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WEIGHTED COMPOSITION OPERATORS ON THE BLOCH SPACE

SHUICHI OHNO AND RUHAN ZHAO

We characterise bounded and compact weighted composition operators on the
Bloch space and the little Bloch space. The results generalise the known corre-
sponding results on composition operators and pointwise multipliers on the Bloch
space and the little Bloch space.

1. INTRODUCTION

Let D be the open unit disk in the complex plane. Let u be a fixed analytic

function on D and </? an analytic self-map of D. We can define a linear operator uC^

on the space of analytic functions on D, called a weighted composition operator, by

uCvf = uf o ip.

It is easy to see that an operator defined in this manner is linear. We can regard this
operator as a generalisation of a multiplication operator and a composition operator.
In this note we study the boundedness and the compactness of weighted composition
operators on the Bloch space and the little Bloch space. Recall that a function /
analytic in D is said to belong to the Bloch space B if

sup ( l - | z | 2 ) | / ' ( z ) |<oo

and to the little Bloch space BQ if

Under the norm
ll/lls = |/(0)| + sup(l-|z|2)|/'(*)|J

z€D

B becomes a Banach space and Bo is a closed subspace of B- See [7, Chapter 5] for
more about the Bloch space.
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178 S. Ohno and R. Zhao [2]

Recall that, in [1], Arazy (and Brown and Shields [2] also) characterised the bound-
edness of multiplication operators on B. Madigan and Matheson [4] characterised the
boundedness and the compactness of composition operators on B and BQ . Our results
can be viewed as generalisations of their results. For more information on composition
operators, see [3] and [5].

We collect some basic properties of functions in the Bloch space and the little Bloch
space here. Recall that

(z,w) = - log
2 °

log- , ;
2 °l-p(z,w)

is the Bergman metric on D, where p{z,w) = \z - to | / | l - ~zw\ and z,w 6 D. It is
well-known tha t the following hold ([6] and [7]):

(1) \nz)-f(w)\$\\f\\Bp(z,w) for /€fl

and

<2> & T 0 f ° r f£B

(3)

From (1), we can show that for / e B

We shall use these estimates in the proofs of theorems below.

2. THE CASE OF THE BLOCH SPACE

In this section we characterise bounded and compact weighted composition opera-
tors on the Bloch space.

THEOREM 1. Let u be an analytic function on the unit disk D and ip an analytic

self-map of D. Then uCv is bounded on the Bloch space B if and only if the following

are satisfied:

(i) sup(l-|z|2)|u'(Z)|log(2/(l-|¥>(z)|2)) <oo;

(ii) sup((l - |z |*)/( l - \<p(z)\2))\u(z)v/{z)\ < oo.

PROOF: Suppose that uCv is bounded on the Bloch space. Then we can easily
obtain the following by taking the constant function and f(z) = z in B respectively:

(4) u e B ;

(5) ( 2 ) | |
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For A e D, let f(z) = Iog2/(l - p(A)z) . Then / e B and ||/||B < 3. So

?J ^ I|UCV/||B

That is,

1 —

l - \ < p ( \ ) \ ' 1 - \ V ( X ) \ 4

- |A|2)|u'(A)|log.

Thus it is sufficient to prove that the estimate (ii) is true. Here we take the function
f(z) = 1/(1 - v(X}z) for A € D. Then / 6 B and

It is clear that

\\vCvf\\B > (1 - |A|2)
(i-k(A)|a)a

So

Therefore,

1 _

J

Thus, for a fixed 6, 0 < 5 < 1, by (4),

f 1 — | A | 2 , ... ,
(6) sup< =• \U(A)ifi

Pll-MA)|2'

For A € D such tha t |<p(A)| ^ 6, we have

1 - | A | 2

: A < co.

~ | A | 2 ) | t t ( A V ( A ) l '
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and so, by (5),

(7) sup( 1~W2
 2 | u (AV(A) | : A e D, \<p{\)\ ^ s) < oo.

(l-\<p{\)\ )

Consequently, by (6) and (7),

1 — IAI2
sup J " | u ( A y ( A ) | < o o
Aer> i — |v?(A)|

and so,

sup (1 - |A|2)|u'(A)| log i—s < oo.
A6D 1 - \lfi(\)\

Conversely, suppose that the conditions (i) and (ii) hold. For a function / € B, we
have the following inequality:

(l-\z\2)\(uCvf)'(z)\

= ( 1 - \z\2)\u>(z)f(<p(z)) + u(z)f'(V>(z))<p'(z)

where we use (3) in the last inequality.

So the conditions imply that the righthand side is bounded by some constant times
| | / | | B . Consequently uCv is bounded on B. D

REMARK. Condition (i) in Theorem 1 implies

(8) ueB

and

(9) lim ( l - | * | 2 ) | u ' ( Z ) | = 0 .
lv(z)|-+l

Next we shall consider compactness.

THEOREM 2 . Let u be an analytic function on the unit disk D and <p an analytic
self-map of D. Suppose that uCv is bounded on B. Then uCv is compact on B if
and only if the following are satisfied:

(i) lim
l()|

(ii) , ^ " ^ ( ( 1 - M 2 ) / ( l - \<p(z)\2))\u(z)cp'(z)\ = 0.
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PROOF: Suppose uCv is compact on B. Let {zn} be a sequence in D such

that \<p(zn)\ -4 1 a s n - » o o . Let fn(z) - (l - \ip(zn)\)/(l - y{zn)z). Then

fn € B, ||/TI||B ^ 5 and fn converges to 0 uniformly on compact subsets of D.

Since uC^ is compact on B, we have

-»• 0 as n -> oo.

Thus

\\vCvfn\\B = sup(l -
6D

- \zn\
2)\u'(zn)\ -

Prom (9) we get

(10) lim " \Zn = 0 .

Next let

Uz)= log
- 1

log

for a sequence {2n}
 m -D such that |</j(zn)| —¥ 1 as n —> oo. Then {/n} is a bounded

sequence in the Bloch space and fn{z) -» 0 uniformly on every compact subset of D.
By a method similar to that above,

So, by (10), we get

(11) lim ( l - | z n | 2 ) | u ' (2 n ) | l og = 0.

The converse can be proved by a method similar to that in the proof of [4, Theo-
rem 2]. We omit the details here. D
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3. T H E CASE OF THE LITTLE BLOCH SPACE

In this section we consider the case of Bo and give some examples of functions u

and <p satisfying the hypotheses of our theorems.

THEOREM 3 . Let u be an analytic function on the unit disk D and tp an analytic

self-map of D. Then uC^ is bounded on the little Bloch space Bo if and only if the

following are all satisfied:

(i) sup|u'(^)|(l-|z|2)log(2/(l-|^(2)|
2)) <oo;

(ii) sup\u(z)<p'(z)\(l - \z\2)/(l - \<p(z)\2) < oo;

(iii) u 6 Bo;
(iv) lim\u{z)<p'(z)\(l-\z\2) = 0.

PROOF: First, suppose that uC^ is bounded on BQ . Then (i) and (ii) can be

proved exactly in the same way as in the proof of Theorem 1 since the test functions

which we used there are also in the little Bloch space BQ •

By taking f(z) = c (constant), we get u € BQ, which is (iii).

For proving (iv). let f(z) = z. We get from uC^ € BQ that

(12) lim \u(z)ip'(z) + u'(z)ip(z)\(l - |z|2) = 0.

Since u € Bo and \<p{z)\ < 1, we get that

lim | u ' ( 2 ) ^ ( z ) | ( l - \z\2) = 0 .

From this fact and (12) we get (iv).

Next we suppose (i)-(iv) are satisfied. Take any e > 0. Let f e Bo. Then, by (2),
there is <5i € (0,1) such that for any z e D, \z\ > 5\, we have | / ( z ) | < £- log2/( l - | z | 2 ) .
Thus for \<p(z)\ > <5i, by (i) we can find a constant C\ > 0 such that

(13) u'(z)f(V{z))\(l - \z\2) < s\u'(z)\(l - \z\2) log i—^ < Cl£.
1 1 - | v ( z ) |

On the other hand, since, by (iii), u e Bo, we know that for the above e, there is
S2 6 (0,1) such that \z\ > S2 implies |u'(z)|(l - \z\2) < e. Thus for \<p(z)\ ̂  5l, if
\z\ > S2, we have a constant C2 > 0 such that

(14) \u'(z)f(<p(z))\(l - \z\2) $ ^\\f\\B\u'(z)\(l - \z\
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By combining (13) and (14), we see that whenever \z\ > <52 we have

(15) !«'(*)/(*>(*)) I(1 - N 2 ) < max(Ci,C2)e.

Since f E Bo, there is S3 € (0,1) such that \z\ > 53 implies that | / ' ( z ) | <
e / ( l - |z | 2 ) . Thus, for \<p(z)\ > S3, by (ii), we know that there is a constant C3 > 0
such that

(16) u(z)f'(<p(z))<p'(z)\(l - |z|2) < e\u(z)<pf(z)\ * " | z | ' < C3e.
1 1 - \<P(z)\

On the other hand, by (iv), there is £4 € (0,1) such that \z\ > <54 implies

\u{z)V'{z)\{\-\z\2)<e.

Thus, for \<p(z)\ ̂  63, and \z\ > S4, we have a constant C4 > 0 such that

(17) |u(*)/'M*)y

By combining (15) and (17), we see that whenever \z\ > <54,

(18) \u{z)f{v{z))<p'(z)\(1 - N|2) < max(C3,CA)e.

By combining (16) and (18), we see that for 5 = max (<52, $4), if \z\ > S then there
is a constant C > 0 such that

() ( ) | ( - |^|2) < Ce,

which means

| l im| ( txC v / ) ' (z ) | ( l - | z | 3 )=0.

Thus uC^,/ € Bo. The proof is complete. D

We use the following lemma to give a criterion for compactness.

LEMMA. [4] A closed set K in Bo is compact if and only if it is bounded and

satisfies
Vmi8up{l-\z\2)\f'(z)\=0.

THEOREM 4 . Let u be an analytic function on the unit disk D and <p an analytic

self-map of D. Then uCy is compact on Bo if and only if the following are satisfied:

(i) |lirni|U'(z)|(l-|z|2)log(2/(l-Mz)|2)) =0;

(ii) |lirni|u(z)¥>'(z)|(l - |z | 2 ) / ( l - \<p(z)\2) = 0.
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PROOF: By the lemma, uCv is compact on Bo if and only if

(19) lim sup (l-M2)|(uCv/)'(z)|=0.
W-^II/IIKI

Suppose that (i) and (ii) are satisfied. By (i), u e B0- For a function / € Bo, we have
the following inequality:

(1 - | z | 2 ) | (uCV) ' (2 ) | = (1 - \z\2)\u'(z)f(<p(z))+u(z)f'{<p(z))<p'(z)

g

l-\p()\ \ p ( ) \

By (i) and (ii), the above inequality implies (19). Thus uCv is compact on BQ.

Conversely, suppose that uCv is compact on BQ . Using the same test functions as
in the proof of Theorem 2, we see

(20) lim
W)l

( * ) | ( l | 2 | ) l o g ? 0
IV ' l - \ < p ( z ) \ 2

and

(21) l i m \u{z)<p\z)\ l ~ l z l ] = 0 .

Since uC^ is bounded on Bo, Theorem 3 implies that u e Bo and

(22) | l i m i | « | 2

It is easy to show that (u 6 Bo and (20)) is equivalent to (i), and ((21) and (22)) is
equivalent to (ii). D

REMARK. The conditions in Theorem 4 include the conditions of the boundedness of

uCp-

Finally we give some examples. In the trivial cases that u(z) is constant and <p(z) =
z, our theorems give necessary and sufficient conditions for multiplication operators and
composition operators to be bounded and compact on B and Bo respectively (see [1,
2, 4]). It seems that the result for compact multiplication operators on the Bloch space
and little Bloch space has not appeared in the literature. Therefore, we single it out
as a corollary. For an analytic function a on D, we denote by Mu the multiplication
operator, that is, Muf(z) = u(z)f(z).
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COROLLARY 1 . Let u be an analytic function on the unit disk D. Then the

following statements are equivalent:

(i) Mu is a compact operator on B;

(ii) Mu is a compact operator on BQ ;

(iii) u = 0.

Here are some other examples.

EXAMPLE 1. Let u(z) — log 2/(1 - z) and ip(z) - (1 - z)/2. Then u does not induce
a bounded multiplication operator on B, but uCv is bounded on B.

EXAMPLE 2. Let u(z) — 1 - z and ip(z) — (l + z)/2. Then neither u induces a
compact multiplication operator nor ip induces a compact composition operator on B

and Bo • But uCv is compact on B and BQ .
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