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Introduction. The theory of gentle perturbations was introduced by
Friedrichs [3] as a tool to study the perturbation theory of the absolutely
continuous spectrum of a self-adjoint operator Hy and developed in an abstract
form by Rejto [7; 8]. Two examples of gentle structures are well known. In
the first of these, the gentle operators have Hélder continuous complex or
operator-valued kernels, and in the second, the kernels are Fourier transforms
of L, functions [4].

The gentle structure has traditionally been verified in the case when Hj is
in its spectral representation, that is, when H, is the simple differentiation
operator. This is not the natural setting for the second example mentioned
above where one should consider the simple differentiation operator in a
suitable Ly-space and perturbations with L; kernels. This point of view also
has the advantage of yielding the necessary estimates easily.

We present a development of the theory in this setting in our paper, studying
unitary equivalence of the perturbed and unperturbed operators as well as
the existence of the scattering operator. We then derive an explicit representa-
tion of —d?/dx? on Ly(0,0) as a simple differentiation operator on a suitable
H,-space and apply the gentle perturbation theory to potentials satisfying
suitable smoothness and growth conditions.

Notation. In this paper # will denote the real numbers, #* the non-
negative real numbers, and G the complex numbers. Let N be a complex

Hilbert space with inner product (-,-) and norm |-|. We define the space
L,(#,N) to consist of all measurable functions from the real line into N
for which

[1f@)Pdxe < oo,

Whenever the space N is evident from the context we shall write simply L,.
It can be easily seen that L,(Z, N) is a Banach space whose dual space is
L,(#,N) where 1/p + 1/q = 1.

In particular, it is well known that L.(#, N) is a Hilbert space. We shall
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denote this space by 2 and its inner product and norm by (-,-) and []-]|,
respectively.

In writing integrals we shall use a single integral sign except in the case of
iterated integrals and leave the dimension of the integral to be deduced from
the domain of integration or the differential element. The range of integration
will be omitted if it extends over the whole space under consideration.

If X is any Hilbert space, we shall let & (X) denote the space of bounded
operators from X into itself with the operator norm topology. The operator
norm in % (N) will be denoted by |-|.

The gentle perturbation theory. We begin by stating the main theorem.

TueoreEM 1. Let A be the unique self-adjoint extension of ¢ d/dx in
H = Ly(R,N) and suppose that K € Li(R* B (N)) has the property that
Kf, defined by

Kf(x) = [ K(x, 9)f () dy,

maps Ly (R, N) N Li(#,N) into . Then if |K|, < 1, there exists a pro-
jection P which commutes with A + K such that (A + K)P is unitarily equiv-
alent to A. If |K|1 < %, then we can conclude that P = 1.

The proof of this theorem is algebraic after a certain structure has been
established and appears at the end. The structure, devised by Friedrichs [3]
and Rejto [7] is known as a Gentle System, and is developed in the definitions
and lemmas which follow.

Let B be the set of measurable % (N)-valued functions on %2 for which

[Rli = [ |R(x,y)|dx dy < .

It is well known that (B, |-|1) is a Banach space.

It is evident that for R € B, |R(x, ¥)| will be integrable along lines of the
form x — 1y = ¢ for almost every c¢. This implies that the integral
fff R(x + #,y + u) du will exist for almost every pair (x,y) and yield a
measurable & (N)-valued function of (x, y). Hence, we can define a mapping
I' from (B, |-]1) into the set of measurable & (N)-valued functions on %*
as follows:

W PR(x,) = —i | R+ w,y+ u) du.
0
Since, for any f € L (#,N), we have

@) | R dy| < [ R, @) dy
<[ IR0 dy < |Iflle] R G, ¥)] dy,

it is clear that R can be treated as the kernel of an integral operator mapping
L (#,N) into L;(%#,N). Now suppose that f € L_(#,N) and g = (I'R)f.
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Then
) 8@ s fay [ iR+ v+ 0] 110)]

éjgjfmm@+%y+mumg

= R[S oo
It follows that T'R is the kernel of a bounded operator mapping L,(Z%, N)
into itself. By a similar inequality we can show that T'R is also the kernel of a
bounded operator mapping L;(Z#, N) into itself.
It follows from a generalization of the Riesz convexity theorem [1, Part I,
p. 536, problem 39] that T'R is the kernel of a bounded operator mapping
L,(Z,N) into itself with norm not exceeding |R|;. That is,

(4) ITR|[22 = [R]x.

If we have two & (N)-valued functions F(x,y) and G(y, z) we shall use
(FG) (x, 2) to denote the product of F and G considered as kernels of operators
and defined by:

(FG)(x,2) = [ F(x,9)G(y, 2) dy

whenever this integral exists.

In particular, if C,D € B, we prove below in Lemma 1 that C(T'D) and
(I'C)D exist almost everywhere and belong to B. Furthermore, (I'C)(T'D)
exists almost everywhere as shown by the following argument.

Suppose — 0 < a < B < 00. Since

J:g dx fdz fdy]I‘C(x, )| ITD(y, 2)|

=< Jj dx J‘dzfdy fdu fdv[C(x 4+ u,y 4+ u)| |D(y + 9,2+ v)

= [8—a| [Cl1|D: < oo,
it follows that [(T'C)(T'D)](x, 2) exists for almost every pair (x, 2).
LeEMMA 1. Whenever C and D belong to B we have
5) |IC(TD)|y = [ChIDy  and  [(PC)D|y = [Cli[D]s.
Proof. Certainly
|C(ID) (%, 2)| < [ dy [ du|Clx, )| D@y + u, 2 + u)|.

If we now integrate this inequality over x and 2, and make the change of
variables

g =2+ u, w =y + u,
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a suitable change in the order of integration yields
|C(rD)|x = [ dx [ dy|C(x, )| [D]s = [ChID]x
which is the first inequality. The second is proved similarly.
The identity proved in the following lemma is basic for the theory.
LeMMA 2. Whenever C, D € B we have
[(TCO)(TD)](x, 2) = [T{C(TD) + (I'C)D}](x, 2)
for almost every pair (x, z).

Proof. From the definitions we have

®) NICOD) e 2) = — [ du fay | doCl +1,99D0 + 0,5+ u+0).
We make the following variable changes:

x4+ u=x+ u,

Y1+ u =y,

yitou=y-+y,

s+v,=24+u-+ 9,
that is

Uy = u, vy = u -+ 9, Yi=9y — u.
The old region {# = 0,v = 0} maps into {#; = 0,1 — %; = 0}, which we

denote by 7'1. The right side of (6) then becomes

(6) - fT duy dvy dy; C(x + u1, y1 + u)D(y1 + v1, 2 + v1).

In a similar fashion we can show that

7) [*{(rC)D}1(x,2) = — J; duydvidy, C(x + u1, 91+ u1) D (y1 + v1,2 + v1),

where Ty = { (%1, 91): #1 = 0, %1 — v1 = 0}. Itis clear that Ty and T intersect

in the line #; = v; and have the first quadrant as their union.
Combining (6") and (7) we obtain

IT{C)D + CD 1w 2) = [ du [ do [dyC+ 5+ DG + 0,24 v)
— [(TC) (D) (,2)]

which completes the proof of the lemma.

We complete our discussion of (B, |:|1) and T' with the following straight-
forward result.
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LeEMMA 3. Given K € B with |K|; < 1, there exists a unique R € B such that
R = K 4+ K(TR).

Proof. We solve the equation by iteration, defining

Ro = K, Rui = K + K(TR,), nz0.
Clearly R, € Bforall#n = 0 and R,y1 — R, = KT (R, — R._1).
By Lemma 1,
|Rut1 — Ry S |K[|Ry — Ryl
= |K["|Ry — Rols.

It follows then that Ry + (Ri — Ro) + (R: — R1) + ... is dominated in
norm by the convergent series

[Rols + 2= K[1'|R1 — Rolx

and therefore lim,,, R, = R exists. By taking the limit as # —o0 in
R,11 = K + K(TR,) we dedlice R = K + K(T'R). R is unique since if there
were two solutions R; and R, we would have R; — R; = K[T'(R1 — Ry)],
from which IRI - R2|1 < [Rl - R2l1, implying Ry — Ry, = 0.

We now proceed to a study of the behaviour of elements of B and I'B as
kernels of operators in J#. Let L.°(%,N) denote the linear manifold of
bounded N-valued functions with compact support on the real line. Given
R € B, and f € L_.°, we shall consider an operator U in S given by

®) Uf () = f() + [ TR, £)f () dt.
Although U as defined by (8) has domain L_°(Z, N), it can be extended as a
bounded operator to all of S# because of (4). When we refer to U we shall
mean this extension.

Let R*(x,y) = m denote the adjoint kernel of R.

LeEMMA 4. If we assume that R € B satisfies

TR(x,y) — I’'R*(x,y) = [(TR*)(TR)](x,y) for almost every pair (x,y),

then U is isomelric as an operator in L.

Proof. Let f and g be bounded and of compact support. Then Uf, Ug € L.
and, using (8),
©) (Uf, Ug) = [ da{f(x) g) + ([ TR(x, y)f () dy) g(x)

+ /() [ TR(x, 2) g(2) dz + (] TR(x, )/ () dy) (] TR(x, 2) g(2) dz)}.

It is a simple matter to check that all the terms in (9) are absolutely

integrable so that orders of integration can be interchanged at will. Making

use of this fact, we find that after a suitable change of variables the last three
terms in (9) add up to zero by virtue of our hypothesis. That is

(10) (uf, Ug) = (f, g)-
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Since U is bounded and L_° is dense in J#, this relation holds on all of JZ.
The proof is complete.

Remark. It is evident that if |R|; < 1, then I'R is a contraction and there-
fore U = I 4+ TR must have full range. This implies, of course, that U is
unitary.

In case R = K + K(TR) and |[K|; < 3}, we have

IR|: < |K|1 + |K[1|R]:

<3+ 3RI
so that [R|1 < 1 and U is unitary.

We complete our study of U with the following lemma.

LeMMA 5. The hypotheses of Lemma 4 are satisfied if R is a solution of
R = K 4+ K(T'R) and K is formally self-adjoint, i.e. K = K*.

Proof. By Lemma 2,
'R — T'R* — (I'R*)(TR)

I'R — TR* — T{R*(TR) + (TR*)R)
T{(I — TR*)R — R*(I + TR)).

Now R = K 4+ K(T'R) implies
R* = K* — (IR*)K* = (I — TR¥)K,
from which (I — 'R*)R = R*(I 4+ T'R), completing the proof.

The next lemma establishes the link between the gentle structure and the
operator A. As is customary, Co'(#,N) denotes the set of continuously
differentiable functions of compact support on the real line.

LemMA 6. If f€ Co'(#,N) and Rf € A, then (TR)f € D(A), and
(TR)Af — A(TR)f = Rf.

Proof. Since [’ is both bounded and integrable, it follows that

(TR)Af € Li N L, also and therefore (TR)Af € Lo.
We now consider the second term. Again we have

fe€LiNLy= (TR)f € LiN L, C Lo.

In order to justify integration by parts in the formula

(1) R = far( 7 iR+ w4 ) )i,

we fix a value of x and let

Gly) = f dn f:’ (—iR(x + u, 7 + u)) du.
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Clearly, |G(y)| = |R|: and if [c, d] is any interval, then

d 0
|G@) — G(c)] = f dnfo |[R(x 4+ u,n + u)| du.
Consequently we have the estimate

6@1d) =6 5 6@ ~6@) @] + 160 [1@) ~@)
< @I ay [TIRE +uy + 0l dut IR @ 5O

Since f is assumed strongly continuously differentiable, it follows easily from
this estimate that G(y)f(y) is of strongly bounded variation and weakly
absolutely continuous [5, Definitions 3.2.4 and 3.6.2].

From [5, p. 88, Corollary 2] we conclude that

G (y) = J:D (—iR(x + u,y + u)) du for almost every x

with convergence in the |-|-norm (% (N)-norm). Consequently, G(y)f(y) is
strongly differentiable in the N-norm with derivative

G OfO) + GO ).

It is easy to see that each term above is Bochner integrable. Consequently,
using [5, Theorem 3.86], and choosing (¢, d) to contain the support of f, we
conclude that

0= Licorona - [ corma+ [ coro .

This is the required integration by parts formula. Using it, we deduce from
(11) that

@) = [ [ an [ iRG 4w+ ) ).

This has been preparatory to showing that (I'Rf)(x) is differentiable (abso-
lutely continuous) and that its derivative is square integrable.

It follows from [5, Theorem 3.7.12] that if the % (N)-valued function
F(x,y) is strongly absolutely continuous and differentiable for almost every
pair (x,v) and (9F/dx)(x,y) is locally Bochner integrable with respect to
dx dy, thenf F(x, y) dy is strongly absolutely continuous with respect to x and

j—x fF(x, y)dy = f%g (x,) dy.

Our problem then boils down to showing that

fw dﬂ( f: iR(x 4 u,n + u) du)f’(y)
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is an absolutely continuous function of x and that its derivative with respect
to x is integrable over every bounded square.
Clearly it suffices to show these properties for

I=fwdnfﬂe(x+u,n+u)du

= f iR (&, n) d& dn,

Sz

where S, , is the union of the regions

Si={Ennzytzx—y+nl
and

S2 = {(Ern): n é%ﬁ g x}'
Since fs,,,, = fs; + fsW
I=J; dsJ; iRE+uy+wdut | de [ iRE ) dn

It is obvious that the above function is absolutely continuous with respect to
x and that the derivative is

oo v
— f iR + u,y + u) du — f 2R (x,n) dy for almost every pair (x, ).
0

—

We conclude that

I:f_: dy J:o (—iR(x + u, n + u)) du:lf’(y)

is absolutely continuous and has derivative

[J:o iR(x +u,y + u) du + f_ym iR (x, 1) dn:l_['(y)_

It is easy to see that this expression is locally integrable with respect to dx dy
because f’ (¢) is bounded and R has integrable norm.
It follows therefore that

ary) = fas 7 iR+ 4+ ) i)

is square integrable and absolutely continuous with derivative

Jol [ ciretwy+wyaut [ ime ) in)ro).

We have already shown that

Jo{ [ (iR + w5+ 0) )
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is square integrable and by assumption f R(x, ¥)f(y) dy is square integrable.

We note that
Jo( [ —imeemy an)ro)

is norm bounded for almost every x and integrable. Hence we can integrate
this expression by parts to obtain

[ iR (x, y)f(y) dy for almost every .

Finally we combine these facts to deduce that (I'Rf)(x) is square integrable
and that

(TR)ASf(s) — A(TR)f(s) = if (—iR(x,9)f () dy = [ R(x,9)f () dy,
completing the proof of the lemma.

In view of the fact that we have only proved Lemma 6 under the hypothesis
f € Cit(#,N), we shall need Lemmas 7 and 8 to make an extension.

LeEMMA 7. Let A and B be closed (this is certainly true if they are self-adjoint)
operators in A and let U be an isometry. Suppose that the manifold M is dense
in D (A) with respect to the graph norm corresponding to A and that BU = UA
on M. Then, if f € D(A), we have Uf € D (B) and BUf = UAS.

Proof. Let f € D (4) and {f,} C # such that

If = full + [1A(f = fll — 0.
Then UAf, — UAf implying BUf, — UAf. Since we also have that Uf, — Uf,
we appeal to the assumption that B is closed to conclude
Uf € 2 (B) -~ and BUf = UBf.
The next lemma shows that . = C!is dense in & (4).
LeMMA 8. Co® is dense in D (A) under the graph norm.
Proof. Let f € 2 (4) and let f denote the L; Fourier transform of f. That is,

7O = Lim. 57:?2 f ) da,

—o

where l.i.m. denotes limit in the L,-sense. The graph norm of f is given by

[fle =J ASE+ 171 = @+ MIFQRdN = [fle
We can choose an interval J = (a, 8) large enough that g = x; f satisfies
|f — 8le < %e. x; here denotes the characteristic function of I. Then g, the
inverse transform of g, belongs to C*.
Let ¢ be an infinitely differentiable real-valued function with support in

(@—n—1,84+ n-+ 1) which assumes the value 1 on J and satisfies
0 < ¢ =£1/n. Then h = og C Co°(%#, N). Furthermore,

g—h=_0-0)g and g —hW=_0-9)g —dg
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It follows that |k — g|s? < [, |g|> (J¢is the complement of J) and

from which

4 1
lh—glaé—(’%—lmax el +2 | [g'l2+f e
JC JC

so that the right-hand side is less than 1¢ if J and # are large enough. Finally,
If —hle S |f —gle+ g — ke < Se+ Fe = ¢

completing the proof of the lemma.

Proof of Theorem 1. If K satisfies the hypothesis of the theorem, let R be
the unique solution of R = K + K(I'R) (Lemma 3). Let U denote the
isometry I + T'R (Lemmas 4 and 5) and let f € C,*(#, N).

We now show that

(12) (4 + K)Uf = UAS.

Since (TR)f € Ly N Ly, it follows that (TR)f € 2 (K), and from Lemma 6
we conclude that (TR)f € £ (4). Hence Uf ¢ 9 (4 + K), and

(4 + K)Uf = Af + A(TR)f + Kf + K(TR)/.
Likewise, since Af € Cy, it follows that Af € Z(T'R) = £ (U) and

UAf = Af + (TR)AJ.
Then
UAf — (A + K)Uf = (TR)Af — A(TR)f — Kf — K(TR)f
= Rf — Kf — K(IT'R)f (by Lemma 6)
= {R — K — K(TR)}f
= 0.
By Lemmas 7 and 8 we extend (12) to all f € Z(4).
This completes the proof of the theorem if we remark that the projection P
is simply P = UU¥, in the case when 3 = |K|; < 1. We have already noted

following Lemma 4 that U is unitary when |K|; < %, implying that in this
case P = I.

It turns out that in applications the following corollary is useful.

COROLLARY 1. Suppose that the hypotheses of Theorem 1 are satisfied and in
addition that K maps a reducing subspace ' of A into itself. Let P’ be the
projection of S onto H' C H. Then the isometry U and the projection P in
the proof of Theorem 1 commute with P’. In particular, +f |K|; < % and A’, K’
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are the restrictions of A, K, respectively, to ', then A' and A' + K' are
unitarily equivalent.

Proof. We begin by observing that for a dense set of f,

TRf(s) = —if dt[ dx R(s + x, t + x)f(t)
= —ifdx[dtR(s + x, t)f(t — x)
= _iT—rRTa:f(S)y

where T, is the operator of translation through a distance x.

Now it is well known that the translation operator is a function of the
simple differentiation operator and therefore must commute with P’. Thus,
if R commutes with P’, so does T'R. If we check the proof of Lemma 3 we
find that if K commutes with P’ then so do all the R,, and therefore so does
the limit R. From equation (8) it is clear that U commutes with P’, and
from the definition of P in the proof of Theorem 1 we conclude that P com-
mutes with P’. The conclusion for |K|; < % follows immediately from these
facts.

Scattering for the pair 4, 4 + K. We have shown in the proof of
Theorem 1 that when [K|; < 1/2, 4 + K = UAU*. To compute the wave
operators we consider

13) W(t) = et A+K)g=itd = [Jgitd [J*p—ita

and observe that any questions concerning the existence of s-lim,, ., W (¢)
can be settled by investigating s-lim,, . e’ U*e=%4. If we now use the
well-known fact that

(") (x) = flx = 1),

it follows that

[(TR*)e™"*f1(y)

zfdx[ j:oR(x + u,y + u) du:|f(x + 1)

zfdx[ J:o Rx —t+ u,y+ u)‘du:lf(x)

(14) e'“(TR*)e™"™f(y) = — fdxl: AI:DR(x —t4+u,y —t+u) du]f(x)

and that

= — ¢fdx|: iR(x + u,y + u) du]f(x).

We define T, (— o =< ¢ < ) by the equation

X (x,y) = —-J:mX(x—l—u,y—l-u)du
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and note that Ty = T. Using equations (8) and (14), we obtain

(15) TN ) = f0) + [ TR ) dv.

The next lemma enables us to calculate the limit as { — 400 in (15).
LEMMA 9. Let R € Ly and consider TR as an operator in Lo. Then

s-lmIT',R =0 and s-lim I',R = T__R.

t->c0 )

Proof. Let f be a function on the real line. We have

(16) CR)@] 5 [ay [ du R+ w5+ 0] )]

which yields immediately that

IIFtRHI,l =< IR|1 and HI‘;R“OO,OD é IRII

The Riesz convexity theorem then enables us to conclude that [|T',R||s.2 < |R|1

also. B
We shall see presently that when f € L; then (16) yields the conclusion

(17) Lylim T',Rf = 0.

>0

To prove this, write g(v) = [ [R(x, y)| dx and notice that from (16),

Jicrnelas s [au feo+ w00l a.

Since both f and g are integrable, so is their convolution and (17) follows.
Now let f € L,. We decompose f = fi; + fy such that f; € Li M L, and
[|f2l|2 is small. Then

(18) Jiwrm @ ar < Rl [ 1050 a

Finally we combine (16), (17), and (18) to conclude that lim ., [|I'Rf[|s = O.
If we write T_,R = T'__ R 4+ S, then a similar argument shows that S, — 0
as ¢ —0co. This completes the proof of the lemma.

Finally we use Lemma 9 in conjunction with equation (8) to deduce
Theorem 2.

THEOREM 2. The wave limits Wy = lim,,, W () exist in the strong operator
topology and equal U(I — T_R*) and U, respectively. Furthermore, the
scattering operator is

S=W,*W_=TI+T_R.
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Example. Let H, be the self-adjoint operator on L,(#+) obtained from
—d?/ds? by imposing the boundary condition f(0) = 0. It is known that the
operator U defined by

(19) (UR)(\) = Lim. (—731—,5 J:o A4 sin N5 B (s) ds,

maps Li(#+) isometrically onto L,(#+), and that UH,U* = L, the simple
multiplication operator on Lj(Z+).

Let 52 be the subspace of L;(#) consisting of boundary values of functions
analytic in the lower half plane. Let 4 be the self-adjoint operator defined in
Theorem 1. It is clear that # reduces 4. Let 4, be the restriction of 4 to .
The one-dimensional Fourier transform defined by

1 i
(20) Ve) = o [ oM
maps L,(#+) isometrically onto 2 and we have again
V*4,V = L.

We conclude that U, U* = V*A,V, or o = U*V*4A,VU.

We proceed to show that VU is an integral operator, and to obtain an
explicit formula for its kernel. In order to accomplish this task, we observe
that the multiplication operator 8., mapping L, (Z%*) into itself, defined by

(21) GN) = e 2f (),
satisfies
s-li{n 6. = I.

Consequently, s-lim Vé.U = VU.
Using (19), (20), and (21) together with Fubini’s theorem, we find that
V6.U has the kernel

(22) ———7(21)1/2 f e CFIMNTA oin A5 d.
0

If we make the change of variables u = s\!/2, (22) becomes

(2)1/2 —3/2 * 1/2 —(etit)n?/s? _:
s uw'e sin u du
T 0

which is evaluated in [2, p. 74, No. 24] to yield

s (o) (5 3. s )
& Wr a7 )M\ 2iie+ )
Since the hypergeometric function ;F; is an entire function of its argument
we can take the limit as e | 0 in (23) to obtain

.2
@ Wt = (D] 525)
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with uniform convergence for (¢, s) in each compact subset of (# X %#+)\{0}.
It follows that VU is an integral operator with kernel W (s, t).

Estimates for . It is known [6, p. 88] that the Kummer hypergeometric
function 1/ has the integral representation

1—¢ 1
1F1((I,C;Z) — F(C)Q z/2 f ez-r/2(1 _ T)c—a—l(l + 7_)a—-l dT

r@ric—a)‘ Jo

when 0 < Re e < Rec. In our case this formula yields the estimate

.2 —
=1,
after observing that the integral on the right is almost a beta function. Thus
we obtain
(25) [W(s, )| = T(5/4)se

Furthermore, using the asymptotic formulas in [6, p. 87], we deduce the
following formula, valid for large values of s2/¢:

1/2
ie”™T(3/2) (—4)"" e”z"“ft— (1 + 0(;2))

_ C i82/4ts_1/_2 t_
= (4 / 1 +O ;2 N

where C = e~ 7T (3/2) (—4)1/4.

(26) W(s,t)

Conditions on the potential. Suppose that ¢(s) is a real-valued function
on A+ satisfying the following three conditions:

1) f s'q(s) ds < o0
0
(2) g vanishes in a neighbourhood of the origin;
(3) The Fourier transform §; of ¢i1(s) = q(v/s)/+/s satisfies §1(t) = C/t
for some n > 3 and ¢ large.
We let Q denote the operator in Ly(#*) defined by

Qf(s) = q(s)f(s).

The integrability of the kernel. If f(r) is a continuous function of
compact support which vanishes in a neighbourhood of the origin, then
(W*QWS) (1) = [ ds W(s, 1) q(s) [ W(s, )f (r) dr.
Using (25) we find that

(27) WG, Da6)Ws, (@] < FEEsup o).

W
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Since we have assumed that

‘fow szlg(s)] ds < 0,

it follows that the product of functions on the left is integrable with respect to
ds dr. Thus the integrals can be reordered to deduce that W*QW is an integral
operator with kernel

(28) K@) = [ WG D@ Ws, 1) ds.

We proceed to show that K € L,. From (27) it is evident that |K| is integrable
on the set {(s,¢): |s| =9, |{| = n} = o, for all » > 0. We need only show
that K is integrable on the complement of o, for some > 0. For this we use
(25) to obtain the formula

K(t, ) = ]cﬂf:(l + 0(%))(1 + 0<f§>)ff(:—:_2sg(s) ds.

From assumptions (1) and (3) it follows that there exists n > 0 such that
whenever both |7] < 5 and || < 7 we have
const const

lK(t, T)l = |tT| II/T _ 1/t|’l = It|1-ﬂ|7—|l—’7|t - T|7l

which is integrable.
Similar techniques can be used to obtain estimates of the form

f const
= for [7] > 1, [t] <,
<
Kt )| = const
_V_I?/IMTE for |Tl < N,y |t| > 7.

This completes the proof of the integrability of K.

Conclusion. Once we know that K € L; we can apply Corollary 1 to
conclude that the operators ¢ d/dt and i d/dt + K on 3 are unitarily
equivalent whenever |K|; is small enough and that they form a scattering
pair. Consequently, —d?/ds? and —d?/ds 4 cq(s) are unitarily equivalent
whenever c¢ is small enough and they also form a scattering pair.
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