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1. Introduction
We are interested here in proving the existence of solutions to the (generalised)

boundary value problem
x'= A{t)x+F(t, x) (I)

Tx = r, (II)

where A is a continuous n x n matrix on R+ = [0, oo), .Fis a continuous n vector
on R+ x S (S = a suitable subset of R"), Tis a bounded linear operator defined
on (or on a subspace of) C[R+, R"], the space of all bounded and continuous
Rn-valued functions on R+, and r is a fixed vector in R". There is an abundance
of papers dealing with the problem ((I), (II)) on finite intervals, either in its full
generality (cf., for example, (1), (2), (3), (4), (6)), or for special cases of the
operator T. The reader is especially referred to the work of Shreve (7), (8) for
such problems on infinite intervals for scalar equations. A series representation
of the solutions is given by Kravchenko and Yablonskii (5). Most of our
methods are extensions of the corresponding ones on finite intervals with some
variations concerning the application of fixed-point theorems. Examples of
interesting operators T are

Tx = V{t)x{t)dt
J

where V(i), M, Nare nxn matrices with V(t) integrable.
Problems of the type (I), (II) have some applications in boundary layer

theory.

2. Preliminaries
We denote by C the Banach space of all bounded and continuous Revalued

functions on R+ with norm:

II / lie = fsup | | / (0 L

x| | = 5;iXil.xeR".
C' consists of all functions/e C such that

lim / ( 0 exists
I->oo
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and is finite. C' is a closed subspace of C. For an n x n real matrix A we put

M | | = sup \\Ax I
II * || S 1

We denote by C1""1 the set of all continuous matrices on R+. For a fixed
positive integer \i we put SM = {JC e R"; || x || g /*}.

The operator T: C-+R"(orT: C'->R") will be assumed to be bounded and
linear.

Now let T denote the operator, which takes the matrix A(t) eCx" into the
matrix TA, whose columns are the values of Tat the corresponding columns of
A(t). Then T is a bounded linear operator and (TA)£ = T(A{f)!;) for any
A(f) e C " " and any vector £, e R". Consider now the equation

x'=A(t)x+B(t), (1)

where AeC*n and B is a continuous «-vector defined on R+. Let X(t) be the
fundamental matrix of solutions of the homogeneous equation (B = 0) with
the property Â O) = /, and assume that the matrix Tx is invertible for all t eR.
Then the solution to the problem ((1), (II)) (which is unique) can be written as

x(0 =
where

= X(t)X-1(s)B(s)ds.
Jo

For the initial condition x(0) = x0 we obtain

x0 = L-*-*J v— *P)' U^I)

3. Main results

In the following two theorems and their corollaries [TX]'1 exists. In
Theorem 1, J i s defined on C'.

Theorem 1. For the system

x' = A(t)x+F(t,x) (2)
assume the following :

(i) lim X(f) = -XX oo) exists and is finite;

(ii) ? sup || X-\t)F(t, «) II = q(t), then

N = I q(s)ds< oo;

(iii) if

Kf = \_Txy1 (r-T P X(t)X-\s)F(s,f(s))ds)
\ Jo /

for every fe S" = {fe C; | | / | | c ^ /i}, a«d
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max || Kf || = M, max || X(t) || = L,
f <• S" ( S O

thenLM+N g \i.

Then there exists at least one solution to the problem ((2), (II)).

Proof. Consider the operator U: S"^Cl. Umaps the function/e S" into
the function Ufe C' given by

^ + P X-1(

It follows from (iii) that i/S"cS".
Now fix fe S" and let jc/f) = (C/f)(O with lim xf(t) = x/oo). Then we

t-»oo
have

x/0-x/oo) || = K/+ f' X-1(

^ M || X(t) - X(oo)

f00
-X(oo) ||+ L f0

f0

It follows that given £>0 there exists to(e)>0 such that || xf(t)—xf(co) || <8
for every t>to(s) and every fe S". Consequently, {xf},fe 5" is a uniformly
convergent family. Now it is easy to see that this family is equicontinuous and
since it is also uniformly bounded, it is relatively compact in C' (cf. Kartsatos
(4)). In order to show the continuity of U on S», let {/„} <r S", fe S" such that

lim 11/,-/||c = 0.
n-»oo

Moreover, let Tfn = xn,Tf= x. Then we obtain

|| xn-x ||c ^ LFH KfH-Kf || + p || X-\s)[F(s,fn(s))-F(s,f(s)y] ||

f" || X-
Jo

^ UL || T || +1) f" || X-\s)[F(s,Us))-F(s,f(s)) || ds]. (3)
J

The integrand in the last member of (3) tends to zero as «-+ oo and is uniformly
bounded by the integrable function 2q(t). It follows from Lebesgue's theorem
that lim || xn — x | |c=0. Consequently, U is continuous on S11 and has a fixed
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point in S* by Schauder's theorem. This fixed point is a solution to the problem
((2), (II)).

In the following theorem we make use of the representation (III).
By x(t, 0, JC0) we denote the solution x(t) of (I) with x(0) = x0.
Theorem 2. Assume that existence, uniqueness and extendability to [0, oo)

hold for the system (2) with respect to initial conditions (0, x0), x0 e S^. Assume
the existence of a constant k>0 such that

Let C = ' UG "'

N = q(s)ds< oo,
, Jo

where
q(t)= sup \\X-\s)F(s,v)\\.

Then if

|| [fxy1 || (r+\\T || LAO ̂  H, (where L is defined as in Theorem 1),

there exists at least one solution to the problem ((2), (II)).

Proof. Consider the operator U: S^-tS^ with the property:
Uu = [Txy1 (r-T \ X(t)X~\s)F(s, x(s, 0, u))ds\

V Jo /
We show that U is continuous. In fact, let {«„} c S^, u0 e'S with

lim || un—u0 || = 0 and u" = Uun, u° = Uu0.

Then we have

II u"-u° || ^ || [TXy1 || || T || L || X-\s)[F(s, x(s, 0, «„))
Jo

The integrand in (4) tends pointwise to zero and is bounded by the integrable
function 2q(i). It follows from Lebesgue's theorem that

lim || u"-u° || =0 ,
7I-»CO

which proves the continuity of U. By Brouwer's fixed-point theorem, there
exists at least one vector x0 with the property

x0 = [T Xy1 [r-T \ X(t)X~1(s)F(s, x(s, 0, xo))ds .
\ Jo /

The solution of (2) with initial condition JC(O) = x0 satisfies also (II).

Corollary 1. Assume that (i) of Theorem 1 holds along with following:

(i) liminf- I " sup || X-\s)F(s, «) \\ds = 0.
n-»oo n J 0 || u || § n
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Then there exists at least one solution to the problem ((I), (II)) for every
reR".

Proof. Fix reR" and choose a sequence {&„}, n = 1, 2, ..., of natural
numbers, such that

lim kn = oo and lim /*„ = 0,
rt-*oo n-*oo

where

f" sup= f f
KB Jo

f
o II "

Then there exists «0 such that

f
for every n > «0.

Thus,

-(-'£
i:X(t)X-\s)F(s,f(s))ds

for every/e S" = {/e C'; | | / | | c ^ N}, and the rest of the proof follows as in
Theorem 1.

Corollary 2. Assume that

(i) || JT(OII g L , / e R + ;
(ii) existence, uniqueness and extendability to [0, oo) hold for the system (2)

with respect to initial conditions (0, x0), xoeR";

(iii) lim inf- sup || X-\s)F(s, x(s, 0, «)) || ds = 0.
n-oo n J o || u || gn

Then there exists at least one solution to the problem ((I), (II)) for every
reR".

The proof is similar to that of Corollary 1.
In the following result we give sufficient conditions for the existence of at

least one value of the Revalued parameter k such that the system

x' = A(t)x + B(t,x,X), x(0) = C (5)
has a solution satisfying (II). The advantage here is that we can approximate
such a solution.

Theorem 3. For the system (5) assume the following:

(i) || X-\t)(F(t, uu h)-F{t, u2, A2))|| g 0(O(|| iix-uj H + ll A,-A
every ux, u2, Aj, A2 e SM, where p(t) satisfies

M

E.M.S.—19/3—R
-r

Jo
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f00

(ii) N = sup || X (s)F(s, u, A) || ds <oo and L[|| C II+N] ^ /* /or a
J o II " I I S "

vector £ e R",

L = sup||X(0l|.

(iii)

o

TX{t) [ X-l{s)\F(s, x(s), IJ-Fis,
J

Q || A!-A2 | |/or
/o

every xeS" = {fe C; /(0) = & | | / | | c g ^},
LAf(l + || r | |LM/g)<l;

(iv) /or ^ae/z A e 5^ there exists a function xx(t) e S" such that the solution
ux{t) of the system

with uA(Q) = ^ satisfies Tux = r.
Then the problem ((5), (II)) has at least one solution.

Proof. Let Ao be a vector in £„ and let xo{t) be a function in S" such that the
function

Xl(t) = X(t)U+ f ^"1(s)F(s, xo(s), A0)

satisfies Txx = r. It follows from (ii) that x^t) belongs to S". Similarly, define
by induction

xn(0 = X(t)U+ P X-\s)F(s, xn_t(s), A,-l)

where A,_! eS», xn-te S" and TA:n = r. Then we have

II xn-xn_, ||c g LM(|| xn_!-xn_2 | |c+| | An_x-An_2 ||). (6)
Moreover

0 =
Jo

f' X-'(
Jo

TX{i)
Jo

+ TX(t) I X~l(s)lF(s, *„_!, An_2)-F(s, xn_2, An_:

or
|| K-1-K-2 II ^(11 T \\LMIQ)\\ xn^-xn_2 ||c. (7)

Combining (6) and (7) we obtain

II *„-*„_! lie ^ LM(l + \\ T || LM/Q) || xn_ t -xB_2 ||c
^ (LM)2(1+|| T || LM/Q)2 || xn_2-xB_3 lie

Xl -xo
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Consequently,

lim | | x n - x | | c = 0
n-»ao

and, from (7),
lim M,, . , -A | | =0 ,

where x e S", x(0) = £, and X e 5,,.
Now let

) , l)ds~\.X-\s)F(s, x(s),

Then an application of Lebesgue's theorem shows that

lim | | x B - « | | c = 0,
n-*oo

which shows that u{t) = x(t), / e R + , and completes the proof of the theorem.

4. Discussion—Example
Suitable Lipschitz conditions on the vector F{t, x) can easily guarantee the

uniqueness of the solutions, whose existence is shown by Theorems 1, 2 and
their corollaries. It would be interesting to know the analogues of Theorems 1
and 2 in the case of non-invertibility of the matrix Tx. It is also important to
extend the results of this paper to systems of the form

x' = A(t, x)x + F(t, x)

which have been studied, with respect to boundary value problems on finite
intervals, by Opial (6), Avramescu (1), Kartsatos (4).

The following problem satisfies all the assumptions of Corollary 1:

x'2= -x

Here we have

1 21 x^OU \ 1 l l x^oo)I I 11
0 l±x2(0)J + L-l oJU(oo)J = L2]
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