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Abstract

Let G be a locally compact abelian group, (u,) a net of bounded Radon measures on G. In this paper
we consider conditions under which (p,) is saturated in L?(G) and apply these results to the Fejér
and Picard approximation processes.

1980 Mathematics subject classification (Amer. Math. Soc.): primary 41 A 40; secondary 43 A 15,43 A
25.

Throughout G will denote a locally compact abelian group, I' its character group.
Haar measures A, on G, I' respectively will be chosen so that Plancherel’s
theorem holds. For each p € [1, o] we denote by L?(G) the usual Lebesgue
space of pth-integrable functions with respect to the Haar measure A. The
characteristic function of the set E will be denoted by §.. The symbols T, N, Z, R
will be reserved for the circle group, the set of natural numbers, the group of
integers and the real line respectively. We take Hewitt and Ross {7] as our
standard reference for harmonic analysis on G; any unexplained notation will be
found there.

Take (p,) to be a bounded net in M,(G), the space of bounded Radon
measures on G. The family (p,) is said to be a bounded approximate unit on G if
lim |lp, * f — fll; = 0 for each f e LYG). 1t is of fundamental interest in ap-
proximation theory to examine the rate of convergence of bounded approximate
units. In many cases it happens that there is essentially a limit to the rate of
convergence; for example if (g,) is a sequence of even probability measures on
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the circle group T then the optimal rate of convergence is given by

I, * /= fllo < B,

where 8, = (1 — f,(1,))"% 7, is the character of T given by y,(x) = x, and f has
a derivative belonging to the Lipschitz class of order 1. This rate of convergence
cannot in general be improved, as is indicated by the fact that even the infinitely
differentiable function ¢ — cos t has rate of convergence given by (82).

Saturation theory is concerned with determining this optimal rate of conver-
gence, called the saturation order, and the space V of functions for which this rate
is attained. In this case V is called the saturation class (or Favard space) for (p.,)-

We are concerned with determining the saturation class for certain bounded
approximate units in L(G). We begin in Section 1 with some preliminary results
in the theory of saturation. Section 2 will be concerned with results specific to
saturation in L?(G), and in the third section we present some examples to support
the theory.

1. General results in saturation theory

Let (p,) be a bounded approximate unit on G. The trivial class of (p,) is
defined to be T,(p,) = { f € L?(G): there exists p, such that p_ * f = f for all
p > po}- Let (¢,) be a net of positive real numbers (with the same index set as
(p,)) that converges to zero. We say that (pu,) is saturated in L?(G) with order
(¢,) if the following are satisfied:

@) for f & LP(G), lIn, * f — fll, = o(¢,) if and only if f € T, (u,);

(i) there exists g € L?(G)\ T,(u,) for which ||p, * g — gll, = O(4,).

(By ¥, = o(¢,) we mean liminf,¢>y, = 0, and by ¢, = O(¢,), limsup,¢; 'y, <
00.) If (p,) is saturated in LP(G) with order (¢,) then its saturation class is
defined to be the non-empty set

S,(k,) = {7€ L?(G): |n, - 1ll, = O(s,)}-

Also if E C L?(G) we write Sg(p,) for the space S,(n,) N E.

It is usual to take the trivial class to consist of only the constant functions in
LP?(G); see DeVore [4], 3.1.5, for example. Nishishiraho [8] allowed for a possibly
larger trivial class by requiring u, * f = f for all p. We feel that our slightly more
general definition is better suited to approximation processes.

If (p,) is saturated in LP(G) with two saturation orders, (¢,) and (¢;),
then ¢, = O(¢;). For if ¢, # O(¢,) then ¢, = o(¢,) and so for g € S,(1,),
le, * & — gll, = O(¢;) = o(¢,) implies g € T,(p,), which contradicts the defini-
tion of saturation class. Thus we speak of “the” saturation order of (,) and
observe that it defines a unique saturation class in L?(G).
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Write I'z(p,) = {y € I': there exists p, such that g (y) =1 for all p > p,}
and, if (p,) is saturated in L?(G) with order (¢,), write
Ts(w,) = {v € T: |a,(v) - 1= 0(4,)}-
In general we can say little about the structure of these sets, except that in
practice I'g(p,) =T and I'y(p,) = {1}. (Here 1 denotes the identity character.)
However we do have the following result:

THEOREM 1. Suppose that each p, is a probability measure. Then I'r(p,) and
Ts(p,) are subgroups of I'.

ProoF. Write C (G) for the space of bounded uniformly continuous functions
on G and, for each p, write

p(f) = /G fay,,

so that u, can be regarded as a positive linear functional on C,(G).
If y;, v, € T then
1-vv,=1-ReyRey, + Imy;Imy, — i(Rey, Imy, + Imy, Re y,).

Since

0<1-ReyRey,

=(1—-Rey)Rey, +(1 —Rey,) < (1 —Rey;) +(1 — Rey,)
we deduce
0<1-p,(Rey;Rey;) < (1 - p,(Revy)) +(1 - p,(Re,)).

To estimate p,(Imy, Imy,) we use the Cauchy-Schwarz inequality for positive
linear functionals to obtain

|pp(lm ¥, Im 'Yz)l < |p.p((lm 71)2)|1/2|p,,((1m 72)2)|1/2

= |, (1 —(Re yl)z)lmlﬂp(l ~(Rev,)’) |1/2

<P(1 - u,Rew))[ (1 - b, (Rev,))| .

Also we note that
—(1-Rey;) <(l-Rey)lmy,<1-Rey,
implies
|k, (Imv,) — g, (Re v, Imv,)| <1 = p,(Re 1),
which implies
e, (Rev, Imy,)| <[1 = p,(Re v;)| + [, (Im ;)|

<I1 - p.p(yl)| +|l - I»lp(Yz)I,
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since p,(Re v;) = Rep (v,) and p ,(Imy,) = Im p (7,). Similarly

e, (Re v, Imy)| <1 = p, (v)| +]1 = 1, (v,)).
Then putting all these inequalities together we obtain

11— g (rm)l < 3(1 = 8, (v + 1 = 1, (1))

1,2
+211 =, ()| = ()

We also have
ro(r71) = B, (7).
From this and the preceding inequality the result follows.

The space I'y(p,) plays an important role in the saturation theory, as the
following result shows.

THEOREM 2. Suppose that G is a compact abelian group. If (p,) is totally ordered
and saturated then

T,(u,) = {f€ L?(G): supp(f) € Tr(n,)}.

PROOF. Suppose u, * f = f. Then fi, f = f (Hewitt and Ross [7], (31 5)) and so

f(y) # 0 implies B, (y)=1; and hence if f€ T(p,p), {vyeT: f(x)y+0}c
T'7(u,). Since I' is discrete, this just says that supp fe T o)

Conversely, suppose supp f C Tr(p,). Since f€ L?(G) C LY(G) and T is dis-
crete, the Riemann-Lebesgue lemma (Hewitt and Ross [7], (28.40)) gives that
supp f is countable; write supp f= {v,}3-1 (we suppose that supp £ is infinite,
otherwise it is obvious that f € T,(p,)). For each n € N choose p, increasing such
that p > p, implies fi,(y,) = 1. We may assume that (g, ) is a subnet of (p,),
since if there exists p, such that p, < p, for all n € N then we immediately deduce
that f € T,(p,). Then choose a sequence (a,) of positive real numbers such that
T a, is convergent and T3, . ,a, < ¢7, for each k € N. Let g = £%_,a,v,;
clearly g € L?(G). Then

o0

Y (B * Y= Ya)

n=k+1

s, * & — gl = < ¢ sup s 1+ 1).
p

74
Hence
liminf, ¢;||e, * g — gl|, < liminf, ¢;/llp,, * g — gll,

< liminf, ¢pk(sup e 1) ~o.
p
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Since (p,) is saturated, we deduce that g € T,(p,). That is, there exists Po such
thatp,p*g gforallp po- Then 2,8 = gforallp po and so fi, f = ffor all
> po (since supp f = supp & = {¥, }i-1); thus f € T,(n,).

If (p,) is saturated in L(G) with saturation order (¢,), then f € Si(p,) im-
plies supp / € Tg(n,)". For if f€ §(p,) and y €T then 1B, (Nf () = f(N)I <
i, *f = fll, = O(¢,) and so f(y)# 0 implies |, (y) — 1| = O(¢,); that is,

Y € FS(”p)
If g € T}(p,) then there exists p, such that p, * g = g for all p > p, and so

{vel:g(y)#0)cT\ U {reTl:p,(y)*1},
p=py
which is a closed set contained in I'7(p,). Hence supp § C I'z(u,) (regardless of
whether (p,) is saturated or not).
Finally note that even when G is a compact abelian group we do not in general
have S,(p,) = {f€ L?(G): supp f € Ts(n,)}, as is illustrated by Example A
below.

THEOREM 3. Let G be a compact abelian group and suppose that (p,) is totally
ordered and saturated in L?(G) with saturation order (¢,). Then Ls(p, )\ T'r(p,)
# & and for each y € Tg(p,)\ I'r(p,) there exists p, and positive constants c, and
¢, such that ¢, < ¢‘1|p.p(y) =1 < ¢, for all p > py. Conversely suppose T,(p,) =
{f € L?(G): supp f C ITr(n,)} 5 (&,) is a net of positive numbers converging to
zero and the following conditions are satisfied:

() for eachy € T, 1p,(v) — 1| = o($,) implies y € Tr(n,);

(ii) there exists y € T\ T'r(p,) with |p,(v) — 1] = O(¢,)-

Then (p,) is saturated in L¥(G) with order (¢,).

PROOF. Suppose (g,) is saturated in L?(G) with saturation order (¢,). Choose
g € Sp("'p)\ T;z("'p)' For‘Y € F’

8, (v)2(y) — 2(¥)| <lw,* g ~ &ll, <llo, * g — &ll, = 0(,),

so that supp g C T'g(p,) (T is discrete). In view of Theorem 2, supp § ¢ I'y(p,),
so there exists y € I'g(p,)\I'r+(p,). Now I' € L?(G) and, by Theorem 2, y &
Tr(u,) implies y & T,(p,); which says that liminf, ¢;'[3,(y) — 1| > 0. Hence
there exist p, and ¢, > 0 such that ¢;'|,(y) — 1| > ¢, for all p > p,. Similarly,
y € I's(p,) implies that |, (y) — 1| = O(¢,); that is, there exist p, and ¢, > 0
such that ¢;'|,(v) — 1} < ¢, forallp > p,

To prove the converse part of the theorem we note that if (¢,) is a net of
positive numbers converging to zero such that, foreachy € T', | ,(v) — 1| = o(¢,)
implies y € I'7(p,) then, for any g € L?(G) such that ||p, * g — gll, = o(¢,), it
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is the case that supp & C Tp(p,) (since |2,(v)&(y) — &(¥)| < I, * g — gll,, for
all y € T) and 50 g € T,(p,). Also if v € T\ T(p,) with |ii,(v) — 1| = O(4,)
theny € S,(n,)\ T,(1,), and this finishes the proof.

Under the conditions of Theorem 3 we have the saturation order of (1,) given
by |, (v) — 1J. This result should be compared with DeVore {4], Theorem 3.1.

2. Description of some saturation classes

Let (p,) be a bounded approximate unit on G, where the index set is (0, o)
with ordering ¢ < ¢’ if and only if ¢ > ¢'. We say that (p,) is of saturation type
(¢, ) on LP(G) if the following are satisfied:

(i) The mapping (¢, y) = #,(y), from (0,¢,] X T into C, is continuous for
some t, € (0, 00).

(ii) There exists a continuous mapping ¢: (0, o) — (0, o) such that
lim,_, 4+ ¢(2) = 0, and a continuous mapping : I' -» C that does not vanish in
T\ {1) satisfying lim, .+ $(r)"(3,(v) ~ 1) = y(y) forall y € T.

(iii) There is a bounded family (w,), o © M,(G) such that ¢(2) (@, — 1) = ¥&,
for all # € (0, o0).

(iv)f € L?(G)and |, * [ —~ fll, = o(¢,) imply

constant if G is compact,
f= o s
0 if G is non-compact.

If (p,),>0 is of saturation type (¢, ¢) on L?(G) then its saturation class (or
Favard space) is the set

S,(u) = {7 € L2(G): lu,* f - fl, = O(s(1))}.
Dreseler and Schempp [5] (see also Buchwalter [2]) have shown that
Si(n,) = {f € LY(G):¥f € M,(G)}
and, for p €(1,2],
S,(n) = {fe L?(G): 4]/ € L?(G)};

in the above if E is a set of functions or measures then E denotes the set of
Fourier transforms of members of E.

In practice it is difficult to verify condition (iii) above, since it involves deciding
whether a given net of functions on I' is a net of Fourier transforms. It has been
pointed out by the referee that the results of Dreseler and Schempp continue to
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hold with this condition replaced by

(iii)’ There is a bounded family (w,),., of multipliers on L?(G) such that
¢(1) ' (h, — 1) = ¥, for all t € (0, c0);
(see Dreseler and Schempp [6], Section 3). In the case p = 2, condition (iii)’ just
says that the family (w,) is a bounded set of functions in L*(G). Also Dreseler
and Schempp implicitly assume that I'¢(s,) =T and I';.(p,) = {1} or @.

In this section we consider the saturation problem for p = 2 without the
restriction that the net (p,) be defined on (0, c0). We require two preliminary
results.

THEOREM 4. Let (p,) be saturated in L*(G) with order (,)- Suppose that the net
(¢, (B, — 1)) is equicontinuous and that ¢;'(ji, — 1) > ¢ pointwise on Tg(p,).
Then y is continuous on T's(p,), the convergence is uniform on compact subsets of
[s(n,), and Tg(p,) is both open and closed in T.

PROOF. Let y € Tg(p,) and choose p, such that ¢;'|i,(v) — 1| < K for all
p > py, where K is a constant. Using the equicontinuity of (¢, K » — 1)), choose
an open neighbourhood € of y such that ¢;1|ﬁp(y) — B,(x)| < 1 for all p and for
all x € Q. Then ¢'|a,(x)— 1<K+ 1 for all p>p, and x €K, so that
Q c Tg(p,)- This shows that I'g(p,) is open.

Similarly let y € I' \ Ix(g,), so that given n € N and p there exists p, > p with
¢;:|ﬁp"(y) — 1] > n. With Q chosen as above we have qb;}lﬁp"(x) -lY>=n—1for
alln € N and x € Q. This shows that @ < T'\ Tg(g,), so that I's(g,) is closed.

The other assertions of the theorem are standard consequences of the assump-
tion of equicontinuity.

THEOREM 5. Let (p,) satisfy the conditions of Theorem 4 and let f € S)(p,).
Then f = 0 almost everywhere on T \ Tg(n o)

PrROOF. Suppose that there exists compact A € I'\ I'g(p,) with ||, fll, # 0.
For each y € A choose an open neighbourhood €, C I'\ I[s(p,) such that
¢;1|ﬁp(y) =B, (x)I <1 for all p and for all x € @, and then an open cover
Q,,Q,,...,2, of A. We see immediately that ||£Q7’if[|2 # 0 for some i. Arguing
as in Theorem 4 we have that for any n € N and p there exists p, > p such that
&, 8, (¥) — 1= n—1forally € Q,, so that

(n = D, /| o, f =1l
and hence f & S,(p,)-

-1
2 < Pn

We can now state our main result for this section.
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THEOREM 6. Let (p,) satisfy the conditions of Theorem 4 and write = {y €
Fs(r,): ¥ ()| < 1}. Suppose that the net

(sup{&;*(2,(v) —Nw(y): v T})
is eventually bounded, where w is a bounded function satisfying
oo {\V‘ on Ts (1, )\ @,
0 onI'\ I‘S("'p)’
and |w| is bounded away from zero on Q. Then
SZ(”’p) = (‘*’Lz(r)) i
If furthermore w = i for some p € M,(G) then
Sy(n,) = p* L*(G).

PROOF. Suppose f € S,(p,) so that, by Theorem 3, f = 0 almost everywhere on
I\ T5(n,). Let f; € L*(G) be such that f; = {1 o f, and write

fp = ¢;1(p‘p *fl —fl)'
Then ( £,) is eventually bounded in L*(G), since
W, =l (mp = 12 = N, = 7208, — DA,
< &'|(&, - D], = oV),

and so has a weak*-convergent subnet, f, — g € L*(G) say. Using Parseval’s
identity (Hewitt and Ross [7], (31.19)) this gives that for each h € L*(G),

) [ G- 8)h~o0.
Now
@ [ (h-eph=[(f-g)oh+ [ /(1= ah,, - 1)e)
and, if & vanishes off a compact subset of I,
-/;‘fl(l N ¢;al(i‘o,. - 1)“")Z -0,

since f, = 0 almost everywhere on (T'\ Ts(p ) U, (Ts(e)\2)N supp(h) is a
compact subset of I'g(p,)\ @, and ¢;ﬂ1( i, — Dw — 1 uniformly on compact
subsets of Ig(p,)\ . Also, for the same h, the first integral on the right-hand
side of (2) converges to zero using (1) since w is bounded. Hence, for such A,

[ (= wd)h = 0.

]

https://doi.org/10.1017/51446788700023119 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700023119

9} Locally compact abelian groups 263

This implies that f, = w§ locally almost everywhere, which entails that they agree
as elements of L%(T') (Hewitt and Ross [7], (12.2)). Then, using the assumption
that |w| is bounded away from zero on £,

f=f1 +(f_f1)A= ‘*’(g + wil(f—fl))Ae sz(r).
To prove the reverse inclusion, consider f = (wg) ~ for some g € L*(T'). Then
¢;1"}Lp f- f”z = ||¢;1(ﬁp - 1)“’8"2
< sup |¢;'(#,() — 1) w(v)|llgl
yEF

which, by assumption, gives f € S,(u,).
In the case that w = i for some p € M, (G),

(1* LX(G)) = ALX(GY = wL*(T),

and this gives the final statement of the theorem.

3. Examples

We apply the results in the previous section to describe the saturation classes in
L?(G) for some of the standard approximate units on the circle and real line.

A. Saturation of the Fejér approximate unit on the circle group

The Fejér kernel ( F,) on the circle group (see Hewitt and Ross [7], (31.7)(J)) is
defined by

n

: _ _ Ikl)
F,,—-kgin(l nr1 Yis n €N,

where v, is the character that takes x to x* for all x € T. Our sequence (p,) is
then given by dp, = F, dx. Clearly I'y(p,,) = {v,}. The trivial class of (p,) in
each of the spaces L?(T), p € [1, ], and in C(T) is the space of constant
functions: g, * f = f implies {i, f = f, which implies f(y,) = 0 for k + 0 and so f
is a constant. Thus Theorem 3 gives that (p,) is saturated in each of these spaces
with order (n7!). Tg(p,) = {vi: k € Z), the entire dual of T.

The conditions of Theorem 6 are satisfied with @ = {v,} and w defined by
w(y,) = —|k|™ for k #+ 0 and w(y,) = 1; for we have

0 fork =0,
(B, (v) = Dely) = (r/(n+1) for0<|k|<n,
njk|™ for |k| > n.
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Note also that w € L%(Z) so that w = ji for some p € L¥T) C M, (G) and
S,(p,) = p* L¥T). As p € L¥(T) it follows that S,(p,) € C(T) (Hewitt and
Ross [7], (20.19) (iii)).

With a little more effort we can show that

S,(n,) =p*L?(T), pe(l,0], and S,(n,)=p*My(T).

We observe that L?(T) is the dual of L?'(T), where p € (1, 0] andp™! + p'"1 =1,
and M,(T) is the dual of C(T) (Hewitt and Ross [7], (12.18) and (14.4)). If
f€ S,(n,) then (n|lp,*f—fll,) is bounded and so (n(p,*f—f)) has a
weak*-convergent subnet, n (p,n *f—f)— h (where h € L¥(T) for p €(1, ]
and h € Mb(T) for p=1). In pamcular n (g, — 1)f — h pointwise, so that
f(v) = a(v)h(y,) for k # 0; that is, f — p,*h is constant. Hence S,(p,) C
p* LP(T) for p (1, 0] and Sy(,) C p * M,(T).

The reverse inclusion is obvious once we show that (n||n,, * » — pl|,) is bounded.
DeVore [4], pages 9-11, shows that for an even measure » € M, (T),

vl < Z (k + 1)|A%(v,)| + sup (vl

k=0
where A%5(y,) = #(y,) — 29 (Y, 41) + P(Yi.,)- Forn > 2,
-n
n+1’ k=0,
0, O0<k<gn-—-1,
A? fi —1)i = __—n—’ k=n,
(n(”’n(Yk) )P‘(‘Yk)) (n + 1)(n + 2) n
2n
, k>
k(k + 1)(k + 2) "
Hence
i 1
nlp,*p — <3+ 2n —_—g5
””‘ p “""1 k-§+1 k(k+ 2)

Thus S,(p,) = p*L?(T), p€(1, ], and S(p,) = p* M,(T). Furthermore,
since p € LY(T), S_(1,) = p * L=(T) € C(T) (the space of continuous functions
on T) and so S¢ep,(1,) = p * L*(T). One can compare this to the description of
the Fejér saturation class given by DeVore [4], Theorem 3.4, which states that

Semy(#,) = {f€ C(T):f€ Lip1},
where f denotes the function conjugate to f and Lip1 the Lipschitz class with
exponent 1. It follows from DeVore [4], Theorem 1.9 that these two descriptions

of S¢(p,) agree.
Finally we note that

Si(n,) = p* M(T) c L¥(T)
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is a proper subspace of LYT) (refer to the comment immediately preceding
Theorem 3 above).

B. Saturation on the Cantor group

Let D, be the Cantor group, that is, the complete countable direct product
I15Z(2), where Z(2) is the cyclic group of order two (with its discrete topology).
The dual D, is topologically isomorphic to D¥ = [T%Z(2). For n € N let

G,= {(x;)eDy:x;=0fori=1,2,...,n}
and put
k,=2"%s, =2 {v:v € 4(D},G,))
(A(D3, G,) denotes the annihilator of G, in D#; see Hewitt and Ross [7], (23.23).).
Let (¢,) be the bounded sequence of measures on D, defined by dp, = k,, dx.
Since fi,(y) = 1 for each y € A(D%, G,), it is obvious that I'y.(n,) = D%.

For each i € N let y; be the continuous character of D, given by y,(x) = (-1)™
(x = (x;) € D,) and put f = £%_,27"y,. Clearly f € C(D,) and, for eachn € N,
po*f—f=-E2,127"; # 0, so that f & T,(u,) for any p € [1, co]. In particu-
lar note that T,(p,) is not closed (since k,, * f € T,(n,) for each m € N and
ik, * f— fil, = 0) and that (p,) is not saturated in L?(G) for any p € [1, 0]
(by Theorem 3).

C. Saturation of the Picard approximate unit in L*(R)

We take the Haar measure on R (and on its dual, which is topologically
isomorphic to R) to be (27)~1/2 times the Lebesgue measure. The Picard kernel
(K,) on R, which arises from the Laplace distribution, is defined by

1/2
K, (x)= (-721) nexp(-n|x[), x €R.
Thus K,(x) = n%/(n?+ x?) for all x € R; see Berg and Forst [1], 5.2. Our

sequence of measures (p,) is given by dp,, = K, dx so that

n?(g,(x)-1)= —1—+_sz/72— - —x2 foreachx € R.
Clearly Ty(n,) = {0).

Also (u,) is saturated in L%(R) with order (n~2). Indeed let ¥ be the function
on R given by ¢(x) = —x2 If f € L?(R) and (n?||p, * f — f||,) is bounded then
we can argue as in the first part of the proof of Theorem 6 to deduce that
¢f € LA(R). Since |n2(i, — 1)| < |¢| for all n € N, Lebesgue’s dominated con-
vergence theorem (Hewitt and Ross [7], (14.23)) and Plancherel’s theorem give

nlw % f = fll = [n*(8n — 1|2 = 7l
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Thus liminf, n?||p, * f — f||, = O implies ||4¢f||2 = 0; which implies f = 0, and o
f=0.Thatis, f € T,(g,). Also if g € L2(R) is such that ¢ vanishes outside some
compact set then ¢ € LX(R) and n?||p, * g — gll, = In*(&, — DEll> < 148l
so that there are non-trivial functions in S,(p,,). Hence (p,,) is saturated in L2(R).

Now I'y(p,) = {0} and I'¢(p,,) = R. The conditions of Theorem 6 are satisfied
with @ = (-1,1) and

w0(x) = {—1 for x € (-1,1),
-x~% elsewhere on R.

Referring to Butzer and Nessel [3], Proposition 6.3.10, we see that there exists
p € LY(R) such that i = «. Thus Theorem 6 gives S,(n,) = p * L?(R). In particu-
lar S,(p,) € Cy(R) (the space of continuous functions on R vanishing at o0),
since p is also an element of L*(R) (Hewitt and Ross [7], (20.19) (iii)).

Alternative characterizations of the saturation class of the Picard approximate
identity are given in Butzer and Nessel [3], Proposition 12.4.2, for the space
LP®R),p €[1,2].

D. Saturation of the Fejér approximate unit in L*(R)

The Fejér kernel (F,) on R is defined for p > 0 by

F(x)= %p(

2

in L

Sin 5 px

__1_22__), XER,
2pPx

with Fourier transform

E(x)= ( - %)ﬁl_p,p](x), x €R,

(Hewitt and Ross [7], (31.7) (h)). Our net of measures (,) is given by dp, = F, dx.
Clearly T,(p,) = {0}. Also it is easily seen that (p,) is saturated in L*(R) with
saturation order (p~!). For if f € L*(R) then

ple, = f = 11, = ol(2, - )7,
- = ([ Wver

- o . 12
[ i s+ [ plior a))
N [

Hence liminf, p||p, * f — f||, implies f = 0; and if f vanishes outside a compact
set, f € S,(n,). Also I'y(p,) = {0} and Tg(p,) = R. The conditions of Theorem
6 are satisfied with ¢(x) = —|x|, & = (-1,1) and

-1 forx € (-1,1),
w(x) = O
—|x| elsewhere on R.
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Referring to Butzer and Nessel [3], Proposition 6.3.10, we see that there exists
p € LYR) such that i = . Thus, by Theorem 6, we deduce that

Sy(w,) = p* L*(R)

(and hence S,(p,) C Cy(R)). Butzer and Nessel [3], 12.4.1, give alternative
characterizations for the saturation class in L”(R), p € {1, 2].
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