex point, then by a standard argument (for
example, see [K2]), we can find local holomorphic coordinates { U, A(z) } centered at p so
that (UM D) is a strongly convex hypersurface in C". Noting that f is continuous at p,
we may choose two strongly convex domains )}, () satisfying the following properties:

(@) Q CQ, ChUND),andhofoh ' (Q) C Qs

(b) 0Q, NA@DNU) = 3Q; NQy;

(c) 0Q; N h(ED N U) is a piece of strongly convex hypersurface containing p.

From a result of Lempert [L1], there is a complex geodesic ¢ of ©, so that ¢(A) C Q,
and ¢(1) = p. Let m: Q; — A be a holomorphic left inverse of this ¢ (for the existence of
such a mapping, see [L3]). By the above properties of Q; and Q),, we therefore get a well-
defined holomorphic map £(7) € Hol(A, A) defined as £(1) = mohofoh™'o¢(r). Because
¢, T are smooth up to the boundary ([L 1], [L3]) itis easy to check that £(1) = T+o(]1 —1]*)
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as 7 — 1. Thus, from Lemma 2.1, it follows that £(1) = 7. Thus, by the monotonicity

property of Kobayashi distance, we see that ¢ 2 ho foh1o¢ is also a complex geodesic
of O, satisfying ¢(1) = ¢(1), #'(1) = ¢(1), and ¢"(1) = ¢”(1). So by the uniqueness
property of complex geodesics on strongly convex domains [L1], ko foh™ ' o ¢ = ¢,
ie., f fixes k! o ¢(A). Now the proof easily follows from Theorem 2.2 with e, pu = 1,
and an obvious choice of p. n
The following theorem is an analogue of Lemma 2.1 for strongly convex domains.

THEOREM 2.6. Let D be a strongly convex domain in C" (n > 1) and p € 0D.
Suppose that f € Hol(D, D) is such that f(z) = z + o(|z — p|*) as z — p. Then, either

(@) f(z) =zoverD,or

() f*— p and Tim,_., {2 > .

P lz—pl

PROOF.  Suppose that f(z) is not the identity. We prove then that (b) is the only pos-
sibility.

In a manner similar to the argument in Lemma 2.1, we first show that /" has no fixed
point on D. Actually, if zy € D is such that f(z¢) = zo, then we may construct a complex
geodesic ¢ of D satisfying ¢(0) = zp and ¢(1) = p. Let = be a holomorphic left inverse
of ¢, and let £(r) = 7 o f o ¢(7). Since ¢, ™ € C°(A), we have

£(r) = n(qs(f) +o(l$(r) —p|2)) = n(¢(m) + o(o(|¢(7) - ¢>(1)|)),
=t+o(r—1P), asT— L

Noting that £(0) = 0, we see, by Lemma 2.1, that £(7) = 7. From the monotonicity of
Kobayashi distance, it therefore follows that f o ¢ is also a complex geodesic. Again by
the uniqueness property, we see that f o ¢ = ¢, i.e., f fixes #(A). From Theorem 2.2 with
€, it = 1, it now follows that f(z) = z. This is a contradiction.

As soon as we know that 1 is fixed point free on D, then, from Abate’s iteration the-
orem [A2], Corollary 1.3, and Burns-Krantz’s theorem, it follows that (b) is the only
possibility. This completes the proof. "

COROLLARY 2.7. Let D be a strongly convex domain in C" (n > 1), and let p € OD.
Iff € Hol(D, D) is such that f(z0) = zo for some zo € D and f(z) = z + o(|z — p|*) as
z—p, thenf(z) =z.

REMARK 2.8. The following example shows that Corollary 2.7 cannot be improved
in general (compare with Lemma 2.1):
Let B be the unit ball in C* (n > 1), p = (1,0,...,0) € 0B, and let f € Hol(B, B) be

defined by

.f(Z]5 s ,Zn) = (ZlaZlZZ, .. ,len)-
Obviously, f(z1,0,...,0) = (21,0, ...,0), and f(z) = z+0(]z — p|) as z — p. But f is not
the identity.

REMARK2.9. We believe that Corollary 2.7 is valid even for general strongly pseudo-
convex domains, although we have not been able to prove this at the present time (see
Theorem 2 of [H2] for a special case).
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3. Some results on domains of finite type. The main purpose of this section is to
prove Theorem 0.4. Let us start with the following:

LEMMA3.1. Let D be a bounded smooth pseudoconvex domain in C", and let p: A —
D be a complex geodesic which is Holder continuous up to the boundary. For every T
and T, € OA with Ty # T, it holds that $(1\) # (12).

PROOF. Seeking a contradiction, we suppose not. Then, without loss of generality,
we can assume that ¢(1) = ¢(—1) = p € oD.

Let ¢ be the Holder index of ¢, and lete’ = 73; By Remark (b) of §1 in [DF1], we can
find a small neighborhood U of p, and a defining function p of U N D so that —(—p)'is
plurisubharmonic on UND. Since ¢ is continuous up to the boundary, we can choose two
small neighborhoods V| containing 1 and V5 containing —1 such that ¢(V;NA) C DNU
fori=1,2.

As in the proof of Theorem 2.2, by applying the Hopf lemma to —(—p o ¢)° at 1 and
—1, we find that —p o ¢(1) > Cy(1 — |72)'/¢ for 7 € (—1, 1), and hence that

3.1 5(¢(T)) >C(1 — |T|2)6/2+1~

On the other hand, by Theorem 2.3.56 of [Ab3] (p. 233), we know that

1 — H(— — H(—
(3.2) Kp(8(r).é(-7) < 5 1og(1+%ﬂ) +-;- log(l+ %) +C,
where Cis aconstantand 7 € (—1, 1).
Recall that
, 1+71
(3.2) Kp(¢(), $(~7)) = Ka(r,—7) = log — forreO,1),

and that

(3.3) 16— o1 < |9~ S(DI+|$(—1) — $(~D| < G((1 —7¥) (r€ ©.1).
From (3.2) and (3.2)', it then follows that

l¢(r) — ¢(—7)|

L 6@ — ¢(=7)|
5((m)

5(¢(—7))

where T € (0, 1) and Cy is a constant. Combining this inequality with (3.1) and (3.3), we
then see that

log((l -1+ (1 —T)) +log((1 —-7) (1 —T)) > Cy,

log((1 —7) + Cs(1 = 7)/?) > G,

for some constants Cs > 0 and C, and for 7 € (0, 1). This is obviously a contradiction.
Thus our proof is complete. n
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THEOREM 0.4.  Suppose that D is a bounded convex domain of finite type in C" and
p € 0D. Let € > 0 be a K-admissible number of D, and let m > 5 [e. If f € Hol(D, D) is
such that f(z) =z +0(|z — p|™) as z — p, then f(z) = zon D.

PROOF. We divide our discussion into three steps.
(a) We first show that, with the given assumptions, for every complex geodesic ¢
with ¢(1) = p, then f o ¢ is also a complex geodesic with f o ¢(1) = p.

In fact, by Royden-Wong’s results (see Theorem 2.6.22 of [Ab3], p. 322), we can,
for such a ¢, find its holomorphic left inverse m: D — A satistying that 7 o ¢(r) = 7.
As argued before, we consider £(r) € Hol(A, A) defined by {(r) = 7 o f o ¢(7). For
every 1 > p & 1, as in the proofs of Theorem 2.2 and Lemma 3.1, by an appropriate
application of Hopf’s lemma, we can find a R > 0 small enough so that

8(¢(r)) > Ci(|1 — 7))** for some constant C; and T € E(1, R).
Denote by V,(f): I — D the segment from ¢(7) to f o ¢(7). We can then see that
6(77(t)) > Cy(|1 —7)*/*  for some constant C, and 7 € E(1, R).
So it follows from the Cauchy estimates that
7' (v:(0)] < G511 =772/#) on E(L,R),

and thus that
(3.4)
|&(r) —7] =T of o d(r) — mo p(r)]| < |f 0 (1) — ()| CGs|1 —7|72/"
<o(lp@ —pl™) - |1 —77/* <o(|l =A™ /*), asTe E(1,R) — 1.

Since m > 5 /¢, we can choose p so close to 1 thatem—2 /. > 3. Hence, by noting the
fact that f(E(l,R)) C E(1,R) and E(1, R) is also a disk (see Proposition 1.2), it follows
from Lemma 2.1 that £ is the identity on E(1, R), thus on A. Hence we can conclude, by
the monotonicity property of Kobayashi distance, that f o ¢ is also a complex geodesic
with the same left inverse 7 as ¢.

(b) Secondly, we show that f is a proper holomorphic mapping.

Seeking a contradiction, we suppose not. Then there exists a sequence {z,} C D
converging to ¢ € 0D such that f(z,) converges to some zy € D (clearly, ¢ # p). Let
¢, be a normalized complex geodesic of D satistying that p € ¢,(0A) and ¢.(1,) = z,
for somer, € A(n = 1,2,...) (see (a) of Proposition 1.9 for the existence). Now, it
obviously holds that inf,,{diameter(d),,(A))} > 0. Hence, we can find some K CC D
so that ¢,(0) € K for every n (see [CHL]). From the completeness of the Kobayashi
distance on D, it follows that 7,, — OA.

On the other hand, by Step (a), Ka(0,72) = Kp(¢u(0), ¢u(m)) = Kp(f © ¢a(0),
[0 ¢u(mn)) = Kp(f © ¢u(0).f(zn)). This is a contradiction: for K(0,7,) — oo but
Kp(f 0 ¢u(0),/(z1)), < M < 0.

(¢) Lastly, we show that f is the identity.
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Since f is now a proper holomorphic map, then by the result of [BC] or [DF2] and
by the fact that D satisfies Condition R (see [Bel], [K2] and their references), / can be
extended smoothly up to the boundary. If /" is not a biholomorphism, then the degree of
f is bigger than 1. Let {a,} C D be a sequence of regular values of f, which converges
to p, and let sequences {w, } and {z,} C D be such that f(z,) = f(w,) = a, and z, # w,
for each n. Notice that f'is a local diffeomorphism near p and f(p) = p. We can assume,
without loss of generality, that z, — p and w, — ¢ with ¢ # p. Obviously, it holds that
f(p) = f(q). By Proposition 0.9, we may construct a complex geodesic ¢ with ¢(1)) = p
and ¢(m,) = ¢ for some 7, # 7, on JA. From Step (a), it therefore follows that f o ¢ is
a complex geodesic with f o ¢(11) = f o ¢(r). This contradicts Lemma 3.1. Hence we
have proved that f must be a biholomorphism.

From Step (a) and the fact that for every natural number &, f* still satisfies the hy-
potheses of our theorem, it follows that

3.5) moffog(r) =,

where, as we defined before, 7 is some fixed holomorphic left inverse of ¢. Now, if {/*}
is a precompact family, then by Theorem 1 of [H1], we can conclude that f = id. If {f*}
is non-compact, then (3.5), Bell’s theorem [Be2] yields that /¥ — p on C°(D — {p}).
Thus, by Theorem 4 of [H1], the rank of the Levi form of 0D attains its minimal value at
p- On the other hand, according to the recent result of Bedford-Pinchuk [BP1] and [BP2],
such a D must be biholomorphic to some standard domain Dp as in Corollary 2.4. Thus
from Corollary 2.4 and the fact that there is a biholomorphism from D to some Dp which
sendspto g = (1,0,...,0) (also see Proposition 3 of [H1]), it still follows that f(z) = z
over D. That contradicts the assumption that {/*} is noncompact.

The proof is now complete. [

REMARK 3.3. In the proof of Theorem 0.4, we see that the only reason for choosing
m to be bigger than 5 /¢ is to guarantee all £ functions to be the identity. Let us denote by
€p the local K-admissible number of D at p, i.e., the number which makes Theorem 1.1
valid near p. Since it can be similarly shown that every complex geodesic of D passing
through p can be extended ¢,-Holder continuously across p then, from (3.4), it can be
seen that to obtain £(7) = id, it is enough to take m > 5/¢,. In particular, by Catlin’s
theorem [Ca], we now have the following:

COROLLARY 3.4. Let D CC C* be a bounded convex domain of finite type, and let
p € 0D with type 1,,. If f € Hol(D, D) satisfies f(z) = z+o(|z — p|***) as z — p for some
v >0, then f(z) =z

REMARK 3.5. It is likely that by an argument similar to that in the proof of The-
orem 2.5, we can weaken the assumption of the global convexity in Theorem 0.4 to
the local convexity near the point p under study. However, by Kohn-Nirenberg’s exam-
ple [K2], even in dimension 2, these domains with such a nice property are still very
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restricted. At this time, we have no idea how to construct the Burns-Krantz rigidity the-
orem for the general finite type domains, although there is considerable evidence that
something must be true.

REMARK 3.6. The exponents appearing in Theorem 0.4 and Corollary 3.4 are not
sharp. We believe that the best one should be 3.

ADDED IN PROOF.  For m-convex domains in C", Mercer ([M]) has independently
obtained results analogous to our Proposition 1.6, Proposition 1.7, and Proposition 1.9.

REFERENCES

[Ab1] M. Abate, Boundary behavior of invariant distances and complex geodesics, Atti Accad. Naz. Lincei
Rend. 80(1986), 100-106.

[Ab2] , Horospheres and iterates of holomorphic maps, Math. Z. 198(1988), 225-238.

[Ab3] , Iteration Theory of Holomorphic Maps on Taut Manifold, Mediterranean Press, Rendre,
Cosenza, 1989.

[B] E. Bedford, On the automorphism group of a Stein manifold, Math. Ann. 266(1983), 215-227.

[Bp1] E. Bedford and S. Pinchuk, Domains in C* with noncompact group of automorphisms, Math. USSR-Sb.
63(1989), 141-151.

[BP2] , Holomorphic tangent vector fields: Domains with noncompact automorphism groups, preprint.

[Bel] S. Bell, Mapping problems in complex analysis and the d-problems, Bull. Amer. Math. Soc. (N.S.) (2)
22(1990), 233-259.

[Be2] , Compactness of families of holomorphic mappings up to the boundary, Lecture Notes in Math.
1268, Springer, 29-42.

[BD] S. Bell and D. Catlin, Boundary regularity of proper holomorphic mappings, Duke Math. J. 49(1982),
385-396.

[BK] D. Burns, Jr. and S. Krantz, 4 new rigidity property for holomorphic mappings, J. Amer. Math. Soc., to
appear.

[Ca] D. Catlin, Estimates of invariant metrics on pseudoconvex domains of dimension two, Math. Z. 200 (1989),
429-266.

|[CHL] C. H. Chang, M. C. Hu and H. P. Lee, Extremal discs with boundary data, Trans. Amer. Math. Soc.
310(1988), 355-369.

[Co] S. Cho, 4 lower bound on the Kobayashi metric near a point of finite type in C", preprint.

[D] J. P. D’ Angelo, Real hypersurfaces, orders of contact, and applications, Ann. of Math. 115(1982), 615—
637.

[DF1] K. Diederich and J. E. Fornaess, Pseudoconvex domains; Bounded strictly plurisubharmonic
exhaustion functions, Invent. Math. 39(1977), 129-141.

[DF2] , Boundary regularity of proper holomorphic mappings, Invent. Math. 67(1982), 363-384.

[DF3] , Proper holomorphic maps onto pseudoconvex domains with real analytic boundaries, Ann. of
Math. 107(1979), 575-592.

|G] 1. Graham, Boundary behavior of the Carathedory and Kobayashi metrics on strongly pseudoconvex do-
mains in C" with smooth boundary, Trans. Amer. Math. Soc. 207(1975), 219-240.

[H1] X. Huang, Some applications of Bells theorem on weakly pseudoconvex domains, Pacific J. Math. 158
(1993), 305-315.

[H2] , A preservation principle of Extremal mappings near a strongly pseudoconvex point and its ap-
plications, llinois J. Math. (1) 38(1994), to appear.

[K1] S. Krantz, A new compactness principle in complex analysis, Univ. Antonoma de Madrid, 1986.

[K2] , Function Theory of Several Complex Variables (second edition), Wadsworth, 1992.

[L1] L. Lempert, La metrique de Kobayashi et la representation des domaines sur la boule, Bull. Soc. Math.
France. 109(1981), 427474.

[L2] , Intrinsic distances and holomorphic retracts. In: Complex analysis and applications *81, Varns,
Bulgarian Academy of Sciences, Sofia, 1984, 341-364.

https://doi.org/10.4153/CJM-1995-022-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-022-3

420 XIAOJUN HUANG

[L3] , Holomorphic retracts and intrinsic metrics in convex domains, Anal. Math. 8(1982), 257-261.

[M] Peter Mercer, Complex geodesics and iterates of holomorphic maps on convex domains in C", Trans.
Amer. Math. Soc. 338(1993), 201-211.
[RW] H. L. Royden and P. M. Wong, Carathéodory and Kobayashi metrics on convex domains, preprint, 1983.

Department of Mathematics
Washington University

St. Louis, Missouri 63130

U.S.A.

e-mail: ¢31995xh@wuvmd.wustl.edu

https://doi.org/10.4153/CJM-1995-022-3 Published online by Cambridge University Press


mailto:c31995xh@wuvmd.wustl.edu
https://doi.org/10.4153/CJM-1995-022-3

